A convergent inexact solution method for equilibrium problems*
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Abstract. We consider equilibrium problems with differentiable bifunctions. We adopt the
well-known approach based on the reformulation of the equilibrium problem as a global opti-
mization problem through an appropriate gap function. We propose a solution method based
on the inexact (and hence, less expensive) evaluation of the gap function, and on the employ-
ment of a nonmonotone line search. We prove global convergence properties of the proposed
inexact method under standard assumptions. Some preliminary numerical results show the po-
tential computational advantages of the inexact method compared with a standard exact descent
method.
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1 Introduction

Given a closed and convex set C' C R™ and a bifunction f : R® x R® — R, we consider the

following equilibrium problem:
find z* € C s.t. f(z*,y) >0, Vyecd. (EP)

It is well-known (see e.g. [6, 3]) that (EP) provides a general setting which includes several
problems such as scalar and vector optimization, complementarity, variational inequality, fixed
point, saddle point, inverse optimization, and Nash equilibrium problems in noncooperative
games.

Several methods to solve equilibrium problems have been proposed in the literature (see the
recent survey paper [3]), often extending those originally conceived for optimization problems or
variational inequalities (see, for instance, [12, 15]) to the framework of more general equilibrium
problems.
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A well-known class of solution methods is given by the so-called descent methods, which are
based on the reformulation of the equilibrium problem as a global optimization problem through
appropriate gap or D-gap functions [2, 4, 5, 8, 9, 18, 20, 22, 26, 27].

In all these approaches the evaluation of the gap function at a point and the computation
of the search direction consist in finding the exact solution of a convex optimization problem.
However, these evaluations could become computationally expensive when the number of vari-
ables and constraints increases. For this reason, in this paper we propose an inexact solution
method for solving (EP) where at each iteration both the search direction and the values of the
gap function are computed by finding approximate solutions of convex optimization problems.
The search direction computed by inexactly solving the convex optimization problem may be a
non descent direction, so the adoption of a nonmonotone line search is necessary for computing
the stepsize along it. In particular, we employ a nonmonotone line search previously introduced
in the context of derivative-free optimization [10, 21]. The global convergence of the proposed
algorithm is proved under not restrictive assumptions. Summarizing, we present a convergent
nonmonotone line search-based method, where both the search directions and the function val-
ues are computed by inexactly solving suitable optimization problems in order to reduce the
computational cost.

Other inexact methods for equilibrium problems, which are based on different approaches,
have been proposed in the literature: for instance, in [14, 16, 23] proximal point methods are
proposed, in [17, 19] Tikhonov-Browder methods are studied, and projection-type methods are
described in [24, 25]. However, to the best of our knowledge, no inexact approach based on gap
functions has been proposed so far.

The rest of the paper is organized as follows. In section 2 we recall the concept of gap function
and describe the standard descent methods for (EP). Then, we show in section 3 our inexact
solution method and prove its global convergence under assumptions which are either the same or
weaker than those needed in other well-known methods. Finally, section 4 provides the results
of some preliminary numerical tests. The obtained results show the potential computational
advantages of the proposed inexact method compared with a standard exact descent method.

Throughout all the paper we will assume that the set C' is bounded, the bifunction f is
continuously differentiable, f(z,-) is convex and f(x,z) =0 for all z € C. It is well-known (see
e.g. [13]) that these assumptions guarantee the existence of at least one solution to (EP).

2 Preliminary background

A function g : C — R is said to be a gap function for (EP) if g is non-negative on C' and z*
solves (EP) if and only if 2* € C and g(z*) = 0. Thus, gap functions are tools to reformulate an
equilibrium problem as a global optimization problem, whose optimal value is known a priori. In
order to build gap functions with good regularity properties, it is usual to consider an auxiliary
bifunction h : R” x R™ — R which is continuously differentiable and satisfies the following



conditions:

h(z,y) > 0 for all z,y € C and h(z,z) =0 for all z € C, (1)
h(z,-) is strongly convex for all z € C, (2)

Vyh(z,2) =0 for all z € C, (3)

(Vah(z,y) + Vyh(z,y),y —x) >0 for all z,y € C. (4)

We remark that the most used regularizing bifunction is h(z,y) = ||y — z||*.
Given any « > 0, the function defined as

(Poz(x) = _miél {f(x,y) + ah(m,y)} (5)
ye

is a gap function (see e.g. [22]). Since the objective function f(x,-)+a h(x,-) is strongly convex,
there exists a unique optimal solution y,(x) of the problem which defines the gap function (5).
Moreover, it is well known [22] that ¢, is continuously differentiable with

VSDCV(:U) = —me(x,ya(:v)) - avmh(m,ya(ﬂz)),
and x* solves (EP) if and only if 2* = y,(z*).
We note that condition (4) is not needed for proving that ¢, is a gap function. However,
assumptions of this kind are the key tools to devise descent methods.
Definition 2.1 ([2]). A differentiable bifunction f is called
e V-monotone on C if (V,f(x,y) + Vyf(z,y),y —x) >0 forall z,y € C;
e strictly V-monotone on C if (V. f(x,y)+Vyf(x,y),y—x) >0 for allx,y € C with x # y;

e strongly V-monotone on C with constant T > 0 if

(Vof(z,y) + Vyf(z,y),y—x) > 1|y — xHQ, for all z,y € C.

For some special classes of equilibrium problems, the above defined concepts reduce to well—
known  ones. For instance,  when f(z,y) = oly) — ¢(z), with
¢ : R" — R, (EP) coincides with the problem of minimizing ¢ over C: in this case the
(strict, strong) V—monotonicity of f is equivalent to the (strict, strong) convexity of ¢. When
f(z,y) = (F(x),y — z) for some mapping F' : R” — R", (EP) is actually a variational inequality
problem: the (strong) V-monotonicity of f is equivalent to the (strong) monotonicity of F' and
the strict V-monotonicity of f implies the strict monotonicity of F.

However, it is important to notice that for general nonlinear bifunctions the well-known

monotonicity condition on f (see e.g. [1]), i.e.
f@y)+ fly,z) <0, Vayel,

is not related to the V-monotonicity condition defined above, as the following examples show
(see [2]). In fact, the bifunction f(z,y) = —2% —xy+2y? is strongly V-monotone on R?, because

(vmf(xay)+vyf($ay),y—$>:3(?/—$)2, Vx,yE]R,
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but it is not monotone since

flay) +flya)=a2> 2oy +y° = (x —y)* >0, VayeR z#y.
Vice versa, the bifunction f(x,y) = e’ (y? — 2?) is monotone on R? because
F@,y9) + fy,x) = =(¢" —e”)(y* —2?) <0,  Va,yeR,
but it is not V-monotone since

(Vof(2,y) + Vol (@,y),y — ) = 2¢% (y — )2 (2 + 2y + 1)

is negative for instance when x = 1 and y = —3.

On the other hand, we now show a special class of equilibrium problems where the V-
monotonicity condition is weaker than the monotonicity condition. We consider a class of Nash
equilibrium problems in noncooperative games with N players, where each player ¢ has a set
of possible strategies K; € R™ and aims at minimizing a cost function f; : ¢ — R with
C=K; x- - x Ky. It is well-known that finding a Nash equilibrium of the game amounts to
solving (EP) with the bifunction f equal to the so-called Nikaido-Isoda function:

N
Fa,y) = Ufilyiw ) — fil®)], (6)
i=1
where the vector x_; denotes the strategies of all the players different from . We assume that
the players cost functions are quadratic, so we are using

N
1 .
fi(z) = §xZTA“x, + Z%TAU%‘ +xlb;, i=1,...,N,
j=1
J#i
where the squared matrices Aqy, ..., Ayn are positive semidefinite. In this setting, it is easy to
check that
0 A12 - Aln
A21 0 . Agn
fey) + fe) =~y -a)7 | S e (7)
Ant 0
and
Ay A oo A
Agp Ay ... Aoy
(Vof(@,9) + Vyf(@,y)y—a) = (y—2)" | N N )
Al . .. A
Therefore, if f is monotone then it is also V-monotone; moreover, when the matrices Ai1,..., AN

are positive definite, the monotonicity of f implies the strong V-monotonicity of f. Finally, we
note that it is easy to find matrices A;; such that f is (strongly) V-monotone but not monotone
(see also examples in section 4).

The strict V-monotonicity of f provides a natural descent direction for ¢, and guarantees
that stationary points of ¢, coincide with its global minima, i.e. the solutions of (EP).
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Theorem 2.1 ([2, 22]). Suppose that f is strictly V-monotone on C.

(a) If x € C does not solve (EP), then yo(z) — = is a descent direction for ¢, at x, i.e.
<v90a(x)’ya(x) - $> <0.

(b) If =* is a stationary point of po over C, i.e. (Vyq(x*),y—x*) >0 for ally € C, then x*
solves (EP).

It follows from the above theorem that standard descent methods can be devised moving
away from a non-stationary point z* along the direction d* = g, (2*)—2* with a suitable stepsize
tr, € (0,1] to obtain the new iterate 2%+ = x¥ +#,d*. In [22] it has been proved that this method

with the exact line search
tp € argmin{ @q(z* +td¥) : te[0,1] }

converges to solutions of (EP) provided that f is strictly V—monotone. In [9, 20, 22] Armijo-type
inexact line search has been considered choosing the stepsize t;, = v* with v € (0,1) and s being

the smallest nonnegative integer such that
al@® +7° d*) < pa(a®) — 8" d¥|.

Convergence of these methods is guaranteed provided that f is strongly V-monotone with
constant 7 > f3.

3 Inexact solution method

In this section we propose a solution method for (EP) which is based on the approximate
evaluation of the gap function ¢, at each iteration. The main motivation lies in the fact that
the computation of the search direction y,(z) — z and the line search procedure require to
exactly solve the optimization problem (5) defining ¢,, and this could be too expensive from
a computational point of view. In this paper, we will consider approximate solutions of the
optimization problem (5) within error e. We recall that, whenever the exact solution y,(x)
of (5) is computed we have, by definition,

(pa(.%') - _f(x7yoz(x)) - ah(xaya(x)) > —f(x,y) - ah(xay) v yE C.

Given a positive scalar € > 0, we say that a point yZ (x) € C is an inexact e-solution of (5) if

Palr) = =f(z,y5(2)) — ah(z, 4o (r)) = pa(z) ¢ (9)

Thus, by definition we have
Pa(r) = < ¢ (7) < pal@).
We remark that it is possible to determine an inexact e-solution of (5) without knowing ¢, ()

(which would require the computation of the exact solution y,(x)). This will be shown in
Section 3.1.



We now describe the proposed inexact solution method. At the k—th iteration, starting from
the current point ¥, we compute an inexact ei-solution, i.e., we compute a point y’l‘C = yik (ack)
such that

pa(a®) — e <3 (@*) = = f(a",0") — ah(a",y"). (10)
Then, we define the search direction
dF = gk — o,

and we perform an inexact line search along it for computing the stepsize t;. Note that the
search direction d* may be a non descent direction, so that we adopt a nonmonotone line search
(previosuly proposed in [10, 21]) based on an acceptance rule of the form

et (2 + tp ) < @Gk (®) — BL M + O,

where ¢, is a positive scalar. The algorithm needs to manage two sequences of positive scalars,
{0x} and {ex}, the first one related to the nonmonotone line search, the second one related to
the degree of accuracy in inexactly solving the optimization problem (5). In order to guarantee

o0 o0
global convergence properties of the generated sequence {z*}, both 3 65 and 3 & must be
k=0 k=0
convergent, furthermore, the following relation must hold

O<€k<5k, V k.

The algorithm is formally described below.

Inexact Algorithm (IA)

0. Choose a > 0, 3,7 € (0,1), two sequences {d;} and {ex} such that
o0

0 < e <6 and > 6 is convergent. Let 2° € C and set k = 0.
k=0

1. Compute y* € C such that
et (a®) = —f(a" ") — ah(2®,yF) 2 pala®) — <,
set d¥ = yF — 2% and compute the smallest non-negative integer s such that
ek (@ 77 d*) < pZk (b)) = B4 (|d*]? + by
2. Set t, =~°, Pt =2F + ¢, d*, k =k + 1 and go to Step 1.

In the following we state some lemmas which are necessary to prove the global convergence
of the method.

Lemma 3.1. The line search procedure is well-defined, i.e. it terminates in a finite number of
steps.



Proof. By contradiction, assume that

ek (a® + 7 d*) — g (a®) > =B a8 P + 6,

holds for all s € N. Since we have

@k (aP + 45 d") < pa(a® +47dF)  and @k (2F) > pa(aF) — e,

we obtain from (11) that

@a(xk +~° dk) — @a(xk) > —pB~% HdkH2 + 0 — €k

holds for all s € N. For s sufficiently large we have

Ok — €k

2 el (2% d¥) + 1

Therefore, we can write

O — €k

k s gk k
Yoz +v°d¥) — oz
a( s) a( ) > _578 HdkHQ + -
v v
Taking the limits for s — oo we obtain 0 > 1.

Lemma 3.2. It holds

k+1

lim ||zF+ — 2F| = 0.
k—o0

Proof. We have

Pal(a™h) — e < 3 (M) < gk (a") = Blltk d)® + 8 < pale

Thus for all £ € N we obtain

Pa(@) < pald®) — Bllty a1 + Ok + e

We can write

o0 o0
Since the series > 6 is convergent, we obtain that also the series Y. ||tz d*
k=0

k=0
Therefore we have that
lim [ty d*| = 0,
k—o0
and hence (12) holds.

Lemma 3.3. For any o > 0 we have

Jim {[ly" = ya(a®)|| = 0.
— 00

“)

k k
D Bt d ) < ala®) = pal@ )+ (0 +e) < pala®) +2 )6
=0

=0

I?

(11)

> —By%||d¥|1? + ¢l (¥ d") + 1

(12)

— B[t d¥||? + 6.

is convergent.



Proof. At iteration k we consider the function F(y) := f(z*,y) + ah(z¥,y). Thus

k
— F
Yalz") = argggg k(Y)-

We have
0 < Fr(¥*) = Fr(ya(a®)) < e,
thus
lim [Fu(y") = Fy(ya(ah)] = 0. (13)

Since the function Fy is strongly convex, there must exist a positive scalar M such that
Fi(y") = Fi(ya(2")) = (VF(ya(2")), 4" = ya(@®)) + M|ly* = ya ("),

It follows from the definition of y,(z*) that

(VEL(ya(2")), 4" = yala®)) > 0,

hence
Fi(y*) = Fr(ya(a™) = M |ly* = ya(a")*. (14)
Therefore the thesis follows from (13). O

Theorem 3.1. If C is bounded and f is strictly V-monotone on C, then the Inexact Algorithm
produces a sequence {x*} such that any of its cluster points solves (EP).

Proof. The existence of cluster points of the sequence {z*} follows from the boundedness of C.
Let 2* be any cluster point of {¥}. Then there exists an infinite subset K C N such that

lim 2% =a™.
ke K ,k—o0

Let d* = yo(2*) — z*. Since d* = y* — y,(2%) + yo(2¥) — 2F, by continuity of the mapping y,
and by Lemma 3.3 we have

lim d* = d*.
k€K k—oo

If d* =0, then z* solves (EP). Otherwise, using (12), it follows

li t. = 0. 15
et (15)

The step size rule implies that for all £ € K and k sufficiently large we have
(@ +tiy 1 db) > pala®) — Bty ™) 1d" )12
In fact, we have
pala® +tiy1d) > k(e + tiy T dY)
> ek (x*) = Bty 2| |1* + o
> pa (@) = Bty (" IP + 0k — ex
> @a(2") = Bty ™")?||d" |
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By the mean value theorem we can write
(Vpa(a® + 6ty d"),d*) > =Bty |d"||?,

where 0% € (0,1). Taking the limit as k € K,k — 400, using (15), the continuity of y, and

Vo, we obtain
(Vo (z*),d") > 0.

Then, by Theorem 2.1a, * solves (EP). O

We note that the inexact algorithm improves the classical descent methods given in [9, 20, 22]
for two reasons: at each iteration they have to find exact solutions of convex optimization
problems instead of inexact ones as described in our method; moreover the key assumption for
the convergence of our method (i.e. the strict V-monotonicity of f) is either the same or weaker

than those needed in the classical methods.

3.1 On the computation of an inexact s-solution

A key issue of the proposed algorithm concerns the computation of an inexact solution of the
optimization problem (5). More specifically, the algorithm requires to compute an e-solution of
the optimization problem (5), i.e., a point y5(z) € C satisfying (9). Now we state a condition
sufficient to guarantee that a point § € C' is an e-solution. Given a > 0 and a vector x € C, to
simplify the notation we set

F(y) = f(x,y) + ah(z,y).

Proposition 3.1. Let gy € C, y = Ply— VF(y)] where P is the Euclidean projection on C, and
let Q@ = diam(C) + |VF(y)||. If
(16)

SE

19 =9Il <
then y is an e-solution, i.e.,
f(xag) + ah(x7g) < —<pa(x) te.
Proof. Letting

* — arg min F
Y g min (y)

we have F(y*) = —pq(x). Then, in order to prove the thesis, we must show that
Fy) <F(y") +e.
Using the properties of the projection mapping we have
{U=VF@) -9,y —9) <0,

so that we obtain

Ne)



from which we get
=9,y —9) <(VF®),y" —9) +(VF®),y — ).
Thus, we can write

(VE®),y* = 1)

v

H—9,y"—9—VF(©))
> —llg=dlllly =9 - VF®@)|

ly* =9l + IVF@)Il] = —e,

v

€
_5 [
so that, recalling the convexity of F(y), we obtain
F(y*) = F(y) +(VF(@),y" —y) = F(y) — ¢,
and this concludes the proof. O

On the basis of the preceding proposition, in order to compute an e-solution any globally con-
vergent method generating a sequence {yé} can be applied and stopped at iteration ¢ whenever
condition (16) holds with gy = y[ . The global convergence properties of the method generating
{y*} ensure that an e-solution is determined in a finite number of iterations.

4 Preliminary computational experiments

In this section we show the results of some computational experiments performed on a class
of Nash equilibrium problems. The aim of the numerical experiments is to evaluate possible
computational advantages of the inexact algorithm compared with a standard exact algorithm.

Implementation details of Inexact Algorithm

The algorithm has been implemented in Python, using the scipy library v0.11. The sequences
{er} and {0y} are defined as follows:

er = max{(0.8)",10712}, 6 =1.1¢.

The line search parameters are 3 = 1074 and v = 0.5. The used regularizing bifunction is
h(z,y) = ||y — z||>. The parameter « is set equal to 0.1 and the starting point is randomly
uniformly generated into C.

We use LBFGS-B algorithm [7] to approximately evaluate ¢,, namely to solve problem (5)
with a given tolerance e (the subroutine stops when the infinity norm of the projected gradient
is less than or equal to ¢).

Every 10 iterations we evaluate the (almost) exact value of ¢ (z¥) by setting equal to 10712
the tolerance parameter in the stopping criterion of the optimization algorithm. We use such
value to decide if the algorithm should stop: we terminate the algorithm when ¢, (2¥) < 1078,

If, after 10000 iterations, the algorithm fails to converge, we stop the program.
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Numerical results

We compare the proposed inexact algorithm (IA) with two different versions of the exact algo-
rithm. The two versions have been derived from the implementation of IA setting, as tolerance
parameter in the stopping criterion of the optimization algorithm, e, = 1078 and ¢, = 102
respectively. In both the cases the line search scalar d; has been set equal to zero for all k, which
corresponds to perform a monotone line search.

In order to perform extensive test cases, we consider the class of Nash equilibrium problems
with quadratic payoff functions described in section 2, that is we assume that the cost function

of each player is

N
1 .
fz(x) = ix;rA“m, + E miTAijmj + .%'ZTbi, i=1,...,N.
J=1
J#i

In our experiments the number of players is n, each of them controls one variable and the feasible
set C' is defined as follows

C={zeR": -1<x;<1, i=1,...,n}
Matrix A is generated as follows:

0. Randomly generate every element of A uniformly in the range [—1,1]
1. Set A= AT A. A is now symmetric and positive semidefinite.

2. Add 107 to every element in the diagonal of A, which now becomes symmetric positive
definite.

3. Add to A a random antisymmetric matrix, with every element uniformly generated in the
range [—1,1]. A is now a positive definite matrix.

Every vector b; is also randomly generated, with every element in the range [—1, 1].

Since each generated matrix A is positive definite, it follows from relation (8) that the bifunc-
tion f is strongly V-monotone, hence the convergence of the Inexact algorithm is guaranteed by
Theorem 3.1.

Moreover, we now prove that in this class of test problems the bifunction f is not monotone.
In fact, if f was monotone, then by (7) the matrix

0 A12 . Aln
A21 0 . A2n
M =
D ¢
should be positive semidefinite. If we choose two indices i,j € {1,...,n} with i # j, and define
two vectors v, w € R™ as follows:
0 ifk#i,k#j 0 ifk#i,k#j
=41 iftk=i wp=4q1 ifk=1
1 ifk=j 1 ifk=j

11



then we obtain
v My = Az‘j + Aji >0, wl Mw = _(Aij + Aji) >0,

ie. Aj; = —Aj;. Hence the matrix M should be skew-symmetric. However, the procedure to
generate matrix A guarantees that no matrix M is skew-symmetric, therefore the bifunction f
can not be monotone.

We tested the algorithms on Nash equilibrium problems with sizes n = 5, 10, 20 and 50. For
every different size, we randomly generated 100 instances of the problem. Figures 1-4 show the
performance profiles [11] in terms of number of function evaluations.

Numerical results show that the proposed inexact algorithm clearly outperforms the two
versions of the exact algorithm. The computational advantages of the inexact algorithm are clear
in all cases, and particularly significant for n = 20 and n = 50. Summarizing, the computational
experiments, although limited to a class of problems, show the validity of the proposed inexact

nonmonotone approach.

1.0

0.4

0.2

— Exact 1le-8 — Inexact
Exact le-12

UI(i.O 11 12 13 1.4 15

Figure 1: Function evaluations performance profile (n = 5)
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Figure 2: Function evaluations performance profile (n = 10)
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