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Abstract

We propose and analyze a space—time Local Discontinuous Galerkin method for the approx-
imation of the solution to parabolic problems. The method allows for very general discrete
spaces and prismatic space—time meshes. Existence and uniqueness of a discrete solution are
shown by means of an inf-sup condition, whose proof does not rely on polynomial inverse
estimates. Moreover, for piecewise polynomial spaces satisfying an additional mild con-
dition, we show a second inf-sup condition that provides additional control over the time
derivative of the discrete solution. We derive hp-a priori error bounds based on these inf-
sup conditions, which we use to prove convergence rates for standard, tensor-product, and
quasi-Trefftz polynomial spaces. Numerical experiments validate our theoretical results.

Keywords Space—time finite element method - Local Discontinuous Galerkin method -
Inf-sup stability - Parabolic problem - Prismatic space—time meshes

Mathematics Subject Classification 35K05 - 65M12 - 65M15

1 Introduction

We are interested in the numerical approximation of the solution to a parabolic problem on
a space—time cylinder Qr = Q x (0, T'), where Q2 is an open, bounded polytopal domain
inRY (d € {1, 2, 3}) with Lipschitz boundary 9€2, and T > 0 is some final time. Let « be a
symmetric positive definite diffusion tensor such that, for some constant 8 > 0,
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yky>0ly* VyeR? (1.1)

andlet f : Or — R, up : @ - R, and gp : 92 x (0,7) — R be prescribed source
term, initial datum, and Dirichlet boundary datum, respectively. The considered initial and
boundary value problem (IBVP) reads: find u : Q7 — R such that

oiu — Vx - (kVxu) = f in Or, (1.2a)
u=gp on a2 x (0,7), (1.2b)
U= ug on 2 x {0}. (1.2¢)

Continuous weak formulation. For initial datum uy € L2(), source term f €
L*(0, T; H~'(Q)), and homogeneous Dirichlet boundary conditions (gp = 0), we define
the following spaces:

Y :=L*0,T; H(R) and X :=YNH'0,T; H (),

and their associated norms

T
”U”%’ : /0 ||VXU('7t)”i2(Q)d dt and

1
I01% = S 100 D2y + OIVIT + 100152 7110

where
(@, v)

sup
o+vey lIvlly

el 20.7: 11 () = Vo € L2(0,T; H™'(Q)),
with (-, -) denoting the duality between LZ(O, T; H_I(SZ)) and Y.

The standard Petrov—Galerkin weak formulation of the IBVP (1.2) with homogeneous
Dirichlet boundary conditions is: find # € X, such that

b(u,v) = (f,v) YveY, (1.3a)
f u(x, O)wdx:/ uow dx vuw € LX), (1.3b)
Q Q

where

b(u,v) ;= (du, v) +a(u,v), witha(u,v):= / Kk Vxu - Vxv.
or

According to [42, Thm. 4.1 and §4.7.1 in Ch. 3] and [50, Thm. 5.1], there exists a unique
solution to the weak formulation (1.3). Moreover, the inclusion X C C9([0, T1; L2(2)) (see,
e.g., [23, Thm. 3 in §5.9.2]) guarantees that (1.3b) makes sense.

Since the proposed method is nonconforming, additional regularity is required for the
source term f. More precisely, we henceforth assume that f € L%(07).
Previous works. Space—time finite element methods treat time as an additional space dimen-
sion in a time-dependent PDE, which results in many advantages, such as simultaneous
high-order accuracy in space and time, the possibility of performing space—time adaptive
refinements, the natural treatment of problems on moving domains, and suitability to be
combined with parallel-in-time solvers. Motivated by such advantages, in the literature, sev-
eral methods have been designed for the discretization of parabolic problems; see, e.g.,
the recent survey in [38]. In particular, space—time methods related to the Petrov—Galerkin
weak formulation in (1.3) include conforming finite element [3, 52], interior-penalty discon-
tinuous Galerkin [9], and virtual element [27, 28] methods. Alternative approaches, such as
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wavelet [50] and finite element [1, 54] methods based on a minimal residual Petrov—Galerkin
formulation, least-squares methods [6, 25, 26], a discontinuous Petrov—Galerkin method [19],
an isogeometric method with time-upwind test functions [37], and a coercive formulation
based on a Hilbert transformation of the test functions [53] have also been considered.

We focus on discontinuous Galerkin (DG) methods, which offer great flexibility in the
choice of the discrete spaces and meshes that can be employed. In particular, the Local
Discontinuous Galerkin (LDG) method [17] has shown better stability properties than other
DG methods (see, e.g., the comparative study of DG methods for elliptic PDEs in [13]).

We can reduce the number of degrees of freedom (DoFs) while keeping the approximation
properties of full polynomial spaces by using special discrete spaces. Trefftz spaces are based
on solutions to the homogeneous PDE and they have been used in the context of space—time
DG methods. In particular, for wave problems in one space dimension [35, 36,47], the acoustic
wave equation [4, 44, 45], elasto-acoustics [5], time-dependent Maxwell’s equations [21], and
the linear Schrodinger equation [29, 30]. The uneven degree of the heat operator in different
dimensions presents an interesting challenge in the construction of Trefftz spaces. Quasi-
Trefftz spaces consists of functions that are only approximated solutions to the considered
PDE. A general approach to construct suitable quasi-Trefftz spaces for linear operators is
presented in [34]. A method that avoids the explicit construction of Trefftz spaces is the
embedded Trefftz method, see [40, 43]. Numerical results of the embedded Trefftz method
for the heat equation, and possible choices for the Trefftz-like space, have been discussed
in [32]. A recent unifying framework for Trefftz-like methods in [39] provides an error
analysis for the embedded Trefftz discontinuous Galerkin method applied to a range of scalar
elliptic PDEs. An in-depth comparison on the parameters for the efficiency of different finite
element methods on polytopal meshes can be found in [41], where the advantages of Trefftz
methods were further evidenced.

Main contributions. In this work, we present and analyze a space—time LDG method for the
discretization of parabolic problems. Below, we list the main theoretical and computational
results in this work.

e We establish the well-posedness of the method for very general prismatic space—time
meshes and discrete spaces.

e We show two different inf-sup conditions, which require only that the stability parameter
be strictly positive. The first one is valid for any choice of the discrete spaces satisfying
a local compatibility condition and does not rely on polynomial inverse estimates. The
second one holds for polynomial spaces that also satisfy a local inclusion condition and
provides additional control on the first-order time derivative of the discrete solution;
see Section 3 for more details.

e We derive hp-a priori error bounds in some energy norms. Moreover, we prove ip-error
estimates for standard and tensor-product polynomial spaces, and h-error estimates for
quasi-Trefftz spaces. The latter space allows for a significant reduction of the number of
degrees of freedom; see Section 5.3.

e Optimal convergence rates of order O(h”*1) (where i denotes the maximum diameter of
the space—time prismatic elements) are numerically observed for the error in the LZ(Q7)
norm when standard piecewise polynomials of uniform degree p are used.

Our stability and convergence results are analogous to those obtained in [9] for the space—
time interior-penalty DG method with standard polynomial spaces. However, in our analysis,
we allow for prismatic meshes with hanging time-like facets (see Figure 1 and the notation
introduced in Section 2.1 below), which naturally arise when using local time steps. In
particular, we show that stability and a priori error estimates can be established for elements
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Fig. 1 Example of a (2 + 1)-dimensional prismatic space—time mesh with polygonal space-like facets and
hanging time-like facets

with an arbitrary number of both space-like and time-like facets. Moreover, as in the elliptic
case, the proposed LDG method avoids the typical requirement of primal DG methods (such
as the interior-penalty DG method) of a “sufficiently large" stability parameter, which can
have a negative impact on the conditioning of the associated matrix (see, e.g., [13, §4.2]).

Finally, we highlight that the LDG method for polytopal meshes has previously been
analyzed only in [57] (for elliptic problems). Furthermore, some results from the present
analysis can be adapted to study the p version of the LDG method for elliptic problems on
a broader class of polytopal meshes.

Notation. We denote by 9; and 9;; the first- and second-order time derivatives, respectively,
and by Vy and Ay the spatial gradient and Laplacian operators.

Standard notation for L?, Sobolev, and Bochner spaces is used. For a given bounded,
Lipschitz domain Y C R? (d = 1,2,3) and a real number s, we denote by H*(Y) the
Sobolev space of order s, endowed with the inner product (-, -) gs (), the seminorm | - | s (v),
and the norm || - || gs(r). In particular, HO(Y) := L3(Y) is the space of Lebesgue square
integrable functions over Y, and HOl () is the closure of C§°(Y) in the H'(Y) norm.
Given n € N, a time interval (a, b), and a Banach space (X, || - || x), the corresponding
Bochner space is denoted by H" (a, b; X).

‘We use the following notation for the algebraic tensor product of two spaces, say V and W:

VW :=spanfvw : veVandw € W}

Moreover, given p € N and an open, bounded set D, we denote by P? (D) the space of
polynomials of total degree at most p defined on D.

Structure of the paper. In Section 2, we introduce the space—time notation used and describe
the proposed method. Section 3 is devoted to prove the inf-sup stability of the method.
In Section 4, we derive a priori error bounds in some discrete energy norms, which are
used to derive a priori error estimates for different discrete polynomial spaces in Section 5.
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Fig.2 Exampleofa Npspace = (0, 1)
(2 + 1)-dimensional prismatic La
element. A space-like facet ’ Ty

(F*P2¢€) and a time-like
facet (FUM®) are highlighted in

d blue, tivel _
gray and blue, respectively N ptime = (n} s 0)

In Section 6, we present several numerical experiments to validate our theoretical results
and assess some additional aspects of the proposed method. Some concluding remarks are
presented in Section 7.

2 Definition of the Method

In this section, we present the proposed space—time LDG method for the discretization of
model (1.2). In Section 2.1, we introduce the notation used for prismatic space—time meshes,
and for DG weighted averages and normal jumps. A mixed space—time LDG formulation for
model (1.2) is introduced in Section 2.2 for variable degrees of accuracy and generic discrete
spaces. Such a mixed formulation is then reduced to one involving only the primary discrete
unknown in Section 2.3.

2.1 Space-Time Mesh and DG Notation

Let 75, be a nonoverlapping prismatic partition of the space-time domain Qr, i.e., any
element K € 7, can be written as K = Kx x K, for some d-dimensional polytope Kx C
and some time interval K; C (0, T'). We use the notation hg, = diam(Kx), h,, = |K;|, and
hx = diam(K). We call “mesh facet” any intersection F C K| N dK»,, for K1, Ky € T,
F C (0Kx x K;) NoQr,or F C (Kx x 0K;) N dQr that has positive d-dimensional
measure and is contained in a d-dimensional hyperplane. For each mesh facet F, we setnp =
(n}, n%) € R4 as one of the two unit normal vectors orthogonal to F (for prismatic
elements, either n’F =0or n’F = 1). We can then classify each mesh facet F" as a (see, e.g.,
(44, §3])
space-like facet if n, = 1;

time-like facet  if n’, = 0.

In Figure 2, we illustrate these definitions, whose terminology is adopted from the relativistic
geometry of space—time (see, e.g., [24, Ch. 17]).
Foreach K € 7, we denote by F ;pace and F’ }éme the sets of space-like and time-like facets

of K, respectively. We define the mesh skeleton and its parts as follows:

Fp = U {F:F e]—';paceuf}éme}. ]—'}I) = U {F:F e]—';gme and F C Q x {0}},
KeT) KeT),
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Fl= U (FiFeFd and F cax (T}, FPC = | {(F:FeFCadF ¢ FTUFD)
KeTy, KeTy,

FP=J (FiFeFim™andFcoax 0.1}, Fim:= ] [F:FeFi™andF ¢ FP}
KeTy, KeT)

Henceforth, we use the following shorthand notation forx € {0, 7', space}and ¢ € {D, time}:

@pdx = /gadx and / pdS = /(pdS.
/P Z F FP Z F

h FeF; h FeFy

Boldface will be used to denote d-dimensional vector fields. We further employ the fol-
lowing standard DG notation for weighted averages ({{-}}o, with « € [0, 1]), spatial normal
jumps ([-IIn), and temporal normal jumps ([-];) for piecewise scalar functions and vector
fields:

{wlhe =0 —w, +ow, time  ptime ¢ o

{ (e = (1 — D‘)TIKI +ot‘t|K2 on F e _7-'K1 al _7-'K2 for neighboring K1, K7 € 7y,

[wlN :== w}, n% + w[, n¥ . .
: k7K, Ik, 7Ky on F € ]:}érlne n ]:}érzne for neighboring K1, K, € 7},

o— X X
[zln = T|K] ‘nK1 +T|K2 -nK2

— t t ™ T space space
[w]; .—w‘Kan|+w|K2nK =w w onFGJ-'K1 0.7:[(2

) for neighboring K1, Ko € 7y,

where n}, e R? and n', € Rare, respectively, the space and time components of the outward-

pointing unit normal vectors on dK N ]—"}lime and 0K N F, ;p %€ The superscripts “—" and “+"

are used to indicate the traces of a function on a space-like facet from the elements “before"
(—) and “after" (+) such a facet.
Finally, we define the following space—time broken function spaces of order r:

H'(Tp) :={ve L*(Qr): v, € H(K)VK € Ty} forr e R{,
C'(Ty) ={v:Q0r > R: v, €C"(K) VK €T} forr € No.

2.2 Space-Time LDG Formulation

Let p = (p, )k <7, be a degree vector, which assigns an approximation degree p, =z 1to
each element K € 7j,. We consider two generic broken discrete spaces

VP(T) = [T Vo) and MP(T) = [] MP(K),
KeT, KeTy,

where VP (K) ¢ H'(K) and MP% (K) c H'(K)? are local finite element spaces, which
are assumed to satisfy the following condition.

Assumption 2.1 (Local compatibility condition) For each element K € 7, the pair
(VPK(K), MPK (K)) satisfies

Vi VPK(K) C MPK (K).

Our method is derived similarly to the LDG method in [15] for elliptic problems. First,
introducing the heat flux density variable ¢ : Q7 — R4, defined as q ‘= —kVxu, equa-
tion (1.2a) can be rewritten as

ou+Vx-q=f in Q.
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The proposed space—time LDG formulation then reads: find (uy,, q;,) € VP (7j) x MP (T},)
such that, for all K = Kx x K; € 7, the following equations are satisfied:

/ lcilqh crpdV = —/ / Tyry - det+/ upVy -rp dV vr, e MP(Ty), (2.1a)
K K; JOKx K

/ dupv, dV + / v iy — up)n'y dxds
K Kx

aK;

+/ / vy - dSde —/ qp - Vxvp dV = / fopdv Vo, € VP(7,), (2.1b)
Ky JOKx K K

where the numerical fluxes Wy, and g, are, respectively, approximations of the traces of u
and g on Fj,. For each mesh facet F € Fj,, we choose the numerical fluxes as follows:

uy if Fe fzpace,
u if Ferl, ‘ '
Up|p = . if F ]—'}6 = | laph1—ar +rlupln if F e ]:}tllme7
l/lth = uo 1 € N qh‘F — + (M _ )nx if F c J,:-D
{unYor if F e F™, 4, +nF(up — gp)ng ,
8D if F e FP,

(2.2)

where o € [0,1], and nfp € L"O(]-";lime U .7-'}? ) is a stabilization function with
essinf Fimey gD NF > 0. The choices o = 0 or ay = 1 for all time-like facets corre-
spond to directional numerical fluxes, which are expected to increase the sparsity of the
matrix associated with the LDG discretization of the spatial gradient operator Vg(-), pro-
vided that the unit normal vectors ny are chosen appropriately; cf. [14]. Moreover, weighted
averages in the definition of the numerical fluxes can be used to improve the robustness of the
method with respect to strong local variations in meshsize, polynomial degree, and diffusion
coefficients (see [20]).

In order to write the space—time LDG formulation (2.1) in operator form, we define the
following bilinear forms and linear functionals:

mj, (up, vp) == Z / A upvy dV—f}.ch v; Tunls dx+/}—n upvy dx Y(up, vy) € VP (Tp) x VP (Tp),
K n

KeT;, h
di(gy. i)=Y f €”gy rydv V(g i) € MP(T;) x MP(Tp),
keT, 'K
biunri) =Y / Vxup - rpdV
keT;, 'K
*/ ~ undn - fradi—ar dS*/ upry - ng ds Y(up, r) € VP (Tp) x MP(Tp),
Fi P
i (upy vp) 1=/ ~ nrllupln - Tondn d5+/ nrupv dS Y(up, vp) € VP(Ty) x VP (Tj),
]:Il:me f’]’_)
Ly = 7/ L&D -ng dS vr, € MP(T3),
‘7:h
&5 (vp) ::/ fopdV +[ NFEDVA dS+/ uovy, dx Y, € VP (Tp).
or it i

Substituting the definition of the numerical fluxes into (2.1), summing up over all the
elements K € 7, and using the average-jump identity

{(vrBarlraln + {rad1—ar - [valn = [varsln,
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the following variational problem is obtained: find (uy, q;) € VP (7y) x MP(7};) such that

du(qy. rn) + bp(up, rp) = £ (rp) vr, € MP(Tp), (2.3a)
my, (up, vi) — b (vn, ) + sy (up, vp) = £ (o) Y, € VP(T). (2.3b)

Remark 2.2 (Flux formulation) The variational formulation (2.1) can be seen as an extension
of the unified DG flux formulation for elliptic problems in [2] to the parabolic problemin (1.2).
Our choice in (2.2) corresponds to using upwind fluxes for uj, on the space-like facets (in
accordance with causality in time), and standard LDG numerical fluxes based on weighted
averages on the time-like facets for both u;, and q,, (see, e.g., [15, §2.1] and [16, §3.2]). The
space—time interior-penalty DG method in [9] can be recovered by setting o« = 1/2 in the
definition of 7y, in (2.2) for all the internal time-like facets, and defining ?;, as

=~ | = leVunl + nelundn if F e Flime,
Dhlr "=\ —eVyuy + np(up — gp)n it F € FP.

2.3 Reduced Formulation

For the analysis, we rewrite the space—time LDG formulation (2.3) as one involving only the

primal unknown uj. We first define the lifting operator £, : VP (7,) — MP(7};) and the

LDG spatial gradient VL™ : VP (T;,) — MP(T}) for all vy, € VP (7y) as follows:!

/ Lpvp -rpdV = / ) [valn - drahi—op dS + / L VnTh ‘ngdS  Vr, € MP(Tp),
QT fhllne

Fo
2.4
and
(V;‘Dth)“( = Vxup g — (Lrvn) VK € T;. 2.5)

The following identity then follows from equation (2.3a):
> / K lqyrpdV == )" / VLS r), dV—/ gorp-m%dS  Vr, € MP(T}).
KeT, K KeTy, K 7:1?
Consequently, for all v, € VP(7;), we have

b (v, qp) = Z / ViPou, - q,dV = Z / KV, k" 1g, dV
K K

KeTy, KeTy,

=— Z / kVPuy - VPG, dV — / ) gpk Vv, - ng dS.
KkeT 'K Fi

Therefore, the mixed variational formulation (2.3) reduces to: find u, € VP (7;) such that

By (up, vp) = mj(up, vp) + Ap(up, vp) = €p(vn)  VYop € VP(Tp), (2.6)

I The lifting operator £, (-) and the LDG spatial gradient VP9(-) can also be defined for functions in the
space Y = L2(0, T; HO1 (£2)). Any function v in such a space satisfies [v]jy = 0 on f}["me and v = 0 on .7-'}?
almost everywhere. Therefore, for all v € ¥, £,v = 0 and VEP%v = Vxv.
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where Ay, : VP (T,) xVP(T;) — Risthebilinear form associated with the LDG discretization
of the spatial operator —Vy - (£ V(-)) given by

ApGup,op) ==Y | ©VESup - VEPSvu dV 4 | pplupdn - TopdndS + [ npupvp dS,
K X X Ftime ]_-D

KeTy, h h
2.7

and ¢j : VP(7;) — R is the linear functional

Ly (vy) == / fopdV + / . uovy, dx + f 5 gp(Frvy — KV né) ds.
or F

h '7:h

Remark 2.3 (Lifting operator) The lifting operator £y, (-) is just a tool for the analysis of the
method, so it does not need to be implemented.

Remark 2.4 (Reduced formulation) The reduced formulation (2.6) allows us to carry out
an hp-a priori error analysis in the spirit of the one in [46] for elliptic problems.

3 Inf-Sup Stability of the Method

For the sake of simplicity, we henceforth assume homogeneous Dirichlet boundary condi-
tions (gp = 0).

Although the coercivity in Lemma 3.4 of the bilinear form By, (-, -) is enough to guarantee
the existence and uniqueness of a discrete solution, at least for pure Dirichlet boundary
conditions (see Remark 3.14 for other boundary conditions), the inf-sup theory in this section
allows us to prove continuous dependence on the data and a priori error estimates in stronger
norms.

This section is devoted to studying the stability properties of the proposed method. More
precisely, we show two different discrete inf-sup conditions, which ensure the existence and
uniqueness of a solution to the space—time LDG formulation (2.6). In Section 3.1, we prove
an inf-sup stability estimate that is valid for any choice of the discrete spaces satisfying the
local compatibility condition in Assumption 2.1, whereas, in Section 3.2, we present an inf-
sup stability estimate that is valid for piecewise polynomial spaces that satisfy the following
additional mild condition.

Assumption 3.1 (Local inclusion condition) For every K € 7, the local discrete
space VPK (K) is closed under first-order differentiation in time, i.e.,

9, VPK(K) C VPK(K) C PPk (K). 3.1

This condition endows the method with additional stability properties.
We introduce the upwind-jump functional

1
|U|J =3 (”v”Lz(]_-hT) + Iv], ”Lz(]_-hspace) + ||U||L2(]__}(’))), (3.2)
and consider the following mesh-dependent seminorm in V?(7;,) + Y:

2
vl

1 1
50,112 2 2 2,02
LDG = ||\/EVI§D(’U”L2(QT)11 + ||77127[[U]]N”L2(]:;lime)d + ||771%"U||L2(]:I?)7 (33)

where /K is the symmetric positive definite matrix such that \/k - \/k = k.
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Lemma 3.2 (LDG norm) The LDG seminorm in (3.3) is a norm in the space VP (T;) + Y.

Proof Letv € VP(7;) + Y such that ol pg = 0. Then, the spatial normal jump [[v]]y =0

on j’-'}lime and v = 0 on .7:;? almost everywhere, which imply that v € Y and Lpv =
0. Moreover, the nondegeneracy condition in (1.1) of the diffusion tensor k implies
that IVxvllz2(gpye = 0. Therefore, since v = 0 on FP, we conclude that v = 0. ]

We conclude this section proving some properties of the discrete bilinear forms Aj (-, -)
and B (-, -).

Lemma 3.3 (Coercivity and continuity of Ay) For all u,v € VP(T;) + Y, it holds

Ap(u, u) = lull?
Ap(u, v

(3.4a)
(3.4b)

LDG’
) < el s M0l s -

Proof The coercivity identity (3.4a) is an immediate consequence of the definition of A, (-, -)
in (2.7), whereas the continuity bound (3.4b) follows by using the Cauchy—Schwarz inequal-
ity. O

Lemma 3.4 (Coercivity of By) The bilinear form By, (-, -) satisfies the following identity:

Bi(v,v) = [l + IvIIZ Vv € VP(Ty) + H'(Ty).

Proof Integration by parts in time and the identity %Ilvz]], — vl = %[[v]], on F, space

give

mww = 3 [ awvav - / o Lol dx o+ ol

KeTy
_ L0 2 a2 _ + 2
ST N RS A B B S
h h
=[vl} . (3.5)

which, combined with the coercivity identity (3.4a) for Aj (-, -), completes the proof. ]

3.1 First Inf-Sup Stability Estimate

We prove that a discrete inf-sup stability estimate holds for any choice of the discrete
spaces VP (7,) x MP(7},) satisfying the local compatibility condition in Assumption 2.1.
We introduce a discrete Newton potential operator N, : VP (Tj,) + H' (7)) — VP(Ty),
which we define for any v € VP(7;,) + H'(7,) as the solution to the following variational
problem:
AN, wy) = mj (v, wy)  Ywy € VP(T). (3.6)

The variational problem (3.6) has a unique solution due to Lemma 3.2 and the coercivity of
the bilinear form Ay (-, -) in Lemma 3.3.
We define the following mesh-dependent norm in VP (7;,) + H' (T;) N Y:

o> IvI2 + ol A+ NI (3.7

LDG, N LDG LDG "’

Next theorem shows that the bilinear form 5y, (-, -) is inf-sup stable for any choice of the
discrete spaces satisfying the local compatibility condition in Assumption 2.1.
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Theorem 3.5 (Inf-sup stability) For any discrete spaces (VP (7)), MP (1)) satisfying
Assumption 2.1, it holds

By (up, vy)

up Vuy € VP (Th). (3.8)
veve @\ oy vally pg

1
LT T

Proof Let up, € VP(7;) and wy := Njuy. By the triangle inequality and the definition

of Il - ll; g p- in (3.7), we have

1

an + willy g = VZ (B2 + Mwal )™ < V2unll e (39)

LDG

Moreover, using identity (3.5), the definition of the discrete Newton potential in (3.6), the
coercivity and continuity bounds in Proposition 3.3 for A (-, -), and the Young inequality,
we get

Bp(up, up + wp) = By (up, up) + my (up, wp) + Ap(up, wp)

2 2
= lunl} + Nunlly o + An(wn, wi) + Ay (up, wp)

2 2 2
> funl? + Buenl g, + Wonl = Wanll e lwnl,

+ il ) -

1
2, ! 2
= lunl? + 5 (Wl 2 s

LDG
Then, using bound (3.9), we deduce that

1 1
By (up, up + wp) > EllluhllliDG’N > Tﬁmuh“lLDG,N’ lleen + whll pg >
which completes the proof of (3.8). ]

The following result is an immediate consequence of the inf-sup stability estimate in
Theorem 3.5.

Corollary 3.6 (Existence and uniqueness of a discrete solution) For any discrete spaces (VP
(Tn), MP(Tp)) satisfying Assumption 2.1, there exists a unique solution (uy,, q;,) € VP (7p,) x
MP (T}) to the space—time LDG variational formulation (2.3).

We conclude this section by showing a continuity bound for the bilinear form B, (-, ).
Lemma 3.7 (Continuity of By,) Forall v € VP (Tj,) + H'(Ty) and vy, € VP(T},), it holds
B (v, v) < V2|l

Lo oally p -

Proof Let v € VP(T;) + H'(T;) and v, € VP(Tp). Using the definition of the bilinear
form By, (-, -), the definition of the discrete Newton potential in (3.6), the continuity of Ay (-, -)
in (3.4b), and the Cauchy—Schwarz inequality, we obtain

By (v, ) = mjy (0. vy) + Ap (0, 0) = Ay NGy, o) + Ap (v, 08) = V21l g 3Bl g -

Remark 3.8 (Stability parameter 7n,) The space-time interior-penalty DG method in [9]
requires a “sufficiently large" stabilization parameter in order to guarantee well posed-
ness, whereas the proposed method requires only that ess inf FiimeyFD NF > 0. This is to
be expected, as the stability term is related only to the discretization of the spatial opera-
tor —V(kV(-)).
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3.2 Second Inf-Sup Stability Estimate

We now consider piecewise polynomial spaces satisfying Assumptions 2.1 and 3.1. In order
to avoid the restriction of a uniformly bounded number of time-like facets for the elements
in 7, we make the following assumption, which extends the one in [9, Asm. 2.1] to general
prismatic space—time meshes.

Assumption 3.9 (Mesh assumption) If d > 1, we assume that, for any K = Kx x K; €
7T, the boundary d Ky can be subtriangulated into nonoverlapping (d — 1)-dimensional
simplices Ty, := {Fy}]_;, with n € N. Moreover, there exists a set of nonoverlapping d-

. . . . Fi . . . Fi i
dimensional simplices {sK"};l:l containedin Ky suchthat, fori = 1,...,n,0s *NdKx = Fy
and )

Fl
d|sg

< —_

Kx —_ N i s
| Fxl

for some constant Cy > 0 independent of the discretization parameters, the number of time-
like facets per element, and the facet measures.

Fixing a constant n* > 0, for all time-like facets F € .7-",?“‘6 U F ,?, we define the stabi-
lization function as follows:

IVE & 120 (P, + D(p, +d)
nFi=1n" max ek Rixd 7k K , (3.10)
KeTj:FeFime hi,
where || - ||gaxa is the 2-norm.
For each K € 7, we define the following constants:

fth :=min{hg; : K' € Tj, and f}éme ﬂ]—"}?}‘e # 0}, (3.11a)
px =max{pg : K' € T, and Fime 0 Flime £ g, (3.11b)
Ak = hg,/p%. (3.11c)

For convenience, we denote by Aj, the piecewise constant function defined as

Anlg = Ak VK € T.
Then, we define the following norm in VP (7;) + H (T,) N Y:
2 ._ 2 2 2
llf e 1= I, + 0l + 2; kOl - (3.12)
KeT)

Before proving the inf-sup stability estimate in Theorem 3.12 below, we recall some useful
polynomial trace and inverse inequalities from [9, §4.1].

Lemma 3.10 (Polynomial trace inequalities) Let K = Kx x K; € 7j, and let Assumption 3.9
hold. For all v, € PPx (K), we have

lonl2 s ey < (P + Do + D I l[onI*
v o = v
lL2(F d 1553 M2 r 12650

VF*=F x F;, (3.13)

where Fy C K;, Fx € Ty, with Fx = 0Kx N 83?, and SII;" as in Assumption 3.9 sharing Fx
with Kx. Moreover, there exists a positive constant Cy independent of K and the degree of
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approximation p such that

< Gy lonlfag,  Vou € PPx (K. (3.14)

Kt

”vh”L2(K xdK;) —

Lemma 3.11 (Polynomial inverse estimates) Let 7, satisfy Assumption 3.9 and let K =
Kx x K; € 7). There exists a positive constant Ciyy independent of K and the degree of
approximation P, such that, for all vy, € PPk (K), it holds

p4

1 0m 122y < Cimv 1 0n 2 k (3.15)
Ky
p4

13e0nl72py < Cime e Wnlliary  VF = Fex B, (3.15b)
t

where F; C K;, Fx = 0Kx N Bs;;" € Tyk,, and sl?‘ as in Assumption 3.9.
We are now in a position to prove the main result in this section.

Theorem 3.12 (Inf-sup stability) Let (VP(7), MP (1)) be discrete spaces satisfying
Assumptions 2.1 and 3.1, and let Ty, satisfy Assumption 3.9. Let also the stabilization func-
tion nr be given by (3.10). Then, there exists a positive constant y; independent of the
meshsize h and the degree vector p such that

By (up, vg)

u Yuy € VP (Tp,). (3.16)
weve @0y vl e+

villunll o <

Proof Letuy € VP (7;) and § be a positive constant that will be chosen later. We define wy, €
VP (Tp,) as wp | := Ak diup|, With A asin (3.11c) forall K € Tp,.
By the definition of wy, we have

1
LDG 2 2 2
lwnll? . = KETjA K IV @uaen) 72 0+ 0 DA B IN I 2 iy
€lp

+||77F)\h Orup ”LZ(}-D
=: M| + M + Ms. (3.17)
We now bound each term M;, i = 1, 2, 3, separately.
Bound on M. Using the commutativity of the LDG spatial gradient V{°°(-) and the first-

order time derivative 9;(-), the polynomial inverse estimate in (3.15a), and the definition
of Lk in (3.11c¢), we get

4
p

My < Y Cinvdi 3 IVEVunl 2o gpa < Cind VKV unl o g 0 (3:18)
KeTy, Kt

Bound on M;. Using the commutativity of the spatial normal jump [-]ly and the first-order
time derivative 9;(-), the definition of Ag in (3.11c), and the polynomial inverse estimate
in (3.15b), we obtain

, o, max(phpi) ) 1 )
My < Ciny ) max{pf 2 ) —— o i lunINI o g < Cinv Nz TenINIG 5 ime -
- min{h2 , h2,} F™)
FeFme, KK
FCAKNAK’

(3.19)
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Bound on M3. Similar steps as for the bound on M> yield

Ms < CmV”nFuh” (3.20)

LA2(FP)
Therefore, combining bounds (3.18), (3.19), and (3.20) with identity (3.17), we obtain

< Cinvllup |||

LDG — LDG’ (3:21)

lwll?

Using the triangle inequality, the polynomial trace inequality in (3.14), and the definition
of Ak in (3.11c¢), the following bound is obtained:

1 1
Jwil] —||Ahatuh||L2(ﬂ SN Bl 72 o) + 5 IAn D17 o,

2

2 2 pK 2
> IdanlZag ok, < Cor Y Mo NdunlZag,
K=KxxK; €T}, KeT, K;

Cu Y dxlldunll}s - (3.22)
KeT,

IA

IA

Moreover, the polynomial inverse estimate in (3.15a) and the definition of A g in (3.11c¢)
lead to

4
p
D AkIBwnlTa ey = Y Acldunlzagy < Cinv Y Xz Nl g
KeT, KeT, KeT, Kt
< Ciny ) Aklldunlfogy.  (3:23)

KeT),

The following estimate follows by adding bounds (3.21), (3.22), and (3.23):

llws 17 < 2max{Ciny, CuHllun I}

LDG+ LDG+’

which, combined with the Cauchy—Schwarz inequality, gives

2
M+ 8will? =2 (Bl + 820wl ) < el (3.24)
with i = 2(1 4 282 max{Ciny, Cic}).
The identity in Lemma 3.4 yields
B, up + dwy) = Iuhl + Nunll? .+ Smb i, wy) + 8A (un, wy). (3.25)

LDG

We consider first the third term on the right-hand side of (3.25). Using the Young inequality,
the polynomial trace inequality in (3.14), and the definition of L x in (3.11c), for all € > 0,
we have

mj, un, wp) = Y AK||a,u,,||2L2(K)—/Space A Ol T dx+/0xhuha,uh dx
KeT, ‘7:h ‘7:/1

2 2
= 3 alldunl?a g, - <||)~+3z”;||L2(F~pace +||Aha,uh||L2(fo) ~ Jun
KeT),
ECtr 2 2
= Y kbl — - D Ak ||atuh||L2(K) |uh|J
KeT, KeT,
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GCU— 2 1 2
= (1= 55) 2 rkldanlGag = - lual?. (3.26)
KeT,

As for the fourth term on the right-hand side of (3.25), bound (3.21) and the continuity of
the bilinear form A4, (-, -) in (3.4b) give

e lunll?

—lunlly g Wwnl g > —Ciaylanll? - (3.27)

Ap(up, wp) =

Combining (3.25), (3.26), and (3.27), we get
8 2 2
Bt +-3wn) = (1= 2 ) lanl? + (1= 5C, )hanlZ

GCtr 2
25) D2 Axldgunla g

KeTy,

+8(1-
Therefore, choosing § and € such that

2 _1
0<e<— and O<8<min{e, C. 2},

mv
tr
defining
5 c
Bi= min{l — - 5C2 5(1- GT“)}

and using bound (3.24), we obtain

B
Bi G+ Swi) = Bllunll® unll g Neen + Swnll, s

LDG*+ — ﬁ
which completes the proof of (3.16) with y; = B/./x.

For the convergence analysis in Section 4, it is useful to introduce the following auxiliary
norms:

IO e 3= WVMT g + D Ak 0 NZagy + 10T I ey + 02 er), (3.282)
KeTy,
-1
IO o = 0 s + D A I0lZagy + I0F G ey + 0M72 0 (3.28b)
KeTy

In next lemma, we prove two continuity bounds for the discrete bilinear form By, (-, -).

Lemma 3.13 (Continuity of B;) Forall v, w € VP (T;,) + H'(T}), the following continuity
bounds hold:

By (v, w) < V2||vl
By (v, w) < V2||vl

(3.29a)
(3.29b)

llwll

LDG* LDG*’

o 1l pge

Proof Let v, w € VP(T;) + H'(T},). Using the definition of the bilinear form By, (-, -) and
the continuity of Ay (-, -) in (3.4b), we obtain

By (v, w) = mil (v, w) + Ay (v, w) < mly(v, w) + [oll s Nl s - (3.30)
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Integration by parts in time, the identity v [w]; + w~[v], = [vw]; on J:Zpace, and the
Cauchy—Schwarz inequality yield
m;l(v,w)z Z / 8,vde—/ w+[[v]],dx+/ vw dx
K space 0
KeT, h h
=-) / ua,wdv+/m([[vwﬂt—w*[[v]]t)dx+/ vw dx
KeT, 'K FP Fr
=— Z / v8,de+f§mv_[[w]],dx+/ vw dx
Ket, 'K FP Fr
! !
5( > ||v||iz(,<)) ( > xKuatwuiz(K))
KeT, KeT,

+ ||v_||L2(7:;pace)||[[w]]t||L2(_7:;Pa°e) + ||U||L2(_7:hT)||w||L2(th)s

which, combined with (3.30) and the Cauchy—Schwarz inequality, gives (3.29a). The proof
of bound (3.29b) is similar, so we omit it here. ]

Remark 3.14 (More general boundary conditions) In Lemma 3.2, we have proven that |- |||LDG
is a norm on the space VP (7j,) + Y, which holds only for pure Dirichlet boundary conditions.
For such boundary conditions, one could deduce existence and uniqueness of a solution
to (2.6) directly from the coercivity identity in Lemma 3.4 for the bilinear form B, (-, -). On
the other hand, if pure Neumann or mixed boundary conditions were to be considered, then
the corresponding seminorm would not be a norm, and the discrete Newton potential in (3.6)
would not be well defined without further modifications. Nonetheless, the norm || - |||LDG N
defined in (3.12) would be a norm in any case, so the inf-sup condition in Theorem 3.12
guarantees the well-posedness of the method also for pure Neumann or mixed boundary
conditions.

4 Convergence Analysis

This section is devoted to deriving error bounds in some energy norms (Section 4.1) that can
be used to obtain a priori error estimates for different discrete spaces; see Section 5 below. In
Section 4.2, we discuss the difficulties of deriving error estimates in the mesh-independent
norm L2(Q7).

4.1 A Priori Error Bounds in Energy Norms

We define the inconsistency bilinear form Ry, : H St (7)) x VP(T) +Y) — R(e > 0)as
follows:

Ry (u, v)2=/‘_ {{e Vx nu—koVyx puli—ap-[vln dS+/ 5 v (i Vx pu—k oV pu)-ng dS,
]:hlme :Fh

4.1)
with Vy ; and IT denoting the piecewise spatial gradient in 7;, and the LQ(QT)d—orthogonal
projection in MP?(7},), respectively.

If the solution u to the continuous weak formulation in (1.3) belongs to H s+e (ThyNnX
for some ¢ > 0, then the following identity can be proven using integration by parts in space
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and the definition of the lifting operator £j,:
R (u, vp) = Bp(u — up, vp) = By(u, vp) — Lp(vp) Yo € VP(Tp). (4.2)

We are now in a position to show some a priori bounds for the errors in the norms || - ||

LDG,N
and || - | which are defined in (3.7) and (3.12), respectively.

LDG*’
Theorem 4.1 [A priori error bounds in the energy norms] Let the discrete spaces (VP (T},),
MP(Ty)) satisfy the compatibility condition in Assumption 2.1. Let u € H3+e (7)) N X for
some & > 0 be the solution to the continuous weak formulation in (1.3), and uy, € VP (Ty,) be
the unique solution to the space—time LDG variational formulation (2.6). Then, the following
bound holds:
. (R (e, vp)l
lle — wnll =5 inf _ Jlu— vl +2V2  sup e (43a)
LDG.N vhEVP (Tj) HILDG.N wmeve@mnoy el pg

Moreover, if the discrete space VP (Ty,) satisfies the inclusion condition in Assumption 3.1,
Assumption 3.9 on Tj, holds, and the stabilization function n is given by (3.10), then

u—1u < inf u—v ++2y7 " inf u—v .
b=l < nf e vgll . ¥y e e vl g

o (R, vy (4:30)
+y; S _—
veve (o) vrlly peoe

Proof The proof follows from the Strang lemma, identity (4.2), the inf-sup stability estimates
in Theorems 3.5 and 3.12, and the continuity bounds for 5y, (-, -) in Lemmas 3.7 and 3.13.

Next lemma provides a bound for the inconsistency term in the a priori error bounds (4.3a)
and (4.3b).

Lemma 4.2 (Inconsistency bound) For all u € H S+ (7p) withe > 0 and v € VP(Tp) + Y,
the following bound holds:

_1
Rt 0] = (2% (e (Vute = ToVaht a2 cegne

_1
+ e (Ve = TV pa0) - m L2 e, ) I,

where || - || denotes either || - |||LDG or| - |”LDG+‘

Proof The result readily follows from the definition in (4.1) of R, (-, -), the Cauchy—Schwarz

inequality, and the definitions of || - |||LDG and || - |||LDG .- m]
Interpolation estimates for the term ||A}, (v — vh)||LDG in (4.3a) are not immediate. In

the rest of this section, we show that, for piecewise polynomial spaces, such a term can be
bounded by some more standard error terms; see Proposition 4.5 below.

We first show a bound for the lifting of discrete functions and a discrete Poincaré inequality
for meshes satisfying Assumption 3.9.

Lemma 4.3 (Bound on L) Let Tj, satisfy Assumption 3.9 and the stability function ng be
chosen as in (3.10). If the discrete spaces (VP (1), MP (1)) satisfy the local compatibility
condition in Assumption 2.1 and VP& (K) C PPk (K) for all K € Ty, then there exists a
constant Cp > 0 independent of the meshsize h and the degree vector p such that

1 1
ILhvnllL20pyd < C£(||7712:[[vh]]N||L2(7:;limE)d + ||7)12rvh||L2(]:}113)) Y, € V(7).
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Proof Let v, € VP (7). Using the Cauchy—Schwarz inequality and the definition in (2.4) of
the lifting operator £y, we get

||£hvh||iz(QT)¢l = /}_}limeﬂvh]]N A Lrvp—ar dS + / 5 vp (Lpvp) - ng dS

Fh
1 _1
= ||7712:[[Uh]]N ||L2(j:1§ime)d ||77F “{Lpon M-ar ||L2(]:;lime)d
1 _1
+ ”n;:vhnLZ(f]?) ||77F2£hvh||L2(]:hD)d- 4.4)

Moreover, using the polynomial trace inequality in (3.13), Assumption 3.9 on 7}, the defini-
tion in (3.10) of the stabilization function 7, and the ellipticity condition (1.1), we obtain

1
g (Lnvnhh- aFan(P,me)ﬁunF Cnnlizacppia <2 D0 30 np 1envnlpa oy

KeTj, F=FxxFy,
FxeTygy
(P + D +d) |Fy|
-1 X 2

<2 Z Z ng f ILhv hHLQ(F L2

KeTj, F=FxxFy, |SK

FXET)KX
”thhHLZ(Q yd>

which, combined with (4.4), gives the desired result with C = icg . O

The proof of the discrete Poincaré inequality in Lemma 4.4 below follows the ideas
used in [18, Lemma 2.15]. First, we recall the following multiplicative trace inequality for
simplices from [18, Eq. (1.52) in Ch. 1]: for any simplex 7" and any facet F of T, there exists
a positive constant C}; depending only on d such that

|F| | |F|

. |F]
= tr|T|

||U||L2(T)||VU||L2(T)11
4.5)
(”U”LZ(T) +h ”vv”LZ(T)d) Vv e HI(T)

Lemma 4.4 (Discrete Poincaré inequality) Let the assumptions of Lemma 4.3 hold. There
exists a positive constant Cp independent of the meshsize h, the degree vector p, and the
number of facets per element such that

lonll2c0p) < Colloall pg Yo € VP(Ti). (4.6)

Proof Let v, € VP(7y). From [18, Lemma 8.3 in Ch. 8], we deduce that there exists a
function T € L%(0, T; H'(2)%), such that

VX T = V) and ”T”LZ(QT)(I + “t”LQ(O,T;H‘(Q)d) = CQ”UhHLZ(QT), (47)

for some positive constant Cq depending only on 2.
Integrating by parts in space, and using the Cauchy—Schwarz inequality, the continuity of
the spatial normal component of 7, the nondegeneracy of k in (1.1), the bound in Lemma 4.3

on [[Lhvnllz2(0.)s and the definition of the norm || - |||LDG in (3.3), we get

lonll72g0,) = / v Vx - TdV
or
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:_Z/th rdV+Z/ / vy T - ng, dSde

KeT, KeTy, dKx

KeTy, ]:h

I («/E)i \/va,hvh ||L2(Q,-)d I ||L2(Q7‘)d

IA

1 1
2 . -3 .
+ ”np[[vh]]N”LZ(]:/t;me)d||7)F T”LZ(]:/{;me)d
1 _1
+ ||7712vvh||L2(]:}1,3) ||77FZT||L2(]:hD)d
1 LDG
=072V V unllz2gpyaliTlizz gy
_1
+ 072\ Lnvnll 2y 1T 12007y
1 _1
+ ||n[2-“[[vh]]N”L2(]:}‘1ime)d”anT”LZ(]:}Ilime)d
1 1
2 -2
+ ”nFUhHLZ(]:}]l))”nF T”LZ(}-;?)‘I
1 LDG
2V Y Unllz2copyd 1Tl L2¢0 )
1 1
+ C»Ce 2 |’C|2(||7712:|[Uh]]N ||L2(]:]l’ime)d
1
+ ||77127Uh||L2(fil’3))||f||L2(QT)d
1 _1
+ ”n[ZTIIUh]]N“LZ(]:;’imE)d“anT”LZ(]:}t’ime)d
1 1
2 -2
+ ”77th||1‘2($1113)”771: r”LQ(]—‘}?)d
_1
< V2max(1, 073 (1 + Clkbnlpq (17132,

1
2.2
+ ”an T”LZ(]:llime)d
h

1 1
-3 2 1
+ ”anT”LZ(]:’D)d)Z’

Therefore, it only remains to bound the last terms on the right-hand side of (4.8).

— Z / VU, - rdV—i—/. r~[[vh]]NdS+/Dvhr-n’g‘2dS
time

4.8)

Using the trace inequality (4.5), Assumption 3.9, the nondegeneracy of k in (1.1), and the
definition of the stabilization parameter nr in (3.10), we obtain

1
-2 2 2.2
”nFZT”Lz (Flimeyd + ”nFZT”LZ (FDy

. —1 |Fx 2
=Gy Z Z ”L2<F,;L2<s,‘§*)d)

KeT), F=FyxF,,
FxE,]:'in

+dlam(s ) ”VT“LZ(F JL2(s FX)dxd))

Cy d
* 71 2
=Gy Z Z r |L2(F,;L2(s,§")d)

KeT, F=FxxF;,
FxE'T{JKx
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. 2 2
+ dlam(Q) ”v.[ ||L2(F,;L2(s£")flx"))

CiCod /. L
=< o (Ilrlle(QT)d + diam(2) ||vr||L2(QT)dxd),
which, combined with (4.8) and (4.7), gives the desired bound (4.6). 0

Proposition 4.5 (Bound on [N, (Il ) Let the assumptions of Lemma 4.3 hold. There
exists a constant Cnr > 0 independent of the meshsize h and the degree vector p such that
the following bound holds for all v € VP (Tj,) + H' (T,):

2 _1 _1
INw vl pg < CN|:< > ||8fv||iz(K)> + 1k 2 VIl 2y + 12, 2v||Lz(f£)]. (4.9)
KeT),

Proof Let v € VP(T;) + H'(7;). Using the definition in (3.6) of the discrete Newton
potential, and the coercivity of Ay (-, -) in Lemma 3.3, we get

2
VAVl

DG = An(Nypv, Njpv) = ml (v, Njo)

= Z / 8,thvdV—/ (th)+[[v]],dx+/ v N dx.
K pspace 0

KeT, h h

(4.10)

The first term on the right-hand side of identity (4.10) can be bounded using the Cauchy—
Schwarz inequality and the Poincaré inequality in (4.6) as follows:

1

2
> / HNAV < Y [19vll 2 NGV 2k < ( > ||atv||iz(,<)> INwoll 20
KeT, 'K KeT, KeT,
1
2
< cp( > ||atv||izm> NI s - (4.11)
KeTy,

As for the second and third terms on the right-hand side of identity (4.10), we use the
Cauchy—Schwarz inequality, the polynomial trace inequality in (3.14), and the Poincaré
inequality in (4.6) to obtain
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_/ \pdce(/\/’hv)+[[v]]t dX+/ vNpvdx

h

Bl

( U]]t”Lz(}.spaw + H)L U||L2(]_-())> <H()Lz./\/‘hv)+||L2(]__spﬂce + ”)xh NhUHLQ(]_—O))
1 l
( v]]l‘”LZ(]:SP‘“:e + H)\h U”LZ(]:;'))> ( Z C[r)\K ”NhUHLZ(K)>

1
= %(”[[}"h U]]t”Lz(]:SPace +H)‘h U“LZ(]:O)) H-N’hU”LZ(QT)

<cpcy (||r[x,7v11fnL2(pracc) + ux,jfanz(fg)) INh vl g - (4.12)

1
Bound (4.9) then follows with Cps = CpC,; by combining identity (4.10) with bounds (4.11)
and (4.12). O

Remark 4.6 (Continuous dependence on the data) If the space VP (7;,) is such that the dis-
crete Poincaré inequality (4.6) is valid, the solution u, € VP(7},) to the space-time LDG
formulation (2.6) satisfies the following continuous dependence on the data:

lunll g e < 2V2(Cell Fllz2p) + V2lluoll2(g))  and

lnll, oo < 77 (Coll Flli2gor + V2ol 2(0y).

which follow from the inf-sup conditions in Theorems 3.5 and 3.12, the definition of the
method in (2.6), and the Cauchy—Schwarz and the triangle inequalities.

4.2 Difficulties in Proving Optimal Convergence Rates in the L?(Q7) norm

In this section, we briefly discuss the difficulties of deriving a priori error estimates in the
mesh-independent norm L2(Q7) by means of a duality argument. We consider polynomial
discrete spaces satisfying the local inclusion in Assumption 3.1.

For a given ¢ € L?(Q7), we consider the following adjoint problem:

%z —Vy-(kVx2)=¢  in Or, (4.13a)
z=0 ond2 x (0,71, (4.13b)
z=0 on Q x {T}, (4.13¢)

and assume that ¥ and € are such that the following parabolic regularity estimate holds
(cf. [23, Thm. 5 in §7.1]):

”Z”LOO((],T;HOl(Q)) +lzllp20.7: 12 + Izl m 0,722 < CrI®lL200,)s 4.14)

for some Cr > 0 depending only on €2, 7', and «.

Theorem 4.7 (A priori error bounds in the LZ(QT) norm) Letu € H%” (7)) N X be the
solution to the continuous weak formulation (1.3), and let uy, € VP (7y,) be the solution to the
space—time LDG formulation (2.6). If 2 is such that the parabolic regularity estimate (4.14)
holds, and the discrete spaces (VP (1), MP (Ty,)) satisfy Assumptions 2.1 and 3.1, then the
following bound holds:
< V2l -

IIM—uhlle(Q )= +I1Ry @ —up)| + Ry (u, 2—2p)| Y25 € VP (T),

(4.15)

unll oo 12— 2ll oo
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where z is the solution to the adjoint problem (4.13) with ¢ = u — uy,.

Proof We set ¢ = u — uy, in (4.13) and multiply (4.13a) by ¢. Integration by parts, the
regularity of z, the orthogonality properties of Iy, the definition in (4.1) of the inconsistency
bilinear form Ry, (-, -), and the definition in (2.4) of the lifting operator £ yield

e = unllfa g = D f(fazzfvx«xvxz))(ufuh)dv
KeTy, K

= Z / (8,(14—uh)z—i-lch(u—uh)-sz)dV—/q' 2w — up T dx
K ]__.pdce
KeT), h

+/ z(u—umdx—f. (Ve —ap - T — Ty dS
ff? f}lllme

— / D(u —up)kVxz -ng dS
h

=y / (th(u—uh>z+:cvx<u—uh>-vxz)dV—/Space = up i dx
KeTy, K ‘7:11

+/ Z(M—Mh)dX—/. Ik Ve — KTl Vxeh1—ap - e — Ty dS
‘7:;1) '7:It1lmc

—/ D(u—uh)(lchz—chOsz)-nédS-i-/ kLpuy - VxzdV
fh or

= Z B (u —up)z + €V (u —up) - VEPSZ)dV — | 2w — uy T dx
K ]_.space
KeTy, h

+/ z(u—umdx—f. (K Ve — KT V2l _ay - [ — TN S
_7:}(3 f}tllme

7/ (u — up) (€ Vxz — kM Vxz) - N dS

]:D

h

= Bp(u —up,z) — Ry(z, u —up)

=By —up,z—2zp) — Rp(zu —up) — Rpu, z — zp),

where, in the last equation, we have used identity (4.2).
Bound (4.15) then follows from the continuity bound in (3.29b) for the bilinear
form By, (-, -). ]

Remark 4.8 (Limited regularity of the adjoint solution) The last two terms on the right-hand
side of (4.15) can be bounded using Lemma 4.2. The main difficulty in deriving a priori error
estimates in the L2(Q7) norm is the limited regularity in time of the continuous solution z
to the adjoint problem (4.13). This issue was overcome in the corrected version [10] of
reference [9] by using a continuous-in-time interpolant operator. However, extending this
approach to general prismatic meshes is not straightforward.

5 Some Choices of Discrete Spaces

We introduce four different choices for the local discrete space V& (K) and discuss their
properties. More precisely, we consider some standard P’ (K), tensor-product ]P’;K (K),
quasi-Trefftz QT”«k (K), and embedded Trefftz ET”x (K) polynomial spaces. Moreover,
using the approximation properties of each space and the error bounds from the previous
section, we derive some a priori error estimates.
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In Table 1, we compare the different spaces in terms of their dimension, a choice of the
discrete space MPX (K) guaranteeing the validity of the local compatibility condition in
Assumption 2.1, and the validity of the local inclusion condition in Assumption 3.1. The
error estimates in Theorems 5.4, 5.9, and 5.13 predict the same convergence rates in the
energy norms for the corresponding spaces, but under different regularity assumptions. More
precisely, the solution u to (1.2) is assumed to belong to local Bochner spaces (separating
space and time regularity) for tensor-product polynomials, to local space—time Sobolev spaces
H* for standard polynomials, and to local space—time C* spaces for quasi-Trefftz polynomials.

In the rest of this section, we write @ < b meaning that there exists a positive constant C
independent of meshsize /4, the degree vector p, and the maximum number of facets such
thata < Cb. Similarly, weuse a <, b to indicate the possibility that the constant C depends
on the degree vector p. Moreover, we write a >~ b whenevera < b and b < a.

5.1 Tensor-Product Polynomials

We consider the following tensor-product piecewise polynomial space:
VPK(K) :]P’;K (K) :=PPx (Ky) ® P’k (K;). (5.1

Let {7},}1~0 be a family of prismatic space—time meshes for the domain Q7 = Q@ x (0, T).
Given a partition 73, as an extension of [9, Def. 5.2], we call covering aset 7' # = {KC} of shape-
regular (d + 1)-dimensional prisms, whose bases are d-dimensional simplices or hypercubes
such that, for each K = Ky x K; € 7j, there exists K = Kx x K; € 7% with K C K.

Assumption 5.1 (Covering of 7;,) There exists a positive integer Ng, independent of the
mesh parameters such that, for any mesh 7, € {7};-0, there exists a covering 7 # of 75,
satisfying

card{K' € T, : K' N K # ¢ for some K € T# with K c K} < No, VK €T,
which implies that hix, = diam(Kyx) < hk, for each pair K = Kx x K; € 7 and K =
Kx x K; € T# with K C K.

For any Lipschitz domain Y C R? and s € N, the Stein’s extension operator €y :
HS(Y) — H*(RY) is a linear operator with the following properties (see [51, Thm. 5 in
Ch. VI]): for all v € H*(Y), it holds

vy =v and €l gsgay S IIvllEs(r), (5.2)

where the hidden constant depends only on s and the shape of Y.
We now recall the following approximation results from [11, Lemmas 23 and 33].

Lemma 5.2 (Estimates of ﬁx) Let Assumptions 3.9 and 5.1 on Tj, hold. Let also Ty, € {1} =0
and T* be its corresponding covering from Assumption 5.1. For any K = Kx x K; € Th
and v, € L2(K;; H'% (Ky)) (Ix > %), there exists IT*v, € L?(K,; P’k (Ky)), such that

Cr—
- hKK q
||U — HXU”Lz(K,;H'J(KX)) S pTx—q”QEXv”LZ(Kr;HIK(Kx)) forallO < q < lK,
K
(5.3a)
X < th
Tl 2x) S 7”€XU”L2(K,;H1(ICX)) + vl 22k (5.3b)
K
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tk—%
~ K.
o = Tl 2 ks 2 0k0) S T 102k, ik (1000 (5.3¢)
pr2
K
where Ly = min{pK + 1,1k}
Proof The estimate (5.3b) follows by using the triangle inequality and (5.3a). O

Given ¢ € N and a time interval (a, b) C R, we denote by né the L2(a, b)-orthogonal
projection in the space P (a, b). In the proof of Theorem 5.4 below, the operators né and T1*
are to be understood as applied pointwise in space and time, respectively.

Lemma 5.3 below concerns some standard properties of rré (see, e.g., [33, Lemma 3.3
and Lemma 3.5], [12, Lemma 2.4], and [56, Thm. 2]).

Lemma 5.3 (Estimates of TL";) Given an integer q > 1 and a time interval (a, b) C R, the
following estimates hold for all v € H*(a, b) (s > 1):

(b —a)®
v =g vl 2p) S ST 101125 0.y » (5.4a)
2
q
I =gvlliian S g g Wlas- (5.4b)
1
o = 7gvll 2y S b = @2l (5.40)
q
mgv(@)| + |rgu®d)| < FHUHLZ(a,b)v (5.4d)
—a)2
1
(b—a)°2
(v — T[(;U)(llﬂ + (v — JTL;U)(b)| S — 1 |U|H“(a,b) , (5.4e)
q 2

where s = min{q + 1, s}.
Let g be an integer with ¢ > 1. The multiplicative trace inequality in one dimension reads:
P@F + B < =) vl7agp + 2000 2@ 1V 12ws Yo € H @, b),
which, together with the Young inequality, implies
q +1 b—a
@+ @) = vl + ?nv/niz(a,,,) Yve H'a,b). (55

Theorem 5.4 (Error estimates in the energy norms) Let VP(7,) be chosen as in (5.1),
and MP(Ty,) be such that Assumption 2.1 holds. Let also Assumptions 3.9 and 5.1 on the
space—time mesh Tj, be satisfied, and the stabilization function ng be given by (3.10). Assume
that the exact solution u to the continuous weak formulation (1.3) satisfies: u € X, and, for
each K = Ky x K; € Ty, uj, belongs to

L*(Ky; H' (Ky)) N H' (Kis H* 7' (Ky)) 0 H% (K3 L*(Ky)) N H* 7N (K3 H' (Ky))
N H¥ (K;; H*(Ky)),
where sg > 3/2, lx > 3/2, and g = max{sg — 2, 0}. Let u, € VP (1) be the solution to
the space—time LDG formulation (2.6). Then, the following estimates hold:
2KK -2 2sK -2

= unl? s v S D 5 py A+ Y ZAK B (5.6)

KeTy, KeTh
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251( 2 hZSK -2
2
e —unll? o S Y e > TRl (57
KeTh KeT,

where Lg = mm{pK + 1, lx} and sk = min{pK + 1, sx} forall K € Ty, and

1 hx Py hk h,
Uk = —+ 5+ 5 - —=—+( max g €l o
(pK th pi pi h th (FE]:the ) pK XNL2 (K HIK (KCy))

'\2

1
- : [ M” Ig—1
P pi P hk,) PN (K HE T ()

)Hexvxu”Lz(K Hlk— I(IC )d)

h ~D 2

[
‘ aM‘—‘

Kt 2
max Neell ook (k. 12
x P2 rerpe bk, p2> HOK (K L2 (Kz)

K

L Ax, + - luell?
> n u sg—1 .
pK Fe]:;éme pi pi HK (Kr»Hl(Kx))

([T
hep:  hip ) HK (K H ()

2 120k 2sK 3
thth p

2sg—2
hi,

K lu?,, I
p20:<+3 HVK (K;;H*(Ky))
K

1 k. h, Mk, Pk
o (PK+ o T T pK) st ko
he  hyg 1
+ (p,i pK ) ||(’3xu||H1(K Hk-1 (e T (pK + pK> ||(’3xqu||Lz(K HIK-1(C)d)
h h? h?
o (PI,;: " PIK i (Flenfe-‘lf)f(me nF)thK;’i i h:, iiK r; ) Ilicnsazosy
¥ (; " (Fren;gmw)f;? pﬁ) I
+( ", + 2 )H@xull skl (K - g1
hop? |y PZ K= (K H Y (Ky)
Rk 'W”“”H%(K,;H?(Kx»’

with Og = min{pK + 1, g}
Proof For the sake of clarity, we postpone the proof of this theorem to Appendix B.1
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Remark 5.5 (Conditions on the mesh and the degree vector) The error estimate (5.6) in the

norm || - |||LDG’ A suggests the need of the following local quasi-uniformity conditions:

Py = Pk, hx, ~ th/, hi, > hg; for all K, K’ € 7Ty, sharing a time-like facet,
(5.8)

and the orthotropic scaling

h, ~hxg, VK =KxxK,eT. 5.9)

Ky

On the other hand, the error estimate (5.7) in the norm || - ||
orthotropic scaling (5.9) can be relaxed to

Lpg+ suggests that the

hk She Shx, VK =Kxx K; €Ty, (5.10)

as the last two terms on the right-hand side of (5.7) can be improved by requiring some extra
regularity on the continuous solution u.

In the absence of hanging time-like facets, the condition /3 . S hy, in (5.10) can be
further relaxed using the analysis in [22, §5.2], which is based on some composed lifting and
projection operators. Moreover, the condition i, < hk, in (5.10) is a consequence of the
fact that, for non-uniform degrees of approximation or meshes with hanging time-like facets,

it does not hold that [[7,v]y = 0 on J:}lime.

Corollary 5.6 Let the hypotheses of Theorem 5.4 hold and assume also uniform elemental
polynomial degrees px = p > 1 for all K € 7Ty, the local quasi-uniformity condi-
tion (5.8), and the orthotropic scaling (5.9). If the continuous solution u to (1.3) belongs
fo L2(0,T; H () n HYXO, T; H'=1(Q)) N H*(0, T; L)) N H*~10, T; HY()) N
H™x{s=2.040 T H2(Q)) for s > 3/2 and | > 3/2, then the following estimates hold:

-1
N — unll g pr < ﬁ(”uﬂm(o,r;ﬁl(g)) + lull g1 o.7: 5-1 ()

s—1

+ pr== (Hull s 0,7: 220y + Nl a0 rs ) + Nl o 0,712 o)

-1
fle — ”h|"LDG+ N V) (||u||L2(o,T;Hl(Q)) + ”u”Hl(O,T;H’*l(Q)))
p 2
s—1

+ == (el s 0,7: 2200 + Nl =10, 120y + Nl o 0,75 2020)) »

where h = maxgeT, hk, s =min{p + 1, s}, £ = min{p + 1,1}, and ¥ = max{s — 2, 0}.

5.2 Standard Polynomials

We now consider the following piecewise polynomial space:
VPK(K) =P’k (K) VK €T (5.11)

In order to derive a priori error estimates for the standard polynomial space in (5.11), we
assume that the elements in the family {7}, },-.0 of space—time meshes satisfy the orthotropic
relation (5.9).
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Assumption 5.7 (Orthotropic space—time elements) The family {7, }~0 of prismatic space—
time meshes satisfies
th >~ hK, s

uniformly for all K € 7j,.

We denote by € the space—time version in [9, Thm. 5.4] of the Stein’s extension operator.
Moreover, in next Lemma, we recall the approximation results from [9, Lemma 5.5].

Lemma 5.8 (Estimates of ﬁ) Let Assumptions 3.9, 5.1, and 5.7 hold. Let also Ty, € {Tp}n>0
and T* be its correspondlng covering from Assumption 5.1. For any K € T, and v|, €
H'x(K) (Ig > ) there exists Hv|K € PPk (K), such that

eKq

llv = Tl ) S €0l e ) forall 0 < q <.

1K q
pK
tx—%

T K
v — vl 229Ky S T ||QSU||HIK(;C),
2

Ig—
pK

where Lg = min{pK + 1,1k}

Theorem 5.9 (Error estimates in the energy norms) Let VP(7},) be chosen as in (5.11),
and MP (1) be such that Assumption 2.1 holds. Let also Assumptions 3.9, 5.1, and 5.7 on
the space—time mesh Ty be satisfied, and the stabilization function nr be given by (3.10).
Assume that the exact solution u to the continuous weak formulation (1.3) satisfies: u € X
and u|, € H'x(K) (lx > 3/2), for each K € Ty, and let uy, € VP (T},) be the solution to the
space—time LDG formulation (2.6). Then, the following estimates hold:

2/3,( -2
e = unll? i o S D2 5 P Xk, (5.12)
KeTy,
2Ug—2
2 K
e = unlly e S D oz 9 (5.13)
KeT),

where Lg = min{pK + 1,1k} for each K € Tj, and

A hg
- -2 —1 ~ 2 hkg
By = (thK +p +<h1</hK,>(pK/pK)+(Fglyggmw)pz ) [T
K

1 1
+—+—=)lev ,
(PK Py ) Il

9k o= |hgp 2 +p '+ ( max pp )h—K+p +hgp >+ i /hg )y /P | €l
K K Fe]:ttme pi ! K K HIK (KX)

1 1
+—+—=lev
(pK Py ) V€Vt gy

Proof We postpone the proof of this theorem to Appendix B.2. O

Corollary 5.10 Let the hypotheses of Theorem 5.9 hold and assume also uniform elemental
polynomial degrees px = p > 1 for all K € Ty, the local quasi-uniformity condition (5.8),
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and the orthotropic scaling (5.9). If the continuous solution u to (1.3) belongs to H' (Qr)
forl > 3/2, then the following estimates hold:

-1
fle — ”thDG./\/ Spli_%HMHHI(QT),

-1
flw — uthDG+ S,?”M”HZ(QT),
pi2

where h = maxker;, hx and £ = min{p + 1, 1}.

Remark 5.11 (Exponential convergence) Unfortunately, the use of the Stein extension oper-
ator ¢ in the error analysis above prevents the proof of exponential convergence for
the hp-version of the method, as the hidden constant in (5.2) depends in an unknown (and
possibly bad) way on the Sobolev index £.

5.3 Quasi-Trefftz Polynomials

We consider a fixed polynomial degree p € N. For each K € 7j, given (Xg, tx) € K, we
define the polynomial quasi-Trefftz space for the homogeneous equation Hu := d;u — Vx -
(kVxu) = 01in K as

VPK(K) = QTP (K) := {v € PP(K) : DO Huxg, 1) =0 V(ix.ip) € NOT! Jix| +ir < p— 2},

_ o (5.14)
where the multi-index derivative D> w := ... 8}‘2 ;' w. The quasi-Trefftz space does
not satisfy the inclusion condition in Assumption 3.1.

The basis functions for the space QT'” (K ) can be constructed as discussed in [34, §2.4]. We
briefly summarize the recursive procedure to compute the coefficients of the basis functions
in Appendix A. The dimension of the quasi-Trefftz space is given by

dim(QI?(K)) = (p;rd> + (p _; +d>, (5.15)

which, for large p, behaves like p?, whereas dim(P? (K )) ~ p®*!and dim(P% (K)) ~ p?+!.
This represents a significant reduction of the total number of degrees of freedom.
Additionally, the quasi-Trefftz method can handle nonhomogeneous source term f by
constructing an element-wise approximate particular solution u; s and homogenizing the
system, see [34, §5] for more details.
We make the following stronger assumption on the mesh 7;,, which implies Assumption 3.9
(see [9, Rem. 2.2]).

Assumption 5.12 (Uniform star-shapedness) There exists 0 < p < 1 independent of 4 such
that each element K € 7}, is star-shaped with respect to the ball centered at (xg, tx) € K
and with radius phg.

The approximation properties of the space QIT'” (K') come from the fact that it is defined so
that the Taylor polynomial of order p+1 (and degree p) centered at (Xx, tx ) of the continuous
solution u#, which we denote by T(i:,lt,()“’ belongs to QT'?(K); see [34, Thm. 2.4] and [29,
Prop. 4]. More precisely, if Assumption 5.12 holds, and u € CP+!(K) for each K € 7y, then
(see, e.g., [8, Cor. 3.19])
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. p+1 p+l—q
Pe&g(m lu— Pleaky = lu— T olullcaky Sp hx " lulerixy Y € No, ¢ < p.
(5.16)

Theorem 5.13 (Error estimate in the norm || - |”LDG,N) Given p e Nwithp > 1, letu € X
be the continuous solution to (1.3) and uy, € QTP (T,) + up, ¢ be the solution to the LDG
method (2.3) with VPX (K) as in (5.14) and MPX (K) such that Assumption 2.1 holds. Let
also the stabilization function ng be given by (3.10). Under Assumption 5.12, the local quasi-
uniformity conditions in (5.8), and the orthotropic scaling in (5.9), if uj, € CPTU(K) for
all K € Ty, then

2 2 2
e = wnl? e e S D B Nuleper k) (5.17)
KeT,

where the hidden constant may also depend on the maximum number of time-like facets of
the elements in 7Ty,

Proof The proof of this theorem is postponed to Appendix B.3. O

5.4 Embedded Trefftz Polynomials

The embedded Trefftz method, introduced in [40], circumvents the explicit construction of
Trefftz basis functions by embedding the Trefftz space into some standard polynomial space.
The construction of the embedding relies on solving a small element-wise singular value
problem. The method can also handle nonhomogeneous source terms f by constructing an
element-wise particular solution using the pseudo-inverse of the already computed singular
value problem. Compared to the quasi-Trefftz space considered in the previous section, no
Taylor expansion of the coefficients or of the source term is needed.

Via the embedded procedure, the discrete space V 7k (K) is chosen as a weak Trefftz space
as follows:

VPK(K) = EIP(K) := {v € PP(K) : I?">(Hv) = 0in K}, (5.18)

where T17~2 is the L?(K )-orthogonal projection operator in the space PP~2(K), and H is as
in the previous section.

The choice of the projection operator is crucial for the approximation properties of the
embedded Trefftz space. Different choices for this operator have been discussed in [32, Ch. 3].
The choice made here is heuristic; however, in the numerical results in Section 6 below, we
observe optimal convergence rates and the same reduction of the number of degrees of
freedom as for the quasi-Trefftz space, i.e., the same space dimension for ET'” (K) as given
in (5.15). Deriving approximation properties for embedded Trefftz spaces is a nontrivial and
problem-dependent task; see, e.g.,[39, 43].

6 Numerical Results

In this section, we present some numerical experiments in (1 4+ 1) and (2 4+ 1) dimensions
to validate the theoretical results and assess numerically some additional features of the
proposed method. Some implementation details are given in Section 6.1. In Section 6.2, we
study numerically the condition number of the stiffness matrix. The accuracy of the method
is tested in Sections 6.3 and 6.4 for smooth and singular solution, respectively.

@ Springer



Journal of Scientific Computing (2026) 106:22 Page310of47 22

The LDG scheme has been implemented using NGSolve [48] and NGSTrefftz [55].2
In all the numerical experiments below, the stabilization parameter n* is set to 10~! and the
weight parameter o r is set to 1/2 for all the time-like facets.

6.1 Implementation Details

We denote by M, D, B, and S, the matrices associated with the bilinear forms mﬁl(-, 4,
dn(, ), by, ), sZ(-, -), respectively. We also denote by b,, b, the vectors associated with
the linear functionals EZ(~) and ¢} (-), respectively. The variational problem (2.3) can be
written in matrix form as

DQ, — BU, =by,
(M; + S)Un + BT @)y = bu.
The equivalent matrix formulation of the reduced variational formulation (2.6) reads
(M; + A) Uy, = b, — BT D 'b,, (6.1)

where A = S, + BT D~'B and B := M, + A are the matrix representation of the bilinear
forms Ay (-, -) and By (-, -), respectively.

Remark 6.1 (Implicit time-stepping through time-slabs) If the mesh elements can be collected
in N time-slabs, i.e., sets of the form Q,, := Qx (¢t,—1, ) WithO =1ty <t) <--- <ty =T,
then, the structure of the terms on the space-like facets resulting from the use of upwind
numerical fluxes in the variational formulation (2.6) allows us to compute the discrete solution
on the time-slab Q,, from the discrete solution on the previous time-slab Q,_1. Hence, the
global linear system (6.1) can be solved as a sequence of N smaller linear systems of the
form A(")U}(l") =1 for1 <n < N, where [V = B(”)U,E"_l) for2 < n < N. This is
equivalent to an implicit time-stepping through time-slabs.

6.2 Conditioning

We first study numerically the condition number of the stiffness matrix. To do so, we con-
sider the model problem (1.2) in (1 4 1) dimensions with homogeneous Dirichlet boundary
conditions (gp = 0) and k = 1 on the space—time domain Q7 = (0, 12

We compute the 2-condition number of the stiffness matrix defined in Remark 6.1 (which
in this case is the same for all time slabs) for a sequence of meshes with uniform distributions
along the space and time directionsand b, = hg, = 271 i =0,...,6,and uniform polyno-
mial degrees p = 2, 3, 4. The results are shown in Figure 3, where we observe an asymptotic
growing behavior of order O (h ") for all four discrete spaces and polynomial degrees. Similar
results were obtained for a space—time DG discretization of the linear Schrédinger equation
in [30, §4].

‘We have employed Legendre bases for the tensor-product space. Since the use of monomial
bases for standard and quasi-Trefftz polynomials leads to ill-conditioned stiffness matrices,
we applied a Gram—Schmidt orthogonalization procedure to improve their conditioning. As
for the embedded Trefftz space, the orthogonal embedding used in its construction ensures
that the condition number cannot exceed that for the underlying polynomial space (see [40,
Lemma 1]).

2 Reproduction material is available in [31].

@ Springer



22 Page32o0f47 Journal of Scientific Computing (2026) 106:22

Tensor-product polynomials §5.1 Standard polynomials §5.2
105% — T — T 5 105% — T — T 5
10* 2 E - E
E 1o E| E|
. Soug. 1 . fe,® ; ]
= 103 7,!71\15,“,3'?‘ s - = 103 7,,,,,\!,1;!:‘@ 51 ____ -
= E W, g 1 = E .0 N E
E ) El E ‘ Y E|
Tl B S 1 F f - e ]
2 102E------------- B mm‘—; 2 102E---------------- \.—— —5]\‘)1——;
8 E - - E| 8 F 7Q. ’{: 3
F oo ] F k|
- B - —127 B
10h Fr-mm e E B “l-
P [mr-2-@p=3-4p=-1] | P [mr-2-@p=3-4p=-1] |

100 R — —— I | —— —— 100 R — —— — I | —— ——

107" 10° 107! 10°

h h
Quasi-Trefftz polynomials §5.3 Embedded Trefftz polynomials §5.4

105% — T — T 5 105% — T — T 5
Al ________ _ 4l ________ _
10 E “quo E| 10 E “quo E|
— E . 1.08 =0 E — E . 1.09 =0 E
T i S ] Sl
<X F ‘71” ~155 E <X F ‘71” ~156 E
= r . 1 = g T 1
5 W07 i B i E I U i _Er el E
o E —2.00 S| © - -1.83 ]
T REEGRREEEITEREERREE . B SRR TC RN - 3
P [mr-2-@p=3-4p=1] | P [mr-2-@p=3-4p=-1] |

100 h ——— I  ——— — 100  —— ——— I  ——— —

Fig.3 Condition number of the stiffness matrix in (1 + 1) dimensions for the four discrete spaces presented
in Section 5. The numbers in the yellow boxes are the empirical algebraic rates

6.3 Smooth Solution

We now focus on the convergence of the method. We consider the (2 + 1)-dimensional
problem (1.2) with ¥ = Id, on the space—time domain Q7 = (0, 1?2 x (0, 1). We consider
homogeneous boundary conditions (gp = 0), and set the initial condition u#( and the source
term f such that the exact solution u to (1.2) is given by

u(x,y, 1) = e 'sin(x)sin(ry) in (0, 1) x (0, 1). (6.2)

We consider the four discrete spaces presented in Section 5, i.e., the tensor-product, stan-
dard, quasi-Trefftz, and embedded Trefftz polynomial spaces. The numerical results obtained
are compared in terms of z-convergence (Section 6.3.1) and p-convergence (Section 6.3.2).

6.3.1 h-Convergence

We consider a uniform degree distribution with p = 2, 3, 4, a sequence of unstructured
simplicial meshes in space, and uniform partitions along the time direction with s, >~ hy.
In Figure 4, we show the errors obtained for the four discrete spaces presented in Section 5.

We observe convergence rates of order O(h”) for the error in the energy norms || - |||LDG N
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Fig.4 h-convergence for the (2+ 1)-dimensional problem with exact solution u in (6.2). The error is measured
in the norms || - "lLDG,N - l"LDG"’ ,and || - ||L2(QT)’ in the corresponding rows. The columns correspond

to polynomial degree p = 2, 3, 4. The numbers in the yellow boxes are the empirical algebraic convergence
rates corresponding to the embedded Trefftz space

and || - |||LDG . » and of order O(hP*Y) for the error in the L2(Q7) norm for all the discrete
spaces. Although the tensor-product and the standard polynomial spaces are richer, no sig-
nificant loss of accuracy is observed for the quasi-Trefftz and the embedded Trefftz spaces.
Moreover, the advantages of the Trefftz-type spaces are shown in Section 6.3.2, where the
error is compared in terms of the total number of degrees of freedom.

6.3.2 p-Convergence

We now study the p-version of the method, i.e., when increasing the polynomial degree p
for a fixed space—time mesh. We denote by Npgps the total number of degrees of freedom.
In Figure 5, we compare the errors obtained with the four choices of the discrete
space VP (7)) analyzed in Section 5, for a coarse space—time mesh and p = 2,...,6.
We see that the quasi-Trefftz and the embedded Trefftz versions of the method lead to a
higher accuracy for comparable number of degrees of freedom, especially for high polyno-
mial degrees p. Moreover, we observe exponential decay of the error of order O (e~?vNpors)
for the quasi-Trefftz and embedded Trefftz polynomial spaces, whereas only exponential
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Fig.5 p-convergence in the norms || - ”LDG N (left panel), || - ”LDG+ (central panel), and || - ”LZ(QT) (right

panel) for the (2 4+ 1)-dimensional problem with exact solution u in (6.2)

decay of the error of order O(e™¢ 3 Nboks) js expected for the tensor-product and the standard
polynomial spaces.

6.4 Singular Solutions

In this section, we study the convergence of the /- and hp-versions of the method for singular
solutions. In Section 6.4, we consider a (2 + 1)-dimensional problem with an initial layer,
and, in Section 6.4.2, we consider a (1 4 1)-dimensional problem with incompatible initial
and boundary conditions.

6.4.1 Singularity at Initial Time

First, we consider the numerical experiment in [9, §6.2], where the exact solution has an
initial layer. Let the space—time cylinder Q7 = (0, 12 x (0,0.1), & = Idy, gp =0, and ug
and f be such that the exact solution u to (1.2) is given by

u(x,y, t) =t*sin(rx)sin(ry) (a=0.75), (6.3)

which belongs to the space H3/4=2(0, T; C®(Q)) forall ¢ > 0.

For the h-version of the method, we consider a uniform degree distribution with p = 2,
a sequence of unstructured simplicial meshes in space, and uniform partitions along the
time direction with #; >~ hy. As for the hp-version of the method, we employ a refinement
strategy similar to the one used in [9, Example 2]. We first define a class of temporal meshes
witht, = o¥ " x0.1,n = 1,..., N, geometrically graded towards fyp = 0 with mesh
grading factor 0 < o < 1. Let u be a polynomial order factor, we consider temporally
varying polynomial degrees, starting from p = 2 on the elements belonging to the initial
time slab Q1 = Q x (0, #1), and linearly increasing p when moving away from ¢t = 0,
according to p, = lu(n + 1)] for the elements K € 7, that belong to the time slab
0n = QX (ty—1,ty) forn = 2,..., N. We choose 0 = 0.25, u = 1, and a fixed spatial
mesh with iy &~ 0.25. The results obtained with the - and hp-versions of the method are
shown in Figure 6. The /-version of the method exhibits only an algebraic decay of the error,
whereas exponential decay with respect to the fourth root of the total number of degrees of
freedom is observed for the p-version of the method. No significant differences are observed
between the four choices of discrete spaces.
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Fig.6 h-convergence with
polynomial degree p = 2 (dashed
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6.4.2 Singularity at the Interface of the Initial and Boundary Conditions

We now consider the numerical experiment in [49, §7.1] (see also [27, §5.4.1] and [28, §4]),
a problem with incompatible initial and boundary conditions. We consider the heat equa-
tion (1.2) in the space-time domain Q7 = (0,1) x (0, 1) with k = 1 and zero source
term (f = 0). For the initial condition #g = 1 and homogeneous Dirichlet boundary condi-
tions (gp = 0), the exact solution u can be represented by the following Fourier series:

u(x, 1) = ,; ﬁ sin((2n + Dmx) exp(—2n + 1)2721). (6.4)

The above function u belongs to the space L20,T; H¥*¢(Q) N HL(Q)) N H3/42(0, T;
L2(Q)) for all ¢ > 0, and its time derivative d,u belongs to L=(0, T; H2=¢(Q)) n
HY4=¢(0, T; L?>(Q)) for all ¢ > 0. The series is truncated at n = 500 for the computa-
tion of the error.

For the h-version of the method, we consider a mesh sequence with uniform partitions
along the space and time directions and hK[ = hg, = 271 i =2, ...,8, and uniform
polynomial degree p = 2. In Figure 7, we observe convergence rates of order O(h!/4) for
the error in the norm || - ||LDG, and of order O(h3/*) for the error in the norm || - lz2¢07)>
which are in agreement with the regularity of u and 9, u.

As for the hp-version of the method, we employ the refinement strategy in [28, §4.2]. We
consider a sequence of space—time meshes geometrically graded towards x = 0, x = 1 and
t = 0 with grading factors o, = o; = 0.35. For a given number of N time slabs we set

th = U,N " forn =1,..., N, and compute until final time #y = 1. Furthermore, we linearly
increase the polynomial degrees when moving away from ¢ = 0. For the elements K € 7;,
that belong to the time slab Q, = Q x (#,_1, t,) we set p, =n+ 1,forn =1,...,N.

The results obtained with the 4- and hp-version of the method are presented in Figure 8. The
h-version of the method exhibits an algebraic decay of the error, whereas exponential decay
of the errors is observed for the ip-version with respect to the cubic root of the total number
of degrees of freedom. As for the numerical experiment in Section 6.4.1, no significant
differences are observed for the four choices of discrete spaces.
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7 Conclusions

We introduced a space—time Local Discontinuous Galerkin method for the discretization of
the heat equation. The method is well posed in any space dimension d € {1, 2, 3} for very
general prismatic space—time meshes and discrete spaces, even if polynomial inverse esti-
mates are not available. Moreover, for piecewise polynomial spaces satisfying an additional
mild condition, we showed an inf-sup condition that provides an additional control of the
time derivative of the discrete solution. We have also derived hp-a priori error bounds in
some energy norms, and proven hp-error estimates for standard and tensor-product poly-
nomial spaces, and h-error estimates for quasi-Trefftz spaces. In the numerical experiments
presented, we have observed optimal convergence rates of order O(h?) for the error in the
energy norms, and of order O(h? +1) for the error in the L2(Q7) norm for the four choices
of discrete spaces presented: tensor-product, standard, quasi-Trefftz, and embedded Trefftz
polynomial spaces. The two latter spaces allow for a significant reduction of the number of
degrees of freedom. We also have assessed the performance of the 4p-version of the method
for some singular solutions.
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A Construction of Quasi-Trefftz Basis

We describe the explicit construction of a basis for the polynomial quasi-Trefftz space defined
in (5.14). For simplicity, we consider the case k¥ = «1d, for a strictly positive k € R, i.e., for
the equation ;v — k Axv = 0.

For all (ix, i;) € Ng“ such that |ix| +i; < p — 2, we have

D(i"’i’)(atv — Kk AgV) = plxid [ p@.L, o Z D2ej0)y, | = plxirthy,

d
—ic Y Dty (A1)
j=1
Since each function v € QT? (K) is a polynomial of degree at most p, it can be expressed
as a linear combination of scaled monomials centred at (Xg, tx) € K as follows:

i Ji
X — Xg Ix t—tg
, 1) = i . A2
v(x, 1) Z a(hm)( Ix ) ( 3 ) (A2)

. . K
(Jxo)ENGTY, ¥ !
lixl+it<p

Evaluating (A.1) in (Xk, tx ) and using that DUxIDy(xg, tx) = ag..jio , We obtain

\Ix‘ Jl
higs g,

d
DU (v — ke Axv) (xk . 15) =D Vu(xg 1x) — ke Y DT u(xk k)
=
ix!(i; +1)! (ix + 2e;)'i,!
=A(ix,i+1) "0 a1 N Kza(1x+2e] [ B pr— X .

lix|yir+1 \t |+2 i
Hi i 2

above expression we can compute the term a;, 42¢, ,) as follows:

Using the condition D#x)Huy(xg, 1x) = 0 for all |ix| +i; < p — 2 in (5.14), from the

+2
h|lx| h’,ét 1 ix!(; + 1! (ix +2e;)lis!
Aix+2ey,it) = (lx+2el)!lt- ;a(lx,lﬁq) h|tx|h1,+l Z (lx+2ej D Nixl+2,i \lx|+2h112
d
1 (1 I e + 1) () ()
O\ Tl T = ) A(ix+2e,.i) ix " +2)(Ex " + 1) ).
T a0 a0 e hi ng e

Therefore, any polynomial in the quasi-Trefftz space is uniquely determined by its values,
and the values of the first-order partial derivatives d,, at the point (Xg, tx).
Given {Yo},_, (7 and {qﬁﬂ}ﬂ Lo (P71 bases of P?(R?) and PP~ (RY), respec-

tively, we deﬁne the following quasi-Trefftz functions:

, @)=y anddxlbj(x(l) )=0 for 1 < J < ("39),
QI (K - :
s & U )‘b (x“ ) = 0and dy, by (x\ =0, ) for ("1 <7 < (P39) + (P74,

It can be proven that this set of functions forms a basis for the space QI'” (K) (see e.g. [29,
Prop. 5], [34, Prop. 2.6]).
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B Proofs of the a priori Error Estimats
B.1 Proof of Theorem 5.4 for the Tensor-Product Polynomial Space

Proof of (5.6). We denote by 9; 5 (-) the broken first-order time derivative operator. The a
priori error bound (4.3a), together with the definition in (3.7) of the norm || - |||LDG, N the
bound in Lemma 4.3 for the lifting operator £, the bound in Proposition 4.5 for the discrete
Newton potential Ny (+), and the inconsistency bound in Lemma 4.2, gives

lle — up "lLDGN lu — vhlJ + ”Vx nu— Uh)HLz(QT) + ”81,}1 (u — vh)”LZ(QT)

g - o)l 2 pace) + I - ol 270,
lnphu- O IN 2 etimeya + I - o)l 27D

+ ||n;% (e (Ve = MoV pt)h1-ap 2 ime

+ ||n;%x<vx,hu = TV u0) - Wl 2D,

= +Dbh+1+1+15s+ I+ I7 + Ig + IgVv, € VP (Tp). (B.1)

Let v, € VP(7;,) be defined as

Vn |k :n;KHXmK VK € Tj.

‘We now bound each term {/; }9 | on the right-hand side of (B.1).
Using the triangle mequahty, the trace inequality (5.5), estimates (5.3a) and (5.3b) for I,

and estimate (5.4a) for 7! » > Weget
K

2 1
= |“ - Uh|J = E(Hu Vp “LZ(J:T + Il — Uh]]tHLz(}_spdce + llu — UhHLz(]__()))

SID DD DN Tk Tl PP,

KTy pepppe

P h
> (hiuu—n;, fix u|\L2(K)+ ||a,u—a,n fix uan(K))
K

KeT), Ki
— X X —
S Sl e (T N [ T 012 k))
KeTy, Kt

h -
+ p—(naru — ol T @ - o, L¢)||L2(K)))

K

L2(K)
hZ
X _ ot
NKEZT( i (e = T2y )+ i”@x” 7 €Iy ey T I T w22 )
h
2

hy Lk
_ 1%: _ P s

+p (lldtu 1%, u)? 2 X oy Exu — oy qu”Lz(K ey 10 a,n,, uHLz(K)))

K

L2(K
P w0 "
20k B2 p2sk 3
K Kx"K
S Y (el + Al
NKEZT;, hKr p?(l e L2 (K HIK (x) p?(bkil ks I(Kt H1(Kx))
2 1 2¢ 2
hKSK hl( hKK
+ S lull? + —Lr X el
P2k~ UHK (KL (kx) T 2k -] H(Kp: 0K ey
K K
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+ X2 jegu)? (B.2)
P

KKy Hl(fcx»)

Using the triangle inequality, estimate (5.4a) for 7'

» and its stability properties, and
K

estimate (5.3a) for ﬁx, we obtain

B = 1 Van @ =)l 720,) = D IVl =1 W15 0

KeT,
S 2 (Vs =m Vatllfo ey + )y Vil = T3 ,0)
KeT),
h2s1<72 ZZK 2
K
S Z ( st_z ”u”HSK I(K, HI(K )) + p 2||€Xu”L2(K HlK(’C ))) (BS)
KeTy, K 1<

The third term on the right-hand side of (B.1) can be bounded using the triangle inequality,
estimates (5.3a) and (5.3b) for IT*, and estimate (5.4a) for nl’, as follows:
K

B =10 = w22 g, = D 10w —m) Tw)l7a

KeT),
< 20 (00— 0l o ) + 1T @ = ), )17 )
KeTy
ZZK -2 2
Kx t 2
5 Z < 2[ ) ”QEXMHHI(K Hlk— I(IC )) pT”aZQEXu_atT[pK QEXM”Lz(K,;Hl(}CX))
KeTy, K

+ ||3l‘(u _T[ M)HLZ(K))

20k —2 2 2sx—4
<y (h i

g 2”(’3"“”111(1( Hx-lacy) pZSK 2
KeTy, K

h25K72
K 2
+p2;K_2 ”u”HXK(K,;Lz(KX))) . (B4)

K

2
||€XM||HSK_1(K);H1(’CX))

Proceeding as for the estimate of /1 in (B.2) and using the definition of A in (3.11c), we
have

1 1
2 2 _ -2 2 -2 2
14 + 15 = H[[)\’h (u— Uh)]]l”Lz(]_-;'pace) + ”)\h (u— Uh)”Lz(]_-,(l))

52

Pk
< —
~ Z Z h llu ”P H””LZ(F)
KeT), peFipee 'Kt

A2 2([( 2 2SK -3
14 K. Kx' 'Kt
<Y K —F—ew)? + )
~ g —1 "X 2 Ig 2 XN sk =Yk, H!
= h, (th p2lK= L2(K¢; HIK (Kx)) P2k T ( (Kx))
2sg —1 2g—2
e lu? +Lu@ u))?
p2sk—1 " UHK (K13 L2 (Kx)) pZZK UK HIK N (KCy))
K
2sx—3
2 ok
Kx K¢ 2
+ P ”e"””HfK—l(K,;Hl(lcx)>)' (B.5)
K

@ Springer



22 Page 40 of 47 Journal of Scientific Computing (2026) 106:22

Using the multiplicative trace inequality in (4.5) for continuous functions and the Young
inequality, we deduce that, for all w € L%(K,; H (Ky)) and K € T3, it holds

2

| Fx| e, fime

lwlfagp S ﬁ P, llw ”m 6Byt [ ||L2(F iy | VE = BocFre TR
K K

(B.6)
where s,?‘ is as in Assumption 3.9.
Using the triangle inequality, the trace inequality (B.6), Assumption 3.9 on 7p, esti-
mate (5.4a) for ! and its stability properties, and estimate (5.3a) for m*, we get

pK
2., 52 3 2 3 2
I+ 15 = lnglu— Uh]]N”Lz(]:time)d +lng@— Uh)”LZ(]:,D)
i
| |
5 Z Z - pK ||M—7Tp nxu”iZ Fy: L2
KeTy, FE]:ume |SK ( (S *
h2
Vxl'lxu\l F
© p LZ(F, LZ(\ X)d)
1
S < max 'IF)*(P llu =ty ull? 2+ P Nl — T ull? 2
K§71 Fe]:llmc th K P L (K) K L (K)
h3 h2
1 va”Lz(K)d + || Vxu — VIl u”Lz(K)d)
K K
2sk h2{{K 1
K
< max w)("ifuuuz 120k T I8 I :
Kg;h <FE]_-;éme thpiSK_l HK (K L2(Kx)) ' p2lg—T L2(K;: H'K (Kx))
2sg—2
Kx"k; 2
pRK! ”u”H‘YK’l(Kz;Hl(Kx»)' (B.7)

As for the last two terms on the right-hand side of (B.1), we use the triangle inequality,
the trace inequality (B.6), the polynomial trace inequality (3.13), the definition in (3.10) of
the stabilization function 1, Assumption 3.9 on 7}, the stability properties of I1p and nI’, ,

K

estimate (5.3a) for ﬁx, and estimate (5.4a) for 7!  to obtain

‘DK
l
Ig +19 = HTIF {{K(Vx pu — I Vx, ) —ap ”Lz(]_-nme)d + ||?7p 1 (Vx pu — Mo Vy, hM)HLZ(]:D)
1 [~ ) *% t
X X

<||77F {{’f(vxhu_np I Vx,hu)}}lfaplle(]_-}tlime)d+”'7F K(Vx,h”_ﬂp i xhu)”Lz(]_-D)

!
+||7)F {{e o (Vx hu_”p H Vx h”)}}l ‘YF”LZ(]:llme)d

1

-2
+I|77F KHO(VX,hufﬂp H VXhM)HLZ(]:D)
- t X
<> > ME ||qu—7rp i vxuan(F)d
KeTh F=Fxx FeFiime
(p, +D(p, +d) |Fy|
-1 K K X t X 2
+ ) > B E—— el LU L s f VOl L2(s X))
KeT), F=Fxx FyeFime x|
1 | Fxl X 2
DY > F o (pK ”V"”_”P T Ve ”LZ(F L2(sPyd)
K

KeT), F=Fyx FeFime
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h2
K 2 E
T e T TV I Hl(st)d)) " e
K KeTy,

1 2
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K

Combining estimates (B.2), (B.3), (B.4), (B.5), (B.7), and (B.8) with (B.1), we obtain (5.6).
Proof of (5.7). The a priori error bound (4.3b), together with the definitions in (3.12)
and (3.28a) of the norms | - ||LDG L and | - ||LDG, , respectively, the bound in Lemma 4.3 for
the lifting operator £, and the bound in Lemma 4.2 for the inconsistency term Ry, (-, -) gives

1
e = wpll g S 1= valy + IV = ol 209 + 132 3G = vl 2.

1
T2 _ -2 _ 2
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=h+h+N1+h+h+h+Ilg+;+Ig+1y Y, e VP(T). (B.9)
Let vy, € VP(7;,) be defined as above. We focus on the new terms {J; }4 | on the right-hand

side of (B.9).
Proceeding as for the estimate in (B.4) of /3, we have

1
IP =10 8 = vl g,

2{[( -2 h%( hQSK -3
K; x K,
S Yl e ey F e N ki ey

KeTy, pK K

hstfl

K 2
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The definition of Ag in (3.11c¢), estimate (5.3a) for [T, and estimate (5.4a) for n;, lead
K
to
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I3 = 1h” @ = wwli7a
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K Ki 2
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KeT, t

Similarly as for the estimate in (B.2) of /1, we have
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T [ e P e

2(3,( 2 12sk—3
> (5 I Ll
S I, 21K TS ks mik (4 =1 X sk 0c)
KeTy, t K
hZSK 1 281( -2

Ky 2
+ p2”< Tl sk k2 k) T p21 o

”QEXMHHI(K Hlk— l(}C ))

h%( h2sk -3

x K 2
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K

The error estimate (5.7) then follows by combining (B.9) with estimates (B.2), (B.3),
(B.7), (B.8), (B.10), (B.11), and (B.12).

B.2 Proof of Theorem 5.9 for the Standard Polynomial Space

Proof of (5.12). Let v, € VP (7T;) be defined as vy, = ﬁv|K forall K € 7.

We proceed as in the proof of Theorem 5.4. Therefore, it is enough to bound the
terms {/; }9 | on the right-hand side of (B.1).

Using the approximation results in Lemma 5.8 for I, the definition of Ax in (3.11c),
Assumption 5.7, and the triangle inequality, we get

1
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€T,

As for the last two terms on the right-hand side of (B.1), we use the triangle inequality,
the trace inequality for simplices in (4.5), the polynomial trace inequality in (3.13), the
definition 0f the stabilization function 5 in (3.10), Assumptions 3.9 and 5.7 on 7j,, the fact
that diam(s K") < hg, forall s ,‘Z", the stability properties of IIp, and the estimates for I in
Lemma 5.8 to obtain
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- KeZTh e ( Py ) IV e (B.17)
Combining estimates (B.13), (B.14), (B.15), (B.16),and (B.17) with (B.1), we obtain (5.12).
Proof of (5. 13) Let v, € VP(7;) be defined as above. As before, we only need to estimate
the terms {J; } _, on the right-hand side of (B.9).
Using the approximation results in Lemma 5.8 for I and Assumption 5.7, we get

fl h2lK 2 2£K*1
Kt 2
It —||xh b —vlts o S D0 p2,K el L] AP Z ,,z/K I€ulLig oy
KeTy, K K K
(B.18)
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I3+ IE = 1= o) e+ 0=l oy S Z pyk_l €l ) (B.20)
K

The error estimate (5.13) then follows by combining (B.1) with estimates (B.13), (B.14),
(B.16), (B.17), (B.18), (B.19), and (B.20).
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B.3 Proof of Theorem 5.13 for the Quasi-Trefftz Polynomial Space

Let v, € VP(7;) be defined as vy, = T?

(XK tK)
results in (5.16) for Tp o , the definition of Ag in (3.11c), the triangle inequality, the trace
inequalities in [7, Thm 1 6.6] and [44, Lemma 2], the definition in (3.10) of nf, the local
quasi-uniformity conditions in (5.8), and the orthotropic scaling in (5.9), we bound the terms
on the right-hand side of (B.1) as follows:

[u|,1forall K € 7). Using the approximation
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Therefore, combining the above estimates with (B.1), we obtain (5.17).
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