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Abstract
We propose and analyze a space–time Local Discontinuous Galerkin method for the approx-
imation of the solution to parabolic problems. The method allows for very general discrete
spaces and prismatic space–time meshes. Existence and uniqueness of a discrete solution are
shown by means of an inf-sup condition, whose proof does not rely on polynomial inverse
estimates. Moreover, for piecewise polynomial spaces satisfying an additional mild con-
dition, we show a second inf-sup condition that provides additional control over the time
derivative of the discrete solution. We derive hp-a priori error bounds based on these inf-
sup conditions, which we use to prove convergence rates for standard, tensor-product, and
quasi-Trefftz polynomial spaces. Numerical experiments validate our theoretical results.

Keywords Space–time finite element method · Local Discontinuous Galerkin method ·
Inf-sup stability · Parabolic problem · Prismatic space–time meshes

Mathematics Subject Classification 35K05 · 65M12 · 65M15

1 Introduction

We are interested in the numerical approximation of the solution to a parabolic problem on
a space–time cylinder QT = � × (0, T ), where � is an open, bounded polytopal domain
in R

d (d ∈ {1, 2, 3}) with Lipschitz boundary ∂�, and T > 0 is some final time. Let κ be a
symmetric positive definite diffusion tensor such that, for some constant θ > 0,
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yT κy ≥ θ |y|2 ∀y ∈ R
d , (1.1)

and let f : QT → R, u0 : � → R, and gD : ∂� × (0, T ) → R be prescribed source
term, initial datum, and Dirichlet boundary datum, respectively. The considered initial and
boundary value problem (IBVP) reads: find u : QT → R such that

∂t u − ∇x · (κ∇xu) = f in QT , (1.2a)

u = gD on ∂� × (0, T ), (1.2b)

u = u0 on � × {0}. (1.2c)

Continuous weak formulation. For initial datum u0 ∈ L2(�), source term f ∈
L2(0, T ; H−1(�)), and homogeneous Dirichlet boundary conditions (gD = 0), we define
the following spaces:

Y := L2(0, T ; H1
0 (�)) and X := Y ∩ H1(0, T ; H−1(�)),

and their associated norms

‖v‖2Y :=
∫ T

0
‖∇xv(·, t)‖2L2(�)d

dt and

‖v‖2X := 1

2
‖v(·, T )‖2L2(�)

+ θ‖v‖2Y + ‖∂tv‖2L2(0,T ;H−1(�))
,

where

‖ϕ‖L2(0,T ;H−1(�)) := sup
0 	=v∈Y

〈ϕ, v〉
‖v‖Y ∀ϕ ∈ L2(0, T ; H−1(�)),

with 〈·, ·〉 denoting the duality between L2(0, T ; H−1(�)) and Y .
The standard Petrov–Galerkin weak formulation of the IBVP (1.2) with homogeneous

Dirichlet boundary conditions is: find u ∈ X , such that

b(u, v) = 〈 f , v〉 ∀v ∈ Y , (1.3a)∫
�

u(x, 0)w dx =
∫

�

u0w dx ∀w ∈ L2(�), (1.3b)

where

b(u, v) := 〈∂t u, v〉 + a(u, v), with a(u, v) :=
∫
QT

κ∇xu · ∇xv.

According to [42, Thm. 4.1 and §4.7.1 in Ch. 3] and [50, Thm. 5.1], there exists a unique
solution to the weak formulation (1.3). Moreover, the inclusion X ⊂ C0([0, T ]; L2(�)) (see,
e.g., [23, Thm. 3 in §5.9.2]) guarantees that (1.3b) makes sense.

Since the proposed method is nonconforming, additional regularity is required for the
source term f . More precisely, we henceforth assume that f ∈ L2(QT ).
Previous works. Space–time finite element methods treat time as an additional space dimen-
sion in a time-dependent PDE, which results in many advantages, such as simultaneous
high-order accuracy in space and time, the possibility of performing space–time adaptive
refinements, the natural treatment of problems on moving domains, and suitability to be
combined with parallel-in-time solvers. Motivated by such advantages, in the literature, sev-
eral methods have been designed for the discretization of parabolic problems; see, e.g.,
the recent survey in [38]. In particular, space–time methods related to the Petrov–Galerkin
weak formulation in (1.3) include conforming finite element [3, 52], interior-penalty discon-
tinuous Galerkin [9], and virtual element [27, 28] methods. Alternative approaches, such as
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wavelet [50] and finite element [1, 54] methods based on a minimal residual Petrov–Galerkin
formulation, least-squaresmethods [6, 25, 26], a discontinuous Petrov–Galerkinmethod [19],
an isogeometric method with time-upwind test functions [37], and a coercive formulation
based on a Hilbert transformation of the test functions [53] have also been considered.

We focus on discontinuous Galerkin (DG) methods, which offer great flexibility in the
choice of the discrete spaces and meshes that can be employed. In particular, the Local
Discontinuous Galerkin (LDG) method [17] has shown better stability properties than other
DG methods (see, e.g., the comparative study of DG methods for elliptic PDEs in [13]).

We can reduce the number of degrees of freedom (DoFs) while keeping the approximation
properties of full polynomial spaces by using special discrete spaces. Trefftz spaces are based
on solutions to the homogeneous PDE and they have been used in the context of space–time
DGmethods. In particular, forwaveproblems inone spacedimension [35, 36, 47], the acoustic
wave equation [4, 44, 45], elasto-acoustics [5], time-dependentMaxwell’s equations [21], and
the linear Schrödinger equation [29, 30]. The uneven degree of the heat operator in different
dimensions presents an interesting challenge in the construction of Trefftz spaces. Quasi-
Trefftz spaces consists of functions that are only approximated solutions to the considered
PDE. A general approach to construct suitable quasi-Trefftz spaces for linear operators is
presented in [34]. A method that avoids the explicit construction of Trefftz spaces is the
embedded Trefftz method, see [40, 43]. Numerical results of the embedded Trefftz method
for the heat equation, and possible choices for the Trefftz-like space, have been discussed
in [32]. A recent unifying framework for Trefftz-like methods in [39] provides an error
analysis for the embedded Trefftz discontinuous Galerkin method applied to a range of scalar
elliptic PDEs. An in-depth comparison on the parameters for the efficiency of different finite
element methods on polytopal meshes can be found in [41], where the advantages of Trefftz
methods were further evidenced.
Main contributions. In this work, we present and analyze a space–time LDGmethod for the
discretization of parabolic problems. Below, we list the main theoretical and computational
results in this work.

• We establish the well-posedness of the method for very general prismatic space–time
meshes and discrete spaces.

• We show two different inf-sup conditions, which require only that the stability parameter
be strictly positive. The first one is valid for any choice of the discrete spaces satisfying
a local compatibility condition and does not rely on polynomial inverse estimates. The
second one holds for polynomial spaces that also satisfy a local inclusion condition and
provides additional control on the first-order time derivative of the discrete solution;
see Section 3 for more details.

• We derive hp-a priori error bounds in some energy norms. Moreover, we prove hp-error
estimates for standard and tensor-product polynomial spaces, and h-error estimates for
quasi-Trefftz spaces. The latter space allows for a significant reduction of the number of
degrees of freedom; see Section 5.3.

• Optimal convergence rates of orderO(h p+1) (where h denotes the maximum diameter of
the space–time prismatic elements) are numerically observed for the error in the L2(QT )

norm when standard piecewise polynomials of uniform degree p are used.

Our stability and convergence results are analogous to those obtained in [9] for the space–
time interior-penalty DGmethod with standard polynomial spaces. However, in our analysis,
we allow for prismatic meshes with hanging time-like facets (see Figure 1 and the notation
introduced in Section 2.1 below), which naturally arise when using local time steps. In
particular, we show that stability and a priori error estimates can be established for elements
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Fig. 1 Example of a (2 + 1)-dimensional prismatic space–time mesh with polygonal space-like facets and
hanging time-like facets

with an arbitrary number of both space-like and time-like facets. Moreover, as in the elliptic
case, the proposed LDGmethod avoids the typical requirement of primal DGmethods (such
as the interior-penalty DG method) of a “sufficiently large" stability parameter, which can
have a negative impact on the conditioning of the associated matrix (see, e.g., [13, §4.2]).

Finally, we highlight that the LDG method for polytopal meshes has previously been
analyzed only in [57] (for elliptic problems). Furthermore, some results from the present
analysis can be adapted to study the hp version of the LDG method for elliptic problems on
a broader class of polytopal meshes.
Notation.We denote by ∂t and ∂t t the first- and second-order time derivatives, respectively,
and by ∇x and �x the spatial gradient and Laplacian operators.

Standard notation for L p , Sobolev, and Bochner spaces is used. For a given bounded,
Lipschitz domain ϒ ⊂ R

d (d = 1, 2, 3) and a real number s, we denote by Hs(ϒ) the
Sobolev space of order s, endowed with the inner product (·, ·)Hs (ϒ), the seminorm | · |Hs (ϒ),
and the norm ‖ · ‖Hs (ϒ). In particular, H0(ϒ) := L2(ϒ) is the space of Lebesgue square
integrable functions over ϒ , and H1

0 (ϒ) is the closure of C∞
0 (ϒ) in the H1(ϒ) norm.

Given n ∈ N, a time interval (a, b), and a Banach space (X , ‖ · ‖X ), the corresponding
Bochner space is denoted by Hn(a, b; X).

We use the following notation for the algebraic tensor product of two spaces, say V andW :

V ⊗ W := span{vw : v ∈ V and w ∈ W }.
Moreover, given p ∈ N and an open, bounded set D, we denote by P

p(D) the space of
polynomials of total degree at most p defined on D.
Structure of the paper. In Section 2, we introduce the space–time notation used and describe
the proposed method. Section 3 is devoted to prove the inf-sup stability of the method.
In Section 4, we derive a priori error bounds in some discrete energy norms, which are
used to derive a priori error estimates for different discrete polynomial spaces in Section 5.
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Fig. 2 Example of a
(2 + 1)-dimensional prismatic
element. A space-like facet
(Fspace) and a time-like
facet (F time) are highlighted in
gray and blue, respectively

In Section 6, we present several numerical experiments to validate our theoretical results
and assess some additional aspects of the proposed method. Some concluding remarks are
presented in Section 7.

2 Definition of theMethod

In this section, we present the proposed space–time LDG method for the discretization of
model (1.2). In Section 2.1, we introduce the notation used for prismatic space–time meshes,
and for DG weighted averages and normal jumps. A mixed space–time LDG formulation for
model (1.2) is introduced in Section 2.2 for variable degrees of accuracy and generic discrete
spaces. Such a mixed formulation is then reduced to one involving only the primary discrete
unknown in Section 2.3.

2.1 Space–TimeMesh and DG Notation

Let Th be a nonoverlapping prismatic partition of the space–time domain QT , i.e., any
element K ∈ Th can be written as K = Kx × Kt , for some d-dimensional polytope Kx ⊂ �

and some time interval Kt ⊂ (0, T ). We use the notation hKx = diam(Kx), hKt
= |Kt |, and

hK = diam(K ). We call “mesh facet” any intersection F ⊂ ∂K 1 ∩ ∂K 2, for K1, K2 ∈ Th ,
F ⊂ (∂Kx × Kt ) ∩ ∂QT , or F ⊂ (Kx × ∂Kt ) ∩ ∂QT that has positive d-dimensional
measure and is contained in a d-dimensional hyperplane. For eachmesh facet F , we set nF =
(nxF , ntF ) ∈ R

d+1 as one of the two unit normal vectors orthogonal to F (for prismatic
elements, either ntF = 0 or ntF = 1). We can then classify each mesh facet F as a (see, e.g.,
[44, §3]) {

space-like facet if ntF = 1;
time-like facet if ntF = 0.

In Figure 2, we illustrate these definitions, whose terminology is adopted from the relativistic
geometry of space–time (see, e.g., [24, Ch. 17]).

For each K ∈ Th , we denote byF space
K andF time

K the sets of space-like and time-like facets
of K , respectively. We define the mesh skeleton and its parts as follows:

Fh :=
⋃

K∈Th

{
F : F ∈ F space

K ∪ F time
K

}
, F0

h :=
⋃

K∈Th

{
F : F ∈ F space

K and F ⊂ � × {0}},
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FT
h :=

⋃
K∈Th

{
F : F ∈ F space

K and F ⊂ � × {T }}, F space
h :=

⋃
K∈Th

{
F : F ∈ F space

K and F /∈ FT
h ∪ F0

h
}
,

FD
h :=

⋃
K∈Th

{
F : F ∈ F time

K and F ⊂ ∂� × (0, T )
}
, F time

h :=
⋃

K∈Th

{
F : F ∈ F time

K and F /∈ FD
h
}
.

Henceforth,weuse the following shorthandnotation for� ∈ {0, T , space} and� ∈ {D, time}:
∫
F�

h

ϕ dx =
∑
F∈F�

h

∫
F

ϕ dx and
∫
F�

h

ϕ dS =
∑
F∈F�

h

∫
F

ϕ dS.

Boldface will be used to denote d-dimensional vector fields. We further employ the fol-
lowing standard DG notation for weighted averages ({{·}}α , with α ∈ [0, 1]), spatial normal
jumps ([[·]]N), and temporal normal jumps ([[·]]t ) for piecewise scalar functions and vector
fields:
{ {{w}}α := (1 − α)w|K1 + αw|K2{{τ }}α := (1 − α)τ |K1 + ατ |K2

on F ∈ F time
K1

∩ F time
K2

for neighboring K1, K2 ∈ Th ,

{ [[w]]N := w|K1 n
x
K1

+ w|K2 n
x
K2[[τ ]]N := τ |K1 · nxK1

+ τ |K2 · nxK2

on F ∈ F time
K1

∩ F time
K2

for neighboring K1, K2 ∈ Th ,

[[w]]t := w|K1 n
t
K1

+ w|K2 n
t
K2

= w− − w+ on F ∈ F space
K1

∩ F space
K2

for neighboring K1, K2 ∈ Th ,

where nxK ∈ R
d and ntK ∈ R are, respectively, the space and time components of the outward-

pointing unit normal vectors on ∂K ∩F time
h and ∂K ∩F space

h . The superscripts “−" and “+"
are used to indicate the traces of a function on a space-like facet from the elements “before"
(−) and “after" (+) such a facet.

Finally, we define the following space–time broken function spaces of order r :

Hr (Th) := {v ∈ L2(QT ) : v|K ∈ Hr (K ) ∀K ∈ Th} for r ∈ R
+
0 ,

Cr (Th) := {v : QT → R : v|K ∈ Cr (K ) ∀K ∈ Th} for r ∈ N0.

2.2 Space–Time LDG Formulation

Let p = (p
K
)K∈Th be a degree vector, which assigns an approximation degree p

K
≥ 1 to

each element K ∈ Th . We consider two generic broken discrete spaces

V p(Th) :=
∏
K∈Th

V pK (K ) and M p(Th) :=
∏
K∈Th

M pK (K ),

where V pK (K ) ⊂ H1(K ) and M pK (K ) ⊂ H1(K )d are local finite element spaces, which
are assumed to satisfy the following condition.

Assumption 2.1 (Local compatibility condition) For each element K ∈ Th , the pair
(V pK (K ), M pK (K )) satisfies

∇xV
pK (K ) ⊂ M pK (K ).

Our method is derived similarly to the LDG method in [15] for elliptic problems. First,
introducing the heat flux density variable q : QT → R

d , defined as q := −κ∇xu, equa-
tion (1.2a) can be rewritten as

∂t u + ∇x · q = f in QT .
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The proposed space–timeLDGformulation then reads: find (uh, qh) ∈ V p(Th)×M p(Th)
such that, for all K = Kx × Kt ∈ Th , the following equations are satisfied:∫

K
κ−1qh · rh dV = −

∫
Kt

∫
∂Kx

ûh rh · nxK dS dt+
∫
K
uh∇x · rh dV ∀rh ∈ M p(Th), (2.1a)

∫
K

∂t uhvh dV +
∫
∂Kt

∫
Kx

vh (̂uh − uh)ntK dx ds

+
∫
Kt

∫
∂Kx

vĥ̂qh · nxK dS dt −
∫
K
qh · ∇xvh dV =

∫
K

f vh dV ∀vh ∈ V p(Th), (2.1b)

where the numerical fluxes ûh and ̂̂qh are, respectively, approximations of the traces of u
and q on Fh . For each mesh facet F ∈ Fh , we choose the numerical fluxes as follows:

ûh |F :=

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

u−
h if F ∈ F space

h ,

uh if F ∈ FT
h ,

u0 if F ∈ F0
h ,

{{uh}}αF if F ∈ F time
h ,

gD if F ∈ FD
h ,

̂̂qh |F :=
{ {{qh}}1−αF + ηF [[uh]]N if F ∈ F time

h ,

qh + ηF (uh − gD)nx� if F ∈ FD
h ,

(2.2)

where αF ∈ [0, 1], and ηF ∈ L∞(F time
h ∪ FD

h ) is a stabilization function with
ess infF time

h ∪FD
h

ηF > 0. The choices αF = 0 or αF = 1 for all time-like facets corre-
spond to directional numerical fluxes, which are expected to increase the sparsity of the
matrix associated with the LDG discretization of the spatial gradient operator ∇x(·), pro-
vided that the unit normal vectors nF are chosen appropriately; cf. [14]. Moreover, weighted
averages in the definition of the numerical fluxes can be used to improve the robustness of the
method with respect to strong local variations in meshsize, polynomial degree, and diffusion
coefficients (see [20]).

In order to write the space–time LDG formulation (2.1) in operator form, we define the
following bilinear forms and linear functionals:

mt
h(uh , vh) :=

∑
K∈Th

∫
K

∂t uhvh dV−
∫
F space

h

v+
h [[uh ]]t dx+

∫
F0

h

uhvh dx ∀(uh , vh) ∈ V p(Th) × V p(Th),

dh(qh , rh) :=
∑
K∈Th

∫
K

κ−1qh · rh dV ∀(qh , rh) ∈ M p(Th) × M p(Th),

bh(uh , rh) :=
∑
K∈Th

∫
K

∇xuh · rh dV

−
∫
F time

h

[[uh ]]N · {{rh}}1−αF dS −
∫
FD

h

uh rh · nx� dS ∀(uh , rh) ∈ V p(Th) × M p(Th),

suh (uh , vh) :=
∫
F time

h

ηF [[uh ]]N · [[vh ]]N dS +
∫
FD

h

ηFuhvh dS ∀(uh , vh) ∈ V p(Th) × V p(Th),

�
q
h (rh) := −

∫
FD

h

gDrh · nx� dS ∀rh ∈ M p(Th),

�uh(vh) :=
∫
QT

f vh dV +
∫
FD

h

ηF gDvh dS +
∫
F0

h

u0vh dx ∀vh ∈ V p(Th).

Substituting the definition of the numerical fluxes into (2.1), summing up over all the
elements K ∈ Th , and using the average-jump identity

{{vh}}αF [[rh]]N + {{rh}}1−αF · [[vh]]N = [[vh rh]]N,
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the following variational problem is obtained: find (uh, qh) ∈ V p(Th) ×M p(Th) such that

dh(qh, rh) + bh(uh, rh) = �
q
h(rh) ∀rh ∈ M p(Th), (2.3a)

mt
h(uh, vh) − bh(vh, qh) + suh (uh, vh) = �uh(vh) ∀vh ∈ V p(Th). (2.3b)

Remark 2.2 (Flux formulation) The variational formulation (2.1) can be seen as an extension
of the unifiedDGflux formulation for elliptic problems in [2] to the parabolic problem in (1.2).
Our choice in (2.2) corresponds to using upwind fluxes for uh on the space-like facets (in
accordance with causality in time), and standard LDG numerical fluxes based on weighted
averages on the time-like facets for both uh and qh (see, e.g., [15, §2.1] and [16, §3.2]). The
space–time interior-penalty DG method in [9] can be recovered by setting αF = 1/2 in the
definition of ûh in (2.2) for all the internal time-like facets, and defining ̂̂qh as

̂̂qh |F :=
{−{{κ∇xuh}} + ηF [[uh]]N if F ∈ F time

h ,

−κ∇xuh + ηF (uh − gD)nx� if F ∈ FD
h .

2.3 Reduced Formulation

For the analysis, we rewrite the space–time LDG formulation (2.3) as one involving only the
primal unknown uh . We first define the lifting operator Lh : V p(Th) → M p(Th) and the
LDG spatial gradient ∇LDG

x : V p(Th) → M p(Th) for all vh ∈ V p(Th) as follows:1
∫
QT

Lhvh · rh dV =
∫
F time

h

[[vh]]N · {{rh}}1−αF dS +
∫
FD

h

vh rh · nx� dS ∀rh ∈ M p(Th),

(2.4)
and

(∇LDG
x vh)|K := ∇xvh |K − (Lhvh)|K ∀K ∈ Th . (2.5)

The following identity then follows from equation (2.3a):

∑
K∈Th

∫
K

κ−1qh ·rh dV = −
∑
K∈Th

∫
K

∇LDG
x uh ·rh dV−

∫
FD

h

gDrh ·nx� dS ∀rh ∈ M p(Th).

Consequently, for all vh ∈ V p(Th), we have

bh(vh, qh) =
∑
K∈Th

∫
K

∇LDG
x vh · qh dV =

∑
K∈Th

∫
K

κ∇LDG
x vh · κ−1qh dV

= −
∑
K∈Th

∫
K

κ∇LDG
x uh · ∇LDG

x vh dV −
∫
FD

h

gDκ∇LDG
x vh · nx� dS.

Therefore, the mixed variational formulation (2.3) reduces to: find uh ∈ V p(Th) such that

Bh(uh, vh) := mt
h(uh, vh) + Ah(uh, vh) = �h(vh) ∀vh ∈ V p(Th), (2.6)

1 The lifting operator Lh(·) and the LDG spatial gradient ∇LDG
x (·) can also be defined for functions in the

space Y = L2(0, T ; H1
0 (�)). Any function v in such a space satisfies [[v]]N = 0 on F time

h and v = 0 on FD
h

almost everywhere. Therefore, for all v ∈ Y , Lhv = 0 and ∇LDG
x v = ∇xv.
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whereAh : V p(Th)×V p(Th) → R is the bilinear formassociatedwith theLDGdiscretization
of the spatial operator −∇x · (κ∇(·)) given by

Ah(uh , vh) :=
∑
K∈Th

∫
K

κ∇LDG
x uh · ∇LDG

x vh dV +
∫
F time
h

ηF [[uh ]]N · [[vh ]]N dS +
∫
FD
h

ηFuhvh dS,

(2.7)

and �h : V p(Th) → R is the linear functional

�h(vh) :=
∫
QT

f vh dV +
∫
F0

h

u0vh dx +
∫
FD

h

gD(ηFvh − κ∇LDG
x vh · nx�) dS.

Remark 2.3 (Lifting operator) The lifting operator Lh(·) is just a tool for the analysis of the
method, so it does not need to be implemented.

Remark 2.4 (Reduced formulation) The reduced formulation (2.6) allows us to carry out
an hp-a priori error analysis in the spirit of the one in [46] for elliptic problems.

3 Inf-Sup Stability of theMethod

For the sake of simplicity, we henceforth assume homogeneous Dirichlet boundary condi-
tions (gD = 0).

Although the coercivity in Lemma 3.4 of the bilinear form Bh(·, ·) is enough to guarantee
the existence and uniqueness of a discrete solution, at least for pure Dirichlet boundary
conditions (see Remark 3.14 for other boundary conditions), the inf-sup theory in this section
allows us to prove continuous dependence on the data and a priori error estimates in stronger
norms.

This section is devoted to studying the stability properties of the proposed method. More
precisely, we show two different discrete inf-sup conditions, which ensure the existence and
uniqueness of a solution to the space–time LDG formulation (2.6). In Section 3.1, we prove
an inf-sup stability estimate that is valid for any choice of the discrete spaces satisfying the
local compatibility condition in Assumption 2.1, whereas, in Section 3.2, we present an inf-
sup stability estimate that is valid for piecewise polynomial spaces that satisfy the following
additional mild condition.

Assumption 3.1 (Local inclusion condition) For every K ∈ Th , the local discrete
space V pK (K ) is closed under first-order differentiation in time, i.e.,

∂t V
pK (K ) ⊂ V pK (K ) ⊂ P

p
K (K ). (3.1)

This condition endows the method with additional stability properties.
We introduce the upwind-jump functional

|v|2
J

:= 1

2

(‖v‖2
L2(FT

h )
+ ‖[[v]]t‖2L2(F space

h )
+ ‖v‖2

L2(F0
h )

)
, (3.2)

and consider the following mesh-dependent seminorm in V p(Th) + Y :

|||v|||2
LDG

:= ‖√κ∇LDG
x v‖2L2(QT )d

+ ‖η
1
2
F [[v]]N‖2

L2(F time
h )d

+ ‖η
1
2
Fv‖2

L2(FD
h )

, (3.3)

where
√

κ is the symmetric positive definite matrix such that
√

κ · √
κ = κ .
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Lemma 3.2 (LDG norm) The LDG seminorm in (3.3) is a norm in the space V p(Th) + Y .

Proof Let v ∈ V p(Th) + Y such that |||v|||LDG = 0. Then, the spatial normal jump [[v]]N = 0
on F time

h and v = 0 on FD
h almost everywhere, which imply that v ∈ Y and Lhv =

0. Moreover, the nondegeneracy condition in (1.1) of the diffusion tensor κ implies
that ‖∇xv‖L2(QT )d = 0. Therefore, since v = 0 on FD

h , we conclude that v = 0. ��
We conclude this section proving some properties of the discrete bilinear forms Ah(·, ·)

and Bh(·, ·).
Lemma 3.3 (Coercivity and continuity of Ah) For all u, v ∈ V p(Th) + Y , it holds

Ah(u, u) = |||u|||2
LDG

, (3.4a)

Ah(u, v) ≤ |||u|||LDG |||v|||LDG . (3.4b)

Proof The coercivity identity (3.4a) is an immediate consequence of the definition ofAh(·, ·)
in (2.7), whereas the continuity bound (3.4b) follows by using the Cauchy–Schwarz inequal-
ity. ��
Lemma 3.4 (Coercivity of Bh) The bilinear form Bh(·, ·) satisfies the following identity:

Bh(v, v) = |v|2
J

+ |||v|||2
LDG

∀v ∈ V p(Th) + H1(Th).

Proof Integration by parts in time and the identity 1
2 [[v2]]t − v+[[vh]]t = 1

2 [[v]]2t on F space
h

give

mt
h(v, v) =

∑
K∈Th

∫
K

∂tvv dV −
∫
F space

h

v+[[v]]t dx + ‖v‖2
L2(F0

h )

= 1

2

(
‖v‖2

L2(FT
h )

+
∫
F space

h

[[v2]]t dx − ‖v‖2
L2(F0

h )

)
−
∫
F space

h

v+[[v]]t dx + ‖v‖2
L2(F0

h )

= |v|2
J
, (3.5)

which, combined with the coercivity identity (3.4a) for Ah(·, ·), completes the proof. ��

3.1 First Inf-Sup Stability Estimate

We prove that a discrete inf-sup stability estimate holds for any choice of the discrete
spaces V p(Th) × M p(Th) satisfying the local compatibility condition in Assumption 2.1.

We introduce a discrete Newton potential operator Nh : V p(Th) + H1(Th) → V p(Th),
which we define for any v ∈ V p(Th) + H1(Th) as the solution to the following variational
problem:

Ah(Nhv,wh) = mt
h(v,wh) ∀wh ∈ V p(Th). (3.6)

The variational problem (3.6) has a unique solution due to Lemma 3.2 and the coercivity of
the bilinear form Ah(·, ·) in Lemma 3.3.

We define the following mesh-dependent norm in V p(Th) + H1(Th) ∩ Y :

|||v|||2
LDG,N := |v|2

J
+ |||v|||2

LDG
+ |||Nhv|||2

LDG
. (3.7)

Next theorem shows that the bilinear form Bh(·, ·) is inf-sup stable for any choice of the
discrete spaces satisfying the local compatibility condition in Assumption 2.1.
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Theorem 3.5 (Inf-sup stability) For any discrete spaces (V p(Th),M p(Th)) satisfying
Assumption 2.1, it holds

1

2
√
2
|||uh |||LDG,N ≤ sup

vh∈V p(Th)\{0}
Bh(uh, vh)

|||vh |||LDG
∀uh ∈ V p(Th). (3.8)

Proof Let uh ∈ V p(Th) and wh := Nhuh . By the triangle inequality and the definition
of ||| · |||LDG,N in (3.7), we have

|||uh + wh |||LDG ≤ √
2
(
|||uh |||2LDG + |||wh |||2LDG

) 1
2 ≤ √

2|||uh |||LDG,N . (3.9)

Moreover, using identity (3.5), the definition of the discrete Newton potential in (3.6), the
coercivity and continuity bounds in Proposition 3.3 for Ah(·, ·), and the Young inequality,
we get

Bh(uh, uh + wh) = Bh(uh, uh) + mt
h(uh, wh) + Ah(uh, wh)

= |uh |2J + |||uh |||2LDG + Ah(wh, wh) + Ah(uh, wh)

≥ |uh |2J + |||uh |||2LDG + |||wh |||2LDG − |||uh |||LDG |||wh |||LDG
≥ |uh |2J + 1

2

(
|||uh |||2LDG + |||wh |||2LDG

)
.

Then, using bound (3.9), we deduce that

Bh(uh, uh + wh) ≥ 1

2
|||uh |||2LDG,N ≥ 1

2
√
2
|||uh |||LDG,N |||uh + wh |||LDG ,

which completes the proof of (3.8). ��
The following result is an immediate consequence of the inf-sup stability estimate in

Theorem 3.5.

Corollary 3.6 (Existence and uniqueness of a discrete solution) For any discrete spaces (V p

(Th),M p(Th)) satisfyingAssumption 2.1, there exists a unique solution (uh, qh) ∈ V p(Th)×
M p(Th) to the space–time LDG variational formulation (2.3).

We conclude this section by showing a continuity bound for the bilinear form Bh(·, ·).
Lemma 3.7 (Continuity of Bh) For all v ∈ V p(Th) + H1(Th) and vh ∈ V p(Th), it holds

Bh(v, vh) ≤ √
2|||v|||LDG,N |||vh |||LDG .

Proof Let v ∈ V p(Th) + H1(Th) and vh ∈ V p(Th). Using the definition of the bilinear
formBh(·, ·), the definition of the discrete Newton potential in (3.6), the continuity ofAh(·, ·)
in (3.4b), and the Cauchy–Schwarz inequality, we obtain

Bh(v, vh) = mt
h(v, vh) + Ah(v, vh) = Ah(Nhv, vh) + Ah(v, vh) ≤ √

2|||v|||
LDG,N |||vh |||LDG .

Remark 3.8 (Stability parameter ηu) The space–time interior-penalty DG method in [9]
requires a “sufficiently large" stabilization parameter in order to guarantee well posed-
ness, whereas the proposed method requires only that ess infF time

h ∪FD
h

ηF > 0. This is to
be expected, as the stability term is related only to the discretization of the spatial opera-
tor −∇(κ∇(·)).
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3.2 Second Inf-Sup Stability Estimate

We now consider piecewise polynomial spaces satisfying Assumptions 2.1 and 3.1. In order
to avoid the restriction of a uniformly bounded number of time-like facets for the elements
in Th , we make the following assumption, which extends the one in [9, Asm. 2.1] to general
prismatic space–time meshes.

Assumption 3.9 (Mesh assumption) If d > 1, we assume that, for any K = Kx × Kt ∈
Th , the boundary ∂Kx can be subtriangulated into nonoverlapping (d − 1)-dimensional
simplices T∂Kx := {Fi

x}ni=1, with n ∈ N. Moreover, there exists a set of nonoverlapping d-

dimensional simplices {sFi
x

K }ni=1 contained in Kx such that, for i = 1, . . . , n, ∂s
Fi
x

K ∩∂Kx = Fi
x

and

hKx ≤ Cs
d|sFi

x
K |

|Fi
x |

,

for some constant Cs > 0 independent of the discretization parameters, the number of time-
like facets per element, and the facet measures.

Fixing a constant η� > 0, for all time-like facets F ∈ F time
h ∪ FD

h , we define the stabi-
lization function as follows:

ηF := η� max
K∈Th :F∈F time

K

{‖√κ |K ‖2
Rd×d (pK

+ 1)(p
K

+ d)

hKx

}
, (3.10)

where ‖ · ‖Rd×d is the 2-norm.
For each K ∈ Th , we define the following constants:

ĥKt := min{hK ′
t

: K ′ ∈ Th and F time
K ∩ F time

K ′ 	= ∅}, (3.11a)

p̂K := max{pK ′ : K ′ ∈ Th and F time
K ∩ F time

K ′ 	= ∅}, (3.11b)

λK := ĥKt / p̂
2
K . (3.11c)

For convenience, we denote by λh the piecewise constant function defined as

λh |K = λK ∀K ∈ Th .

Then, we define the following norm in V p(Th) + H1(Th) ∩ Y :

|||v|||2
LDG+ := |||v|||2

LDG
+ |v|2

J
+
∑
K∈Th

λK ‖∂tv‖2L2(K )
. (3.12)

Before proving the inf-sup stability estimate in Theorem 3.12 below,we recall some useful
polynomial trace and inverse inequalities from [9, §4.1].

Lemma 3.10 (Polynomial trace inequalities) Let K = Kx ×Kt ∈ Th and let Assumption 3.9
hold. For all vh ∈ P

p
K (K ), we have

‖vh‖2L2(F∗) ≤ (p
K

+ 1)(p
K

+ d)

d

|Fx|
|sFxK | ‖vh‖

2
L2(Ft ;L2(sFxK ))

∀F∗ = Fx × Ft , (3.13)

where Ft ⊂ Kt , Fx ∈ T∂Kx with Fx = ∂Kx ∩ ∂sFxK , and sFxK as in Assumption 3.9 sharing Fx
with Kx. Moreover, there exists a positive constant Ctr independent of K and the degree of
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approximation p
K
such that

‖vh‖2L2(Kx×∂Kt )
≤ Ctr

p2
K

hKt

‖vh‖2L2(K )
∀vh ∈ P

p
K (K ). (3.14)

Lemma 3.11 (Polynomial inverse estimates) Let Th satisfy Assumption 3.9 and let K =
Kx × Kt ∈ Th. There exists a positive constant Cinv independent of K and the degree of
approximation p

K
such that, for all vh ∈ P

p
K (K ), it holds

‖∂tvh‖2L2(K )
≤ Cinv

p4
K

h2
Kt

‖vh‖2L2(K )
, (3.15a)

‖∂tvh‖2L2(F)
≤ Cinv

p4
K

|Ft |2 ‖vh‖2L2(F)
∀F = Fx × Ft , (3.15b)

where Ft ⊂ Kt , Fx = ∂Kx ∩ ∂sFxK ∈ T∂Kx , and s
Fx
K as in Assumption 3.9.

We are now in a position to prove the main result in this section.

Theorem 3.12 (Inf-sup stability) Let (V p(Th),M p(Th)) be discrete spaces satisfying
Assumptions 2.1 and 3.1, and let Th satisfy Assumption 3.9. Let also the stabilization func-
tion ηF be given by (3.10). Then, there exists a positive constant γI independent of the
meshsize h and the degree vector p such that

γI |||uh |||LDG+ ≤ sup
vh∈V p(Th)\{0}

Bh(uh, vh)

|||vh |||LDG+
∀uh ∈ V p(Th). (3.16)

Proof Let uh ∈ V p(Th) and δ be a positive constant that will be chosen later. We definewh ∈
V p(Th) as wh |K := λK ∂t uh |K with λK as in (3.11c) for all K ∈ Th .

By the definition of wh , we have

|||wh |||2LDG =
∑
K∈Th

λ2K ‖√κ∇LDG
x (∂t uh)‖2L2(K )d

+ ‖η
1
2
F [[λh∂t uh]]N‖2

L2(F time
h )d

+‖η
1
2
Fλh∂t uh‖2L2(FD

h )

=: M1 + M2 + M3. (3.17)

We now bound each term Mi , i = 1, 2, 3, separately.
Bound on M1. Using the commutativity of the LDG spatial gradient ∇LDG

x (·) and the first-
order time derivative ∂t (·), the polynomial inverse estimate in (3.15a), and the definition
of λK in (3.11c), we get

M1 ≤
∑
K∈Th

Cinvλ
2
K

p4
K

h2
Kt

‖√κ∇LDG
x uh‖2L2(K )d

≤ Cinv‖
√

κ∇LDG
x uh‖2L2(QT )d

. (3.18)

Bound on M2. Using the commutativity of the spatial normal jump [[·]]N and the first-order
time derivative ∂t (·), the definition of λK in (3.11c), and the polynomial inverse estimate
in (3.15b), we obtain

M2 ≤ Cinv
∑

F∈F time
h ,

F⊂∂K∩∂K ′

max{λ2K , λ2K ′ }
max{p4

K
, p4K ′ }

min{h2
Kt

, h2
K ′
t
} ‖η

1
2
F [[uh ]]N‖2

L2(F)d
≤ Cinv‖η

1
2
F [[uh ]]N‖2

L2(F time
h )d

.

(3.19)
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Bound on M3. Similar steps as for the bound on M2 yield

M3 ≤ Cinv‖η
1
2
Fuh‖2L2(FD

h )
. (3.20)

Therefore, combining bounds (3.18), (3.19), and (3.20) with identity (3.17), we obtain

|||wh |||2LDG ≤ Cinv|||uh |||2LDG . (3.21)

Using the triangle inequality, the polynomial trace inequality in (3.14), and the definition
of λK in (3.11c), the following bound is obtained:

|wh |2J = 1

2
‖λh∂t uh‖2L2(FT

h )
+ 1

2
‖[[λh∂t uh]]t‖2L2(F space

h )
+ 1

2
‖λh∂t uh‖2L2(F0

h )

≤
∑

K=Kx×Kt∈Th

‖λK ∂t uh‖2L2(Kx×∂Kt )
≤ Ctr

∑
K∈Th

λ2K

p2
K

hKt

‖∂t uh‖2L2(K )

≤ Ctr

∑
K∈Th

λK ‖∂t uh‖2L2(K )
. (3.22)

Moreover, the polynomial inverse estimate in (3.15a) and the definition of λK in (3.11c)
lead to

∑
K∈Th

λK ‖∂twh‖2L2(K )
=
∑
K∈Th

λ3K ‖∂t t uh‖2L2(K )
≤ Cinv

∑
K∈Th

λ3K

p4
K

h2
Kt

‖∂t uh‖2L2(K )

≤ Cinv

∑
K∈Th

λK ‖∂t uh‖2L2(K )
. (3.23)

The following estimate follows by adding bounds (3.21), (3.22), and (3.23):

|||wh |||2
LDG+ ≤ 2max{Cinv,Ctr}|||uh |||2

LDG+ ,

which, combined with the Cauchy–Schwarz inequality, gives

|||uh + δwh |||2
LDG+ ≤ 2

(
|||uh |||2

LDG+ + δ2|||wh |||2
LDG+

)
≤ μ|||uh |||2

LDG+ , (3.24)

with μ = 2(1 + 2δ2 max{Cinv,Ctr}).
The identity in Lemma 3.4 yields

Bh(uh, uh + δwh) = |uh |2J + |||uh |||2LDG + δmt
h(uh, wh) + δAh(uh, wh). (3.25)

We consider first the third term on the right-hand side of (3.25). Using the Young inequality,
the polynomial trace inequality in (3.14), and the definition of λK in (3.11c), for all ε > 0,
we have

mt
h(uh, wh) =

∑
K∈Th

λK ‖∂t uh‖2L2(K )
−
∫
F space

h

λ+
h ∂t u

+
h [[uh]]t dx +

∫
F0

h

λhuh∂t uh dx

≥
∑
K∈Th

λK ‖∂t uh‖2L2(K )
− ε

2

(
‖λ+

h ∂t u
+
h ‖2

L2(F space
h )

+‖λh∂t uh‖2L2(F0
h )

)
− 1

ε
|uh |2J

≥
∑
K∈Th

λK ‖∂t uh‖2L2(K )
− εCtr

2

∑
K∈Th

λ2K

p2
K

hKt

‖∂t uh‖2L2(K )
− 1

ε
|uh |2J
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≥
(
1 − εCtr

2

) ∑
K∈Th

λK ‖∂t uh‖2L2(K )
− 1

ε
|uh |2J . (3.26)

As for the fourth term on the right-hand side of (3.25), bound (3.21) and the continuity of
the bilinear form Ah(·, ·) in (3.4b) give

Ah(uh, wh) ≥ −|||uh |||LDG |||wh |||LDG ≥ −C
1
2
inv|||uh |||2LDG . (3.27)

Combining (3.25), (3.26), and (3.27), we get

Bh(uh, uh + δwh) ≥
(
1 − δ

ε

)
|uh |2J +

(
1 − δC

1
2
inv

)
|||uh |||2LDG

+ δ
(
1 − εCtr

2

) ∑
K∈Th

λK ‖∂t uh‖2L2(K )
.

Therefore, choosing δ and ε such that

0 < ε <
2

Ctr
and 0 < δ < min

{
ε, C

− 1
2

inv

}
,

defining

β := min

{
1 − δ

ε
, 1 − δC

1
2
inv, δ

(
1 − εCtr

2

)}
,

and using bound (3.24), we obtain

Bh(uh, uh + δwh) ≥ β|||uh |||2
LDG+ ≥ β√

μ
|||uh |||LDG+ |||uh + δwh |||LDG+ ,

which completes the proof of (3.16) with γI = β/
√

μ.

For the convergence analysis in Section 4, it is useful to introduce the following auxiliary
norms:

|||v|||2
LDG�

:= |||v|||2
LDG

+
∑
K∈Th

λ−1
K ‖v‖2L2(K )

+ ‖v−‖2
L2(F space

h )
+ ‖v‖2

L2(FT
h )

, (3.28a)

|||v|||2
LDG� := |||v|||2

LDG
+
∑
K∈Th

λ−1
K ‖v‖2L2(K )

+ ‖v+‖2
L2(F space

h )
+ ‖v‖2

L2(F0
h )

. (3.28b)

In next lemma, we prove two continuity bounds for the discrete bilinear form Bh(·, ·).

Lemma 3.13 (Continuity of Bh) For all v,w ∈ V p(Th) + H1(Th), the following continuity
bounds hold:

Bh(v,w) ≤ √
2|||v|||LDG� |||w|||

LDG+ , (3.29a)

Bh(v,w) ≤ √
2|||v|||

LDG+ |||w|||LDG� . (3.29b)

Proof Let v,w ∈ V p(Th) + H1(Th). Using the definition of the bilinear form Bh(·, ·) and
the continuity of Ah(·, ·) in (3.4b), we obtain

Bh(v,w) = mt
h(v,w) + Ah(v,w) ≤ mt

h(v,w) + |||v|||LDG |||w|||LDG . (3.30)
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Integration by parts in time, the identity v+[[w]]t + w−[[v]]t = [[vw]]t on F space
h , and the

Cauchy–Schwarz inequality yield

mt
h(v,w) =

∑
K∈Th

∫
K

∂tvw dV −
∫
F space

h

w+[[v]]t dx +
∫
F0

h

vw dx

= −
∑
K∈Th

∫
K

v∂tw dV +
∫
F space

h

([[vw]]t − w+[[v]]t ) dx +
∫
FT

h

vw dx

= −
∑
K∈Th

∫
K

v∂tw dV +
∫
F space

h

v−[[w]]t dx +
∫
FT

h

vw dx

≤
( ∑

K∈Th

λ−1
K ‖v‖2L2(K )

) 1
2
( ∑

K∈Th

λK ‖∂tw‖2L2(K )

) 1
2

+ ‖v−‖L2(F space
h )‖[[w]]t‖L2(F space

h ) + ‖v‖L2(FT
h )‖w‖L2(FT

h ),

which, combined with (3.30) and the Cauchy–Schwarz inequality, gives (3.29a). The proof
of bound (3.29b) is similar, so we omit it here. ��
Remark 3.14 (More general boundary conditions) InLemma3.2,wehaveproven that |||·|||LDG
is a norm on the space V p(Th)+Y , which holds only for pure Dirichlet boundary conditions.
For such boundary conditions, one could deduce existence and uniqueness of a solution
to (2.6) directly from the coercivity identity in Lemma 3.4 for the bilinear form Bh(·, ·). On
the other hand, if pure Neumann or mixed boundary conditions were to be considered, then
the corresponding seminorm would not be a norm, and the discrete Newton potential in (3.6)
would not be well defined without further modifications. Nonetheless, the norm ||| · |||

LDG+
defined in (3.12) would be a norm in any case, so the inf-sup condition in Theorem 3.12
guarantees the well-posedness of the method also for pure Neumann or mixed boundary
conditions.

4 Convergence Analysis

This section is devoted to deriving error bounds in some energy norms (Section 4.1) that can
be used to obtain a priori error estimates for different discrete spaces; see Section 5 below. In
Section 4.2, we discuss the difficulties of deriving error estimates in the mesh-independent
norm L2(QT ).

4.1 A Priori Error Bounds in Energy Norms

We define the inconsistency bilinear formRh : H 3
2+ε(Th) × (V p(Th) + Y ) → R (ε > 0) as

follows:

Rh(u, v) :=
∫
F time

h

{{κ∇x,hu−κ�0∇x,hu}}1−αF ·[[v]]N dS+
∫
FD

h

v(κ∇x,hu−κ�0∇x,hu)·nx� dS,

(4.1)
with ∇x,h and �0 denoting the piecewise spatial gradient in Th and the L2(QT )d -orthogonal
projection in M p(Th), respectively.

If the solution u to the continuous weak formulation in (1.3) belongs to H
3
2+ε(Th) ∩ X

for some ε > 0, then the following identity can be proven using integration by parts in space
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and the definition of the lifting operator Lh :

Rh(u, vh) = Bh(u − uh, vh) = Bh(u, vh) − �h(vh) ∀vh ∈ V p(Th). (4.2)

Weare now in a position to showsomeapriori bounds for the errors in the norms |||·|||LDG,N
and ||| · |||

LDG+ , which are defined in (3.7) and (3.12), respectively.

Theorem 4.1 [A priori error bounds in the energy norms] Let the discrete spaces (V p(Th),
M p(Th)) satisfy the compatibility condition in Assumption 2.1. Let u ∈ H

3
2+ε(Th) ∩ X for

some ε > 0 be the solution to the continuous weak formulation in (1.3), and uh ∈ V p(Th) be
the unique solution to the space–time LDG variational formulation (2.6). Then, the following
bound holds:

|||u − uh |||LDG,N ≤ 5 inf
vh∈V p(Th)

|||u − vh |||LDG,N + 2
√
2 sup

vh∈V p(Th)\{0}
|Rh(u, vh)|
|||vh |||LDG

. (4.3a)

Moreover, if the discrete space V p(Th) satisfies the inclusion condition in Assumption 3.1,
Assumption 3.9 on Th holds, and the stabilization function ηF is given by (3.10), then

|||u − uh |||LDG+ ≤ inf
vh∈V p(Th)

|||u − vh |||LDG+ + √
2γ −1

I inf
vh∈V p(Th)

|||u − vh |||LDG�

+ γ −1
I sup

vh∈V p(Th)\{0}
|Rh(u, vh)|
|||vh |||LDG+

.
(4.3b)

Proof The proof follows from the Strang lemma, identity (4.2), the inf-sup stability estimates
in Theorems 3.5 and 3.12, and the continuity bounds for Bh(·, ·) in Lemmas 3.7 and 3.13.

Next lemma provides a bound for the inconsistency term in the a priori error bounds (4.3a)
and (4.3b).

Lemma 4.2 (Inconsistency bound) For all u ∈ H
3
2+ε(Th) with ε > 0 and v ∈ V p(Th) + Y ,

the following bound holds:

|Rh(u, v)| ≤
(
‖η− 1

2
F {{κ(∇x,hu − �0∇x,hu)}}1−αF ‖L2(F time

h )d

+ ‖η− 1
2

F κ(∇x,hu − �0∇x,hu) · nx�‖L2(FD
h )

)
|||v|||,

where ||| · ||| denotes either ||| · |||LDG or ||| · |||
LDG+ .

Proof The result readily follows from the definition in (4.1) ofRh(·, ·), the Cauchy–Schwarz
inequality, and the definitions of ||| · |||LDG and ||| · |||

LDG+ . ��
Interpolation estimates for the term ‖Nh(u − vh)‖LDG in (4.3a) are not immediate. In

the rest of this section, we show that, for piecewise polynomial spaces, such a term can be
bounded by some more standard error terms; see Proposition 4.5 below.

Wefirst show a bound for the lifting of discrete functions and a discrete Poincaré inequality
for meshes satisfying Assumption 3.9.

Lemma 4.3 (Bound on Lh) Let Th satisfy Assumption 3.9 and the stability function ηF be
chosen as in (3.10). If the discrete spaces (V p(Th),M p(Th)) satisfy the local compatibility
condition in Assumption 2.1 and V pK (K ) ⊂ P

p
K (K ) for all K ∈ Th, then there exists a

constant CL > 0 independent of the meshsize h and the degree vector p such that

‖Lhvh‖L2(QT )d ≤ CL
(‖η 1

2
F [[vh]]N‖L2(F time

h )d + ‖η
1
2
Fvh‖L2(FD

h )

) ∀vh ∈ V p(Th).
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Proof Let vh ∈ V p(Th). Using the Cauchy–Schwarz inequality and the definition in (2.4) of
the lifting operator Lh , we get

‖Lhvh‖2L2(QT )d
=
∫
F time

h

[[vh]]N · {{Lhvh}}1−αF dS +
∫
FD

h

vh(Lhvh) · nx� dS

≤ ‖η
1
2
F [[vh]]N‖L2(F time

h )d ‖η
− 1

2
F {{Lhvh}}1−αF ‖L2(F time

h )d

+ ‖η
1
2
Fvh‖L2(FD

h )‖η
− 1

2
F Lhvh‖L2(FD

h )d . (4.4)

Moreover, using the polynomial trace inequality in (3.13), Assumption 3.9 on Th , the defini-
tion in (3.10) of the stabilization function ηF , and the ellipticity condition (1.1), we obtain

‖η− 1
2

F {{Lhvh}}1−αF ‖2
L2(F time

h )d
+ ‖η− 1

2
F Lhvh‖2

L2(FD
h )d

≤ 2
∑
K∈Th

∑
F=Fx×Ft ,
Fx∈T∂Kx

η−1
F ‖Lhvh‖2

L2(F)d

≤ 2
∑
K∈Th

∑
F=Fx×Ft ,
Fx∈T∂Kx

η−1
F

(p
K

+ 1)(p
K

+ d)

d

|Fx|
|sFxK |

‖Lhvh‖2
L2(Ft ;L2(sFxK )d )

≤ 2Cs

η�θ
‖Lhvh‖2

L2(QT )d
,

which, combined with (4.4), gives the desired result with CL =
√

2Cs
η�θ

. ��

The proof of the discrete Poincaré inequality in Lemma 4.4 below follows the ideas
used in [18, Lemma 2.15]. First, we recall the following multiplicative trace inequality for
simplices from [18, Eq. (1.52) in Ch. 1]: for any simplex T and any facet F of T , there exists
a positive constant C�

tr depending only on d such that

‖v‖2L2(F)
≤ |F |

|T | ‖v‖2L2(T )
+ 2hT

|F |
d|T | ‖v‖L2(T )‖∇v‖L2(T )d

≤ C�
tr

|F |
|T |
(‖v‖2L2(T )

+ h2T ‖∇v‖2L2(T )d

) ∀v ∈ H1(T ).

(4.5)

Lemma 4.4 (Discrete Poincaré inequality) Let the assumptions of Lemma 4.3 hold. There
exists a positive constant CP independent of the meshsize h, the degree vector p, and the
number of facets per element such that

‖vh‖L2(QT ) ≤ CP|||vh |||LDG ∀vh ∈ V p(Th). (4.6)

Proof Let vh ∈ V p(Th). From [18, Lemma 8.3 in Ch. 8], we deduce that there exists a
function τ ∈ L2(0, T ; H1(�)d), such that

∇x · τ = vh and ‖τ‖L2(QT )d + ‖τ‖L2(0,T ;H1(�)d ) ≤ C�‖vh‖L2(QT ), (4.7)

for some positive constant C� depending only on �.
Integrating by parts in space, and using the Cauchy–Schwarz inequality, the continuity of

the spatial normal component of τ , the nondegeneracy of κ in (1.1), the bound in Lemma 4.3
on ‖Lhvh‖L2(QT ), and the definition of the norm ||| · |||LDG in (3.3), we get

‖vh‖2L2(QT )
=
∫
QT

vh∇x · τ dV
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= −
∑
K∈Th

∫
K

∇xvh · τ dV +
∑
K∈Th

∫
Kt

∫
∂Kx

vhτ · nKx dS dt

= −
∑
K∈Th

∫
K

∇xvh · τ dV +
∫
F time

h

τ · [[vh]]N dS +
∫
FD

h

vhτ · nx� dS

≤ ‖(√κ)−1√κ∇x,hvh‖L2(QT )d ‖τ‖L2(QT )d

+ ‖η
1
2
F [[vh]]N‖L2(F time

h )d ‖η
− 1

2
F τ‖L2(F time

h )d

+ ‖η
1
2
Fvh‖L2(FD

h )‖η
− 1

2
F τ‖L2(FD

h )d

≤ θ− 1
2 ‖√κ

LDG∇
x

vh‖L2(QT )d ‖τ‖L2(QT )d

+ θ− 1
2 ‖√κLhvh‖L2(QT )d ‖τ‖L2(QT )d

+ ‖η
1
2
F [[vh]]N‖L2(F time

h )d ‖η
− 1

2
F τ‖L2(F time

h )d

+ ‖η
1
2
Fvh‖L2(FD

h )‖η
− 1

2
F τ‖L2(FD

h )d

≤ θ− 1
2 ‖√κ

LDG∇
x

vh‖L2(QT )d ‖τ‖L2(QT )d

+ CLθ− 1
2 |κ |2

(‖η 1
2
F [[vh]]N‖L2(F time

h )d

+ ‖η
1
2
Fvh‖L2(FD

h )

)‖τ‖L2(QT )d

+ ‖η
1
2
F [[vh]]N‖L2(F time

h )d ‖η
− 1

2
F τ‖L2(F time

h )d

+ ‖η
1
2
Fvh‖L2(FD

h )‖η
− 1

2
F τ‖L2(FD

h )d

≤ √
2max{1, θ− 1

2 (1 + CL|κ |2)}|||vh |||LDG
(‖τ‖2L2(QT )d

+ ‖η− 1
2

F τ‖2
L2(F time

h )d

+ ‖η− 1
2

F τ‖2
L2(FD

h )d

) 1
2 . (4.8)

Therefore, it only remains to bound the last terms on the right-hand side of (4.8).
Using the trace inequality (4.5), Assumption 3.9, the nondegeneracy of κ in (1.1), and the

definition of the stabilization parameter ηF in (3.10), we obtain

‖η− 1
2

F τ‖2
L2(F time

h )d
+ ‖η− 1

2
F τ‖2

L2(FD
h )d

≤ C�
tr

∑
K∈Th

∑
F=Fx×Ft ,
Fx∈T∂Kx

η−1
F

|Fx|
|sFxK |

(‖τ‖2
L2(Ft ;L2(sFxK )d )

+ diam(sFxK )2‖∇τ‖2
L2(Ft ;L2(sFxK )d×d )

)

≤ C�
tr

∑
K∈Th

∑
F=Fx×Ft ,
Fx∈T∂Kx

η−1
F

Csd

hKx

(‖τ‖2
L2(Ft ;L2(sFxK )d )
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+ diam(�)2‖∇τ‖2
L2(Ft ;L2(sFxK )d×d )

)

≤ C�
trCsd

η�θ

(
‖τ‖2L2(QT )d

+ diam(�)2‖∇τ‖2L2(QT )d×d

)
,

which, combined with (4.8) and (4.7), gives the desired bound (4.6). ��

Proposition 4.5 (Bound on |||Nh(·)|||LDG ) Let the assumptions of Lemma 4.3 hold. There
exists a constant CN > 0 independent of the meshsize h and the degree vector p such that
the following bound holds for all v ∈ V p(Th) + H1(Th):

|||Nhv|||LDG ≤ CN

[( ∑
K∈Th

‖∂tv‖2L2(K )

) 1
2

+‖[[λ− 1
2

h v]]t‖L2(F space
h ) +‖λ− 1

2
h v‖L2(F0

h )

]
. (4.9)

Proof Let v ∈ V p(Th) + H1(Th). Using the definition in (3.6) of the discrete Newton
potential, and the coercivity of Ah(·, ·) in Lemma 3.3, we get

|||Nhv|||2
LDG

= Ah(Nhv,Nhv) = mt
h(v,Nhv)

=
∑
K∈Th

∫
K

∂tvNhv dV −
∫
F space

h

(Nhv)+[[v]]t dx +
∫
F0

h

vNhv dx.
(4.10)

The first term on the right-hand side of identity (4.10) can be bounded using the Cauchy–
Schwarz inequality and the Poincaré inequality in (4.6) as follows:

∑
K∈Th

∫
K

∂tvNhv dV ≤
∑
K∈Th

‖∂tv‖L2(K )‖Nhv‖L2(K ) ≤
( ∑

K∈Th

‖∂tv‖2L2(K )

) 1
2

‖Nhv‖L2(QT )

≤ CP

( ∑
K∈Th

‖∂tv‖2L2(K )

) 1
2

|||Nhv|||LDG . (4.11)

As for the second and third terms on the right-hand side of identity (4.10), we use the
Cauchy–Schwarz inequality, the polynomial trace inequality in (3.14), and the Poincaré
inequality in (4.6) to obtain
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−
∫
F space
h

(Nhv)+[[v]]t dx +
∫
F0
h

vNhv dx

≤
(

‖[[λ− 1
2

h v]]t‖L2(F space
h )

+ ‖λ− 1
2

h v‖L2(F0
h )

)(
‖(λ

1
2
h Nhv)+‖2

L2(F space
h )

+ ‖λ
1
2
h Nhv‖2

L2(F0
h )

) 1
2

≤
(

‖[[λ− 1
2

h v]]t‖L2(F space
h )

+ ‖λ− 1
2

h v‖L2(F0
h )

)( ∑
K∈Th

CtrλK

p2
K

hKt

‖Nhv‖2
L2(K )

) 1
2

≤ C
1
2
tr

(
‖[[λ− 1

2
h v]]t‖L2(F space

h )
+ ‖λ− 1

2
h v‖L2(F0

h )

)
‖Nhv‖L2(QT )

≤ CPC
1
2
tr

(
‖[[λ− 1

2
h v]]t‖L2(F space

h )
+ ‖λ− 1

2
h v‖L2(F0

h )

)
|||Nhv|||LDG . (4.12)

Bound (4.9) then followswithCN = CPC
1
2
tr by combining identity (4.10) with bounds (4.11)

and (4.12). ��
Remark 4.6 (Continuous dependence on the data) If the space V p(Th) is such that the dis-
crete Poincaré inequality (4.6) is valid, the solution uh ∈ V p(Th) to the space–time LDG
formulation (2.6) satisfies the following continuous dependence on the data:

|||uh |||LDG,N ≤ 2
√
2
(
CP‖ f ‖L2(QT ) + √

2‖u0‖L2(�)

)
and

|||uh |||LDG+ ≤ γ −1
I

(
CP‖ f ‖L2(QT ) + √

2‖u0‖L2(�)

)
,

which follow from the inf-sup conditions in Theorems 3.5 and 3.12, the definition of the
method in (2.6), and the Cauchy–Schwarz and the triangle inequalities.

4.2 Difficulties in Proving Optimal Convergence Rates in the L2(QT) norm

In this section, we briefly discuss the difficulties of deriving a priori error estimates in the
mesh-independent norm L2(QT ) by means of a duality argument. We consider polynomial
discrete spaces satisfying the local inclusion in Assumption 3.1.

For a given φ ∈ L2(QT ), we consider the following adjoint problem:

−∂t z − ∇x · (κ∇xz) = φ in QT , (4.13a)

z = 0 on ∂� × (0, T ], (4.13b)

z = 0 on � × {T }, (4.13c)

and assume that κ and � are such that the following parabolic regularity estimate holds
(cf. [23, Thm. 5 in §7.1]):

‖z‖L∞(0,T ;H1
0 (�)) + ‖z‖L2(0,T ;H2(�)) + ‖z‖H1(0,T ;L2(�)) ≤ CR‖φ‖L2(QT ), (4.14)

for some CR > 0 depending only on �, T , and κ .

Theorem 4.7 (A priori error bounds in the L2(QT ) norm) Let u ∈ H
3
2+ε(Th) ∩ X be the

solution to the continuous weak formulation (1.3), and let uh ∈ V p(Th) be the solution to the
space–time LDG formulation (2.6). If � is such that the parabolic regularity estimate (4.14)
holds, and the discrete spaces (V p(Th),M p(Th)) satisfy Assumptions 2.1 and 3.1, then the
following bound holds:

‖u−uh‖2
L2(QT )

≤ √
2|||u−uh |||

LDG+ |||z− zh |||
LDG� +|Rh(z, u−uh)|+ |Rh(u, z− zh)| ∀zh ∈ V p(Th),

(4.15)
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where z is the solution to the adjoint problem (4.13) with φ = u − uh.

Proof We set φ = u − uh in (4.13) and multiply (4.13a) by φ. Integration by parts, the
regularity of z, the orthogonality properties of�0, the definition in (4.1) of the inconsistency
bilinear form Rh(·, ·), and the definition in (2.4) of the lifting operator Lh yield

‖u − uh‖2
L2(QT )

=
∑
K∈Th

∫
K

(−∂t z − ∇x · (κ∇xz))(u − uh) dV

=
∑
K∈Th

∫
K

(
∂t (u − uh)z + κ∇x(u − uh) · ∇xz

)
dV −

∫
F space
h

z+[[u − uh ]]t dx

+
∫
F0
h

z(u − uh) dx −
∫
F time
h

{{κ∇xz}}1−αF · [[u − uh ]]N dS

−
∫
FD
h

(u − uh)κ∇xz · nx� dS

=
∑
K∈Th

∫
K

(
∂t (u − uh)z + κ∇x(u − uh) · ∇xz

)
dV −

∫
F space
h

z+[[u − uh ]]t dx

+
∫
F0
h

z(u − uh) dx −
∫
F time
h

{{κ∇xz − κ�0∇xz}}1−αF · [[u − uh ]]N dS

−
∫
FD
h

(u − uh)(κ∇xz − κ�0∇xz) · nx� dS +
∫
QT

κLhuh · ∇xz dV

=
∑
K∈Th

∫
K

(
∂t (u − uh)z + κ∇LDG

x (u − uh) · ∇LDG
x z

)
dV −

∫
F space
h

z+[[u − uh ]]t dx

+
∫
F0
h

z(u − uh) dx −
∫
F time
h

{{κ∇xz − κ�0∇xz}}1−αF · [[u − uh ]]N dS

−
∫
FD
h

(u − uh)(κ∇xz − κ�0∇xz) · nx� dS

= Bh(u − uh , z) − Rh(z, u − uh)

= Bh(u − uh , z − zh) − Rh(z, u − uh) − Rh(u, z − zh),

where, in the last equation, we have used identity (4.2).
Bound (4.15) then follows from the continuity bound in (3.29b) for the bilinear

form Bh(·, ·). ��
Remark 4.8 (Limited regularity of the adjoint solution) The last two terms on the right-hand
side of (4.15) can be bounded using Lemma 4.2. The main difficulty in deriving a priori error
estimates in the L2(QT ) norm is the limited regularity in time of the continuous solution z
to the adjoint problem (4.13). This issue was overcome in the corrected version [10] of
reference [9] by using a continuous-in-time interpolant operator. However, extending this
approach to general prismatic meshes is not straightforward.

5 Some Choices of Discrete Spaces

We introduce four different choices for the local discrete space V pK (K ) and discuss their

properties. More precisely, we consider some standard P
p
K (K ), tensor-product P

p
K⊗ (K ),

quasi-Trefftz QT
p
K (K ), and embedded Trefftz ET

p
K (K ) polynomial spaces. Moreover,

using the approximation properties of each space and the error bounds from the previous
section, we derive some a priori error estimates.
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In Table 1, we compare the different spaces in terms of their dimension, a choice of the
discrete space M pK (K ) guaranteeing the validity of the local compatibility condition in
Assumption 2.1, and the validity of the local inclusion condition in Assumption 3.1. The
error estimates in Theorems 5.4, 5.9, and 5.13 predict the same convergence rates in the
energy norms for the corresponding spaces, but under different regularity assumptions. More
precisely, the solution u to (1.2) is assumed to belong to local Bochner spaces (separating
space and time regularity) for tensor-product polynomials, to local space–timeSobolev spaces
H � for standardpolynomials, and to local space–timeC� spaces for quasi-Trefftz polynomials.

In the rest of this section, we write a � b meaning that there exists a positive constant C
independent of meshsize h, the degree vector p, and the maximum number of facets such
that a ≤ Cb. Similarly, we use a �p b to indicate the possibility that the constant C depends
on the degree vector p. Moreover, we write a � b whenever a � b and b � a.

5.1 Tensor-Product Polynomials

We consider the following tensor-product piecewise polynomial space:

V pK (K ) = P
p
K⊗ (K ) := P

p
K (Kx) ⊗ P

p
K (Kt ). (5.1)

Let {Th}h>0 be a family of prismatic space–timemeshes for the domain QT = �×(0, T ).
Given a partitionTh , as an extension of [9,Def. 5.2],we call covering a setT # = {K} of shape-
regular (d+1)-dimensional prisms, whose bases are d-dimensional simplices or hypercubes
such that, for each K = Kx × Kt ∈ Th , there exists K = Kx × Kt ∈ T # with K ⊂ K.

Assumption 5.1 (Covering of Th) There exists a positive integer NQT independent of the
mesh parameters such that, for any mesh Th ∈ {Th}h>0, there exists a covering T # of Th
satisfying

card{K ′ ∈ Th : K ′ ∩ K 	= ∅ for some K ∈ T # with K ⊂ K} ≤ NQT ∀K ∈ Th,

which implies that hKx := diam(Kx) � hKx for each pair K = Kx × Kt ∈ Th and K =
Kx × Kt ∈ T # with K ⊂ K.

For any Lipschitz domain ϒ ⊂ R
d and s ∈ N, the Stein’s extension operator Ex :

Hs(ϒ) → Hs(Rd) is a linear operator with the following properties (see [51, Thm. 5 in
Ch. VI]): for all v ∈ Hs(ϒ), it holds

Exv|ϒ = v and ‖Exv‖Hs (Rd ) � ‖v‖Hs (ϒ), (5.2)

where the hidden constant depends only on s and the shape of ϒ .
We now recall the following approximation results from [11, Lemmas 23 and 33].

Lemma 5.2 (Estimates of �̃x) Let Assumptions 3.9 and 5.1 onTh hold. Let alsoTh ∈ {Th}h>0

and T # be its corresponding covering from Assumption 5.1. For any K = Kx × Kt ∈ Th
and v|K ∈ L2(Kt ; HlK (Kx)) (lK > 1

2 ), there exists �̃xv|K ∈ L2(Kt ;Pp
K (Kx)), such that

‖v − �̃xv‖L2(Kt ;Hq (Kx))
�

h�K−q
Kx

plK−q
K

‖Exv‖L2(Kt ;HlK (Kx))
for all 0 ≤ q ≤ lK ,

(5.3a)

‖�̃xv‖L2(K ) � hKx

p
K

‖Exv‖L2(Kt ;H1(Kx))
+ ‖v‖L2(K ), (5.3b)
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‖v − �̃xv‖L2(Kt ;L2(∂Kx))
�

h
�K− 1

2
Kx

plK− 1
2

K

‖Exv‖L2(Kt ;HlK (Kx))
, (5.3c)

where �K = min{p
K

+ 1, lK }.
Proof The estimate (5.3b) follows by using the triangle inequality and (5.3a). ��

Given q ∈ N and a time interval (a, b) ⊂ R, we denote by π t
q the L2(a, b)-orthogonal

projection in the space Pq(a, b). In the proof of Theorem 5.4 below, the operators π t
q and �̃x

are to be understood as applied pointwise in space and time, respectively.
Lemma 5.3 below concerns some standard properties of π t

q (see, e.g., [33, Lemma 3.3
and Lemma 3.5], [12, Lemma 2.4], and [56, Thm. 2]).

Lemma 5.3 (Estimates of π t
q) Given an integer q ≥ 1 and a time interval (a, b) ⊂ R, the

following estimates hold for all v ∈ Hs(a, b) (s ≥ 1):

‖v − π t
qv‖L2(a,b) � (b − a)s

qs
|v|Hs (a,b) , (5.4a)

‖v − π t
qv‖H1(a,b) � q2

(b − a)
‖v‖L2(a,b), (5.4b)

‖v − π t
qv‖L2(a,b) � (b − a)

1
2 ‖v‖L∞(a,b), (5.4c)

|π t
qv(a)| + |π t

qv(b)| � q

(b − a)
1
2

‖v‖L2(a,b), (5.4d)

|(v − π t
qv)(a)| + |(v − π t

qv)(b)| � (b − a)s− 1
2

qs− 1
2

|v|Hs (a,b) , (5.4e)

where s = min{q + 1, s}.
Let q be an integer with q ≥ 1. Themultiplicative trace inequality in one dimension reads:

|v(a)|2 + |v(b)|2 ≤ (b − a)−1‖v‖2L2(a,b) + 2‖v‖L2(a,b)‖v′‖L2(a,b) ∀v ∈ H1(a, b),

which, together with the Young inequality, implies

|v(a)|2 + |v(b)|2 ≤ q + 1

b − a
‖v‖2L2(a,b) + b − a

2q
‖v′‖2L2(a,b) ∀v ∈ H1(a, b). (5.5)

Theorem 5.4 (Error estimates in the energy norms) Let V p(Th) be chosen as in (5.1),
and M p(Th) be such that Assumption 2.1 holds. Let also Assumptions 3.9 and 5.1 on the
space–time mesh Th be satisfied, and the stabilization function ηF be given by (3.10). Assume
that the exact solution u to the continuous weak formulation (1.3) satisfies: u ∈ X, and, for
each K = Kx × Kt ∈ Th, u|K belongs to

L2(Kt ; HlK (Kx)) ∩ H1(Kt ; HlK−1(Kx)) ∩ HsK (Kt ; L2(Kx)) ∩ HsK−1(Kt ; H1(Kx))

∩ HϑK (Kt ; H2(Kx)),

where sK > 3/2, lK > 3/2, and ϑK = max{sK − 2, 0}. Let uh ∈ V p(Th) be the solution to
the space–time LDG formulation (2.6). Then, the following estimates hold:

|||u − uh |||2LDG,N �
∑
K∈Th

h2�K−2
Kx

p2lK−3
K

AK +
∑
K∈Th

h2sK−2
Kt

p2sK−3
K

BK , (5.6)
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|||u − uh |||2
LDG+ �

∑
K∈Th

h2�K−2
Kx

p2lK−3
K

CK +
∑
K∈Th

h2sK−2
Kt

p2sK−3
K

DK , (5.7)

where �K := min{p
K

+ 1, lK } and sK := min{p
K

+ 1, sK } for all K ∈ Th, and

AK :=
(

1

p
K

+ h2Kx

hKt
p2
K

+ p̂2K
p2
K

· h2Kx

hKt
ĥKt

+ ( max
F∈F time

K

ηF
)hKx

p2
K

)
‖Exu‖2

L2(Kt ;HlK (Kx))

+
(

1

p
K

+ hKt

p2
K

+ p̂2K
p2
K

· hKt

ĥKt

)
‖Exu‖2

H1(Kt ;HlK −1(Kx))

+
(

1

p
K

+ 1

p2
K

)
‖Ex∇xu‖2

L2(Kt ;HlK −1(Kx)d )
,

BK :=
(
hKt

p2
K

+ 1

p
K

+ hKt

ĥKt

· p̂2K
p2
K

+ ( max
F∈F time

K

ηF
) h2

Kt

hKx p
2
K

)
‖u‖2HsK (Kt ;L2(Kx))

+
(

1

p
K

+ ( max
F∈F time

K

ηF
)hKx

p2
K

+ 1

p2
K

)
‖u‖2

HsK −1(Kt ;H1(Kx))

+
(

h2Kx

hKt
p2
K

+ h2Kx

h2
Kt
p
K

)
‖Exu‖2

HsK −1(Kt ;H1(Kx))

+ h2Kx
h2θK
Kt

h2sK−2
Kt

·
p2sK−3
K

p2ϑK+3
K

‖u‖2
HϑK (Kt ;H2(Kx))

,

CK :=
(

1

p
K

+ h2Kx

hKt
p2
K

+ ( max
F∈F time

K

ηF
)hKx

p2
K

+ h2Kx

ĥKt

· p̂2K
p3
K

)
‖Exu‖2

L2(Kt ;HlK (Kx))

+
(
hKt

p3
K

+ hKt

p2
K

)
‖Exu‖2

H1(Kt ;HlK −1(Kx))
+
(

1

p
K

+ 1

p2
K

)
‖Ex∇xu‖2

L2(Kt ;HlK −1(Kx)d )
,

DK :=
(
hKt

p2
K

+ 1

p
K

+ ( max
F∈F time

K

ηF
) h2

Kt

hKx p
2
K

+ h2
Kt

ĥKt

· p̂2K
p3
K

+ hKt

p3
K

)
‖u‖2HsK (Kt ;L2(Kx))

+
(

1

p
K

+ ( max
F∈F time

K

ηF
)hKx

p2
K

+ 1

p2
K

)
‖u‖2

HsK −1(Kt ;H1(Kx))

+
(

h2Kx

hKt
p2
K

+ h2Kx

hKt
p3
K

)
‖Exu‖2

HsK −1(Kt ;H1(Kx))

+ h2Kx
h2θK
Kt

h2sK−2
Kt

·
p2sK−3
K

p2ϑK+3
K

‖u‖2
HϑK (Kt ;H2(Kx))

,

with θK := min{p
K

+ 1, ϑK }.

Proof For the sake of clarity, we postpone the proof of this theorem to Appendix B.1. ��
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Remark 5.5 (Conditions on the mesh and the degree vector) The error estimate (5.6) in the
norm ||| · |||LDG,N suggests the need of the following local quasi-uniformity conditions:

p
K

� pK ′ , hKt
� hK ′

t
, hKx � hK ′

x
for all K , K ′ ∈ Th sharing a time-like facet,

(5.8)
and the orthotropic scaling

hKt
� hKx ∀K = Kx × Kt ∈ Th . (5.9)

On the other hand, the error estimate (5.7) in the norm ||| · |||
LDG+ suggests that the

orthotropic scaling (5.9) can be relaxed to

h2Kx
� hKt

� hKx ∀K = Kx × Kt ∈ Th, (5.10)

as the last two terms on the right-hand side of (5.7) can be improved by requiring some extra
regularity on the continuous solution u.

In the absence of hanging time-like facets, the condition h2Kx
� hKt

in (5.10) can be
further relaxed using the analysis in [22, §5.2], which is based on some composed lifting and
projection operators. Moreover, the condition hKt

� hKx in (5.10) is a consequence of the
fact that, for non-uniform degrees of approximation or meshes with hanging time-like facets,
it does not hold that [[π t

pv]]N = 0 on F time
h .

Corollary 5.6 Let the hypotheses of Theorem 5.4 hold and assume also uniform elemental
polynomial degrees pK = p ≥ 1 for all K ∈ Th, the local quasi-uniformity condi-
tion (5.8), and the orthotropic scaling (5.9). If the continuous solution u to (1.3) belongs
to L2(0, T ; Hl(�)) ∩ H1(0, T ; Hl−1(�)) ∩ Hs(0, T ; L2(�)) ∩ Hs−1(0, T ; H1(�)) ∩
Hmax{s−2,0}(0, T ; H2(�)) for s > 3/2 and l > 3/2, then the following estimates hold:

|||u − uh |||LDG,N � h�−1

pl− 3
2

(‖u‖L2(0,T ;Hl (�)) + ‖u‖H1(0,T ;Hl−1(�))

)

+ hs−1

ps− 3
2

(‖u‖Hs (0,T ;L2(�)) + ‖u‖Hs−1(0,T ;H1(�)) + ‖u‖Hϑ (0,T ;H2(�))

)
,

|||u − uh |||LDG+ � h�−1

pl− 3
2

(‖u‖L2(0,T ;Hl (�)) + ‖u‖H1(0,T ;Hl−1(�))

)

+ hs−1

ps− 3
2

(‖u‖Hs (0,T ;L2(�)) + ‖u‖Hs−1(0,T ;H1(�)) + ‖u‖Hϑ (0,T ;H2(�))

)
,

where h = maxK∈Th hK , s = min{p + 1, s}, � = min{p + 1, l}, and ϑ = max{s − 2, 0}.

5.2 Standard Polynomials

We now consider the following piecewise polynomial space:

V pK (K ) = P
p
K (K ) ∀K ∈ Th . (5.11)

In order to derive a priori error estimates for the standard polynomial space in (5.11), we
assume that the elements in the family {Th}h>0 of space–time meshes satisfy the orthotropic
relation (5.9).
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Assumption 5.7 (Orthotropic space–time elements) The family {Th}h>0 of prismatic space–
time meshes satisfies

hKx � hKt
,

uniformly for all K ∈ Th .

We denote by E the space–time version in [9, Thm. 5.4] of the Stein’s extension operator.
Moreover, in next Lemma, we recall the approximation results from [9, Lemma 5.5].

Lemma 5.8 (Estimates of �̃) Let Assumptions 3.9, 5.1, and 5.7 hold. Let also Th ∈ {Th}h>0

and T # be its corresponding covering from Assumption 5.1. For any K ∈ Th and v|K ∈
HlK (K ) (lK > 1

2 ), there exists �̃v|K ∈ P
p
K (K ), such that

‖v − �̃v‖Hq (K ) �
h�K−q
K

plK−q
K

‖Ev‖HlK (K) for all 0 ≤ q ≤ lK ,

‖v − �̃v‖L2(∂K ) �
h

�K− 1
2

K

plK− 1
2

K

‖Ev‖HlK (K),

where �K = min{p
K

+ 1, lK }.
Theorem 5.9 (Error estimates in the energy norms) Let V p(Th) be chosen as in (5.11),
and M p(Th) be such that Assumption 2.1 holds. Let also Assumptions 3.9, 5.1, and 5.7 on
the space–time mesh Th be satisfied, and the stabilization function ηF be given by (3.10).
Assume that the exact solution u to the continuous weak formulation (1.3) satisfies: u ∈ X
and u|K ∈ HlK (K ) (lK > 3/2), for each K ∈ Th, and let uh ∈ V p(Th) be the solution to the
space–time LDG formulation (2.6). Then, the following estimates hold:

|||u − uh |||2LDG,N �
∑
K∈Th

h2�K−2
K

p2lK−3
K

GK , (5.12)

|||u − uh |||2
LDG+ �

∑
K∈Th

h2�K−2
K

p2lK−3
K

HK , (5.13)

where �K := min{p
K

+ 1, lK } for each K ∈ Th, and

GK :=
⎛
⎝hK p−2

K
+ p−1

K
+ (hK /ĥKt )( p̂

2
K /p2

K
) + ( max

F∈F time
K

ηF
) hK
p2
K

⎞
⎠ ‖Eu‖2

HlK (K)

+
(

1

pK
+ 1

p3
K

)
‖E∇xu‖2

HlK −1(K)d
,

HK :=
⎛
⎝hK p−2

K
+ p−1

K
+ ( max

F∈F time
K

ηF
) hK
p2
K

+ p−3
K

+ hK p−3
K

+ (h2K /ĥKt )( p̂
2
K /p3

K
)

⎞
⎠ ‖Eu‖2

HlK (K)

+
(

1

pK
+ 1

p3
K

)
‖E∇xu‖2

HlK −1(K)d
.

Proof We postpone the proof of this theorem to Appendix B.2. ��
Corollary 5.10 Let the hypotheses of Theorem 5.9 hold and assume also uniform elemental
polynomial degrees pK = p ≥ 1 for all K ∈ Th, the local quasi-uniformity condition (5.8),
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and the orthotropic scaling (5.9). If the continuous solution u to (1.3) belongs to Hl(QT )

for l > 3/2, then the following estimates hold:

|||u − uh |||LDG,N � h�−1

pl− 3
2

‖u‖Hl (QT ),

|||u − uh |||LDG+ � h�−1

pl− 3
2

‖u‖Hl (QT ),

where h = maxK∈Th hK and � = min{p + 1, l}.

Remark 5.11 (Exponential convergence) Unfortunately, the use of the Stein extension oper-
ator E in the error analysis above prevents the proof of exponential convergence for
the hp-version of the method, as the hidden constant in (5.2) depends in an unknown (and
possibly bad) way on the Sobolev index �.

5.3 Quasi-Trefftz Polynomials

We consider a fixed polynomial degree p ∈ N. For each K ∈ Th , given (xK , tK ) ∈ K , we
define the polynomial quasi-Trefftz space for the homogeneous equation Hu := ∂t u − ∇x ·
(κ∇xu) = 0 in K as

V pK (K ) = QT
p(K ) := {v ∈ P

p(K ) : D(ix,it )Hv(xK , tK ) = 0 ∀(ix, it ) ∈ N
d+1
0 , |ix| + it ≤ p − 2

}
,

(5.14)
where the multi-index derivative D ix,it w := ∂

i1
x1 . . . ∂

id
xd ∂

it
t w. The quasi-Trefftz space does

not satisfy the inclusion condition in Assumption 3.1.
The basis functions for the spaceQTp(K ) can be constructed as discussed in [34, §2.4].We

briefly summarize the recursive procedure to compute the coefficients of the basis functions
in Appendix A. The dimension of the quasi-Trefftz space is given by

dim(QTp(K )) =
(
p + d

d

)
+
(
p − 1 + d

d

)
, (5.15)

which, for large p, behaves like pd , whereas dim(Pp(K )) ≈ pd+1 and dim(P
p
⊗(K )) ≈ pd+1.

This represents a significant reduction of the total number of degrees of freedom.
Additionally, the quasi-Trefftz method can handle nonhomogeneous source term f by

constructing an element-wise approximate particular solution uh, f and homogenizing the
system, see [34, §5] for more details.

Wemake the following stronger assumption on themeshTh ,which impliesAssumption 3.9
(see [9, Rem. 2.2]).

Assumption 5.12 (Uniform star-shapedness) There exists 0 < ρ ≤ 1 independent of h such
that each element K ∈ Th is star-shaped with respect to the ball centered at (xK , tK ) ∈ K
and with radius ρhK .

The approximation properties of the spaceQTp(K ) come from the fact that it is defined so
that the Taylor polynomial of order p+1 (and degree p) centered at (xK , tK ) of the continuous
solution u, which we denote by T p+1

(xK ,tK )u, belongs to QT
p(K ); see [34, Thm. 2.4] and [29,

Prop. 4]. More precisely, if Assumption 5.12 holds, and u ∈ C p+1(K ) for each K ∈ Th , then
(see, e.g., [8, Cor. 3.19])
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inf
P∈QTp(K )

|u − P|Cq (K ) ≤ |u − T p+1
(xK ,tK )[u]|Cq (K ) �p h p+1−q

K |u|C p+1(K ) ∀q ∈ N0, q ≤ p.

(5.16)

Theorem 5.13 (Error estimate in the norm ||| · |||LDG,N ) Given p ∈ N with p ≥ 1, let u ∈ X
be the continuous solution to (1.3) and uh ∈ QT

p(Th) + uh, f be the solution to the LDG
method (2.3) with V pK (K ) as in (5.14) and M pK (K ) such that Assumption 2.1 holds. Let
also the stabilization function ηF be given by (3.10). Under Assumption 5.12, the local quasi-
uniformity conditions in (5.8), and the orthotropic scaling in (5.9), if u|K ∈ C p+1(K ) for
all K ∈ Th, then

|||u − uh |||2LDG,N �p

∑
K∈Th

h2pK |u|2C p+1(K )
, (5.17)

where the hidden constant may also depend on the maximum number of time-like facets of
the elements in Th.

Proof The proof of this theorem is postponed to Appendix B.3. ��

5.4 Embedded Trefftz Polynomials

The embedded Trefftz method, introduced in [40], circumvents the explicit construction of
Trefftz basis functions by embedding the Trefftz space into some standard polynomial space.
The construction of the embedding relies on solving a small element-wise singular value
problem. The method can also handle nonhomogeneous source terms f by constructing an
element-wise particular solution using the pseudo-inverse of the already computed singular
value problem. Compared to the quasi-Trefftz space considered in the previous section, no
Taylor expansion of the coefficients or of the source term is needed.

Via the embedded procedure, the discrete space V pK (K ) is chosen as a weak Trefftz space
as follows:

V pK (K ) = ET
p(K ) := {v ∈ P

p(K ) : �p−2(Hv) = 0 in K }, (5.18)

where �p−2 is the L2(K )-orthogonal projection operator in the space Pp−2(K ), andH is as
in the previous section.

The choice of the projection operator is crucial for the approximation properties of the
embeddedTrefftz space.Different choices for this operator have been discussed in [32, Ch. 3].
The choice made here is heuristic; however, in the numerical results in Section 6 below, we
observe optimal convergence rates and the same reduction of the number of degrees of
freedom as for the quasi-Trefftz space, i.e., the same space dimension for ETp(K ) as given
in (5.15). Deriving approximation properties for embedded Trefftz spaces is a nontrivial and
problem-dependent task; see, e.g.,[39, 43].

6 Numerical Results

In this section, we present some numerical experiments in (1 + 1) and (2 + 1) dimensions
to validate the theoretical results and assess numerically some additional features of the
proposed method. Some implementation details are given in Section 6.1. In Section 6.2, we
study numerically the condition number of the stiffness matrix. The accuracy of the method
is tested in Sections 6.3 and 6.4 for smooth and singular solution, respectively.
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The LDG scheme has been implemented using NGSolve [48] and NGSTrefftz [55].2

In all the numerical experiments below, the stabilization parameter η� is set to 10−1 and the
weight parameter αF is set to 1/2 for all the time-like facets.

6.1 Implementation Details

We denote by Mt , D, B, and Su the matrices associated with the bilinear forms mt
h(·, ·),

dh(·, ·), bh(·, ·), suh (·, ·), respectively. We also denote by bq , bu the vectors associated with
the linear functionals �

q
h(·) and �uh(·), respectively. The variational problem (2.3) can be

written in matrix form as

DQh − BUh = bq ,

(Mt + Su)Uh + BT Qh = bu .

The equivalent matrix formulation of the reduced variational formulation (2.6) reads

(Mt + A)Uh = bu − BT D−1bq , (6.1)

where A = Su + BT D−1B and B := Mt + A are the matrix representation of the bilinear
forms Ah(·, ·) and Bh(·, ·), respectively.
Remark 6.1 (Implicit time-stepping through time-slabs) If themesh elements canbe collected
in N time-slabs, i.e., sets of the form Qn := �×(tn−1, tn)with 0 = t0 < t1 < · · · < tN = T ,
then, the structure of the terms on the space-like facets resulting from the use of upwind
numerical fluxes in the variational formulation (2.6) allows us to compute the discrete solution
on the time-slab Qn from the discrete solution on the previous time-slab Qn−1. Hence, the
global linear system (6.1) can be solved as a sequence of N smaller linear systems of the
form A(n)U (n)

h = l(n) for 1 ≤ n ≤ N , where l(n) = B(n)U (n−1)
h for 2 ≤ n ≤ N . This is

equivalent to an implicit time-stepping through time-slabs.

6.2 Conditioning

We first study numerically the condition number of the stiffness matrix. To do so, we con-
sider the model problem (1.2) in (1 + 1) dimensions with homogeneous Dirichlet boundary
conditions (gD = 0) and κ = 1 on the space–time domain QT = (0, 1)2.

We compute the 2-condition number of the stiffness matrix defined in Remark 6.1 (which
in this case is the same for all time slabs) for a sequence of meshes with uniform distributions
along the space and time directions and hKt

= hKx = 2−i , i = 0, . . . , 6, and uniform polyno-
mial degrees p = 2, 3, 4. The results are shown in Figure 3, where we observe an asymptotic
growingbehavior of orderO(h−1) for all four discrete spaces andpolynomial degrees. Similar
results were obtained for a space–time DG discretization of the linear Schrödinger equation
in [30, §4].

Wehave employedLegendre bases for the tensor-product space. Since the use ofmonomial
bases for standard and quasi-Trefftz polynomials leads to ill-conditioned stiffness matrices,
we applied a Gram–Schmidt orthogonalization procedure to improve their conditioning. As
for the embedded Trefftz space, the orthogonal embedding used in its construction ensures
that the condition number cannot exceed that for the underlying polynomial space (see [40,
Lemma 1]).

2 Reproduction material is available in [31].
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Fig. 3 Condition number of the stiffness matrix in (1 + 1) dimensions for the four discrete spaces presented
in Section 5. The numbers in the yellow boxes are the empirical algebraic rates

6.3 Smooth Solution

We now focus on the convergence of the method. We consider the (2 + 1)-dimensional
problem (1.2) with κ = Id2 on the space–time domain QT = (0, 1)2 × (0, 1). We consider
homogeneous boundary conditions (gD = 0), and set the initial condition u0 and the source
term f such that the exact solution u to (1.2) is given by

u(x, y, t) = e−t sin(πx) sin(π y) in (0, 1)2 × (0, 1). (6.2)

We consider the four discrete spaces presented in Section 5, i.e., the tensor-product, stan-
dard, quasi-Trefftz, and embedded Trefftz polynomial spaces. The numerical results obtained
are compared in terms of h-convergence (Section 6.3.1) and p-convergence (Section 6.3.2).

6.3.1 h-Convergence

We consider a uniform degree distribution with p = 2, 3, 4, a sequence of unstructured
simplicial meshes in space, and uniform partitions along the time direction with ht � hx.

In Figure 4, we show the errors obtained for the four discrete spaces presented in Section 5.
We observe convergence rates of order O(h p) for the error in the energy norms ||| · |||LDG,N
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Fig. 4 h-convergence for the (2+1)-dimensional problemwith exact solution u in (6.2). The error is measured
in the norms ||| · |||

LDG,N , ||| · |||
LDG+ , and ‖ · ‖L2(QT ), in the corresponding rows. The columns correspond

to polynomial degree p = 2, 3, 4. The numbers in the yellow boxes are the empirical algebraic convergence
rates corresponding to the embedded Trefftz space

and ||| · |||
LDG+ , and of order O(h p+1) for the error in the L2(QT ) norm for all the discrete

spaces. Although the tensor-product and the standard polynomial spaces are richer, no sig-
nificant loss of accuracy is observed for the quasi-Trefftz and the embedded Trefftz spaces.
Moreover, the advantages of the Trefftz-type spaces are shown in Section 6.3.2, where the
error is compared in terms of the total number of degrees of freedom.

6.3.2 p-Convergence

We now study the p-version of the method, i.e., when increasing the polynomial degree p
for a fixed space–time mesh. We denote by NDoFs the total number of degrees of freedom.

In Figure 5, we compare the errors obtained with the four choices of the discrete
space V p(Th) analyzed in Section 5, for a coarse space–time mesh and p = 2, . . . , 6.
We see that the quasi-Trefftz and the embedded Trefftz versions of the method lead to a
higher accuracy for comparable number of degrees of freedom, especially for high polyno-
mial degrees p. Moreover, we observe exponential decay of the error of orderO(e−b

√
NDoFs)

for the quasi-Trefftz and embedded Trefftz polynomial spaces, whereas only exponential
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Fig. 5 p-convergence in the norms ‖ · ‖
LDG,N (left panel), ‖ · ‖

LDG+ (central panel), and ‖ · ‖L2(QT ) (right

panel) for the (2 + 1)-dimensional problem with exact solution u in (6.2)

decay of the error of orderO(e−c 3√NDoFs) is expected for the tensor-product and the standard
polynomial spaces.

6.4 Singular Solutions

In this section, we study the convergence of the h- and hp-versions of the method for singular
solutions. In Section 6.4, we consider a (2 + 1)-dimensional problem with an initial layer,
and, in Section 6.4.2, we consider a (1 + 1)-dimensional problem with incompatible initial
and boundary conditions.

6.4.1 Singularity at Initial Time

First, we consider the numerical experiment in [9, §6.2], where the exact solution has an
initial layer. Let the space–time cylinder QT = (0, 1)2 × (0, 0.1), κ = Id2, gD = 0, and u0
and f be such that the exact solution u to (1.2) is given by

u(x, y, t) = tα sin(πx) sin(π y) (α = 0.75), (6.3)

which belongs to the space H5/4−ε(0, T ;C∞(�)) for all ε > 0.
For the h-version of the method, we consider a uniform degree distribution with p = 2,

a sequence of unstructured simplicial meshes in space, and uniform partitions along the
time direction with ht � hx. As for the hp-version of the method, we employ a refinement
strategy similar to the one used in [9, Example 2]. We first define a class of temporal meshes
with tn = σ N−n × 0.1, n = 1, . . . , N , geometrically graded towards t0 = 0 with mesh
grading factor 0 < σ < 1. Let μ be a polynomial order factor, we consider temporally
varying polynomial degrees, starting from p = 2 on the elements belonging to the initial
time slab Q1 = � × (0, t1), and linearly increasing p when moving away from t = 0,
according to p

K
= �μ(n + 1)� for the elements K ∈ Th that belong to the time slab

Qn = � × (tn−1, tn) for n = 2, . . . , N . We choose σ = 0.25, μ = 1, and a fixed spatial
mesh with hx ≈ 0.25. The results obtained with the h- and hp-versions of the method are
shown in Figure 6. The h-version of the method exhibits only an algebraic decay of the error,
whereas exponential decay with respect to the fourth root of the total number of degrees of
freedom is observed for the hp-version of themethod. No significant differences are observed
between the four choices of discrete spaces.
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Fig. 6 h-convergence with
polynomial degree p = 2 (dashed
lines) and hp-convergence
(continuous lines) of the method
in the norm ‖ · ‖L2(QT ) for
the (2 + 1)-dimensional problem
with exact solution u in (6.3)

6.4.2 Singularity at the Interface of the Initial and Boundary Conditions

We now consider the numerical experiment in [49, §7.1] (see also [27, §5.4.1] and [28, §4]),
a problem with incompatible initial and boundary conditions. We consider the heat equa-
tion (1.2) in the space–time domain QT = (0, 1) × (0, 1) with κ = 1 and zero source
term ( f = 0). For the initial condition u0 = 1 and homogeneous Dirichlet boundary condi-
tions (gD = 0), the exact solution u can be represented by the following Fourier series:

u(x, t) =
∞∑
n=0

4

(2n + 1)π
sin((2n + 1)πx) exp(−(2n + 1)2π2t). (6.4)

The above function u belongs to the space L2(0, T ; H3/2−ε(�) ∩ H1
0 (�)) ∩ H3/4−ε(0, T ;

L2(�)) for all ε > 0, and its time derivative ∂xu belongs to L2(0, T ; H1/2−ε(�)) ∩
H1/4−ε(0, T ; L2(�)) for all ε > 0. The series is truncated at n = 500 for the computa-
tion of the error.

For the h-version of the method, we consider a mesh sequence with uniform partitions
along the space and time directions and hKt

= hKx = 2−i , i = 2, . . . , 8, and uniform
polynomial degree p = 2. In Figure 7, we observe convergence rates of order O(h1/4) for
the error in the norm ‖ · ‖LDG , and of order O(h3/4) for the error in the norm ‖ · ‖L2(QT ),
which are in agreement with the regularity of u and ∂xu.

As for the hp-version of the method, we employ the refinement strategy in [28, §4.2]. We
consider a sequence of space–time meshes geometrically graded towards x = 0, x = 1 and
t = 0 with grading factors σx = σt = 0.35. For a given number of N time slabs we set
tn = σ N−n

t , for n = 1, . . . , N , and compute until final time tN = 1. Furthermore, we linearly
increase the polynomial degrees when moving away from t = 0. For the elements K ∈ Th
that belong to the time slab Qn = � × (tn−1, tn) we set p

K
= n + 1, for n = 1, . . . , N .

The results obtained with the h- and hp-version of the method are presented in Figure 8. The
h-version of the method exhibits an algebraic decay of the error, whereas exponential decay
of the errors is observed for the hp-version with respect to the cubic root of the total number
of degrees of freedom. As for the numerical experiment in Section 6.4.1, no significant
differences are observed for the four choices of discrete spaces.
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Fig. 7 h-convergence of themethod in the norms |||·|||LDG and ‖·‖L2(QT ) for the (1+1)-dimensional problem
with exact solution u in (6.4). The numbers in the yellow boxes are the empirical algebraic convergence rates

Fig. 8 h-convergence with
polynomial degree p = 2 (dashed
lines) and hp-convergence
(continuous lines) of the method
in the norm ‖ · ‖L2(QT ) for
the (1 + 1)-dimensional problem
with exact solution u in (6.4)

7 Conclusions

We introduced a space–time Local Discontinuous Galerkin method for the discretization of
the heat equation. The method is well posed in any space dimension d ∈ {1, 2, 3} for very
general prismatic space–time meshes and discrete spaces, even if polynomial inverse esti-
mates are not available. Moreover, for piecewise polynomial spaces satisfying an additional
mild condition, we showed an inf-sup condition that provides an additional control of the
time derivative of the discrete solution. We have also derived hp-a priori error bounds in
some energy norms, and proven hp-error estimates for standard and tensor-product poly-
nomial spaces, and h-error estimates for quasi-Trefftz spaces. In the numerical experiments
presented, we have observed optimal convergence rates of order O(h p) for the error in the
energy norms, and of order O(h p+1) for the error in the L2(QT ) norm for the four choices
of discrete spaces presented: tensor-product, standard, quasi-Trefftz, and embedded Trefftz
polynomial spaces. The two latter spaces allow for a significant reduction of the number of
degrees of freedom. We also have assessed the performance of the hp-version of the method
for some singular solutions.
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A Construction of Quasi-Trefftz Basis

Wedescribe the explicit construction of a basis for the polynomial quasi-Trefftz space defined
in (5.14). For simplicity, we consider the case κ = κId, for a strictly positive κ ∈ R, i.e., for
the equation ∂tv − κ�xv = 0.

For all (ix, it ) ∈ N
d+1
0 such that |ix| + it ≤ p − 2, we have

D(ix,it )(∂tv − κ�xv) = D(ix,it )

⎛
⎝D(0,1)v − κ

d∑
j=1

D(2e j ,0)v

⎞
⎠ = D(ix,it+1)v

−κ

d∑
j=1

D(ix+2e j ,it )v. (A.1)

Since each function v ∈ QT
p(K ) is a polynomial of degree at most p, it can be expressed

as a linear combination of scaled monomials centred at (xK , tK ) ∈ K as follows:

v(x, t) =
∑

( jx, jt )∈Nd+1
0 ,

| jx|+ jt≤p

a( jx, jt )

(
x − xK
hKx

) jx
(
t − tK
hKt

) jt

. (A.2)

Evaluating (A.1) in (xK , tK ) and using that D( jx, jt )v(xK , tK ) = a( jx, jt )
jx! jt !

h
| jx |
Kx

h jt
Kt

, we obtain

D(ix,it )(∂tv − κ�xv)(xK , tK ) =D(ix,it+1)v(xK , tK ) − κ

d∑
j=1

D(ix+2e j ,it )v(xK , tK )

=a(ix,it+1)
ix!(it + 1)!
h|ix|
Kx

hit+1
Kt

− κ

d∑
j=1

a(ix+2e j ,it )
(ix + 2e j )!it !
h|ix|+2
Kx

hitKt
.

Using the condition D(ix,it )Hv(xK , tK ) = 0 for all |ix| + it ≤ p − 2 in (5.14), from the
above expression we can compute the term a(ix+2e1,it ) as follows:

a(ix+2e1,it ) = h|ix |+2
Kx

hitKt
(ix + 2e1)!it !

(
1

κ
a(ix,it+1)

ix!(it + 1)!
h|ix |
Kx

hit+1
Kt

−
d∑
j=2

a(ix+2e j ,it )
(ix + 2e j )!it !
h|ix |+2
Kx

hitKt

)

= 1

(i (1)x + 2)(i (1)x + 1)

(
1

κ
a(ix,it+1)

h2Kx
(it + 1)

hKt

−
d∑
j=2

a(ix+2e j ,it )(i
( j)
x + 2)(i ( j)x + 1)

)
.

Therefore, any polynomial in the quasi-Trefftz space is uniquely determined by its values,
and the values of the first-order partial derivatives ∂x1 at the point (xK , tK ).

Given {ψα}
α=1,...,(p+d

d )
and {φβ}

β=1,...,(p−1+d
d )

bases of Pp(Rd) and P
p−1(Rd), respec-

tively, we define the following quasi-Trefftz functions:
⎧⎨
⎩bJ ∈ QT

p(K )

∣∣∣∣
bJ (x(1)

K , ·) = ψJ and ∂x1bJ (x(1)
K , ·) = 0 for 1 ≤ J ≤ (p+d

d

)
,

bJ (x(1)
K , ·) = 0 and ∂x1bJ (x(1)

K , ·) = φ
J−(

p+d
d )

for
(p+d

d

)
< J ≤ (p+d

d

)+ (p−1+d
d

)
.

⎫⎬
⎭ .

It can be proven that this set of functions forms a basis for the space QTp(K ) (see e.g. [29,
Prop. 5], [34, Prop. 2.6]).
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B Proofs of the a priori Error Estimats

B.1 Proof of Theorem 5.4 for the Tensor-Product Polynomial Space

Proof of (5.6). We denote by ∂t,h(·) the broken first-order time derivative operator. The a
priori error bound (4.3a), together with the definition in (3.7) of the norm ||| · |||LDG,N , the
bound in Lemma 4.3 for the lifting operator Lh , the bound in Proposition 4.5 for the discrete
Newton potential Nh(·), and the inconsistency bound in Lemma 4.2, gives

|||u − uh |||LDG,N � |u − vh |J + ‖∇x,h(u − vh)‖L2(QT ) + ‖∂t,h(u − vh)‖L2(QT )

+ ‖[[λ− 1
2

h (u − vh)]]t‖L2(F space
h )

+ ‖λ− 1
2

h (u − vh)‖L2(F0
h )

+ ‖η
1
2
F [[u − vh ]]N‖L2(F time

h )d
+ ‖η

1
2
F (u − vh)‖L2(FD

h )

+ ‖η− 1
2

F {{κ(∇x,hu − �0∇x,hu)}}1−αF ‖L2(F time
h )d

+ ‖η− 1
2

F κ(∇x,hu − �0∇x,hu) · nx�‖L2(FD
h )

=: I1 + I2 + I3 + I4 + I5 + I6 + I7 + I8 + I9∀vh ∈ V p(Th). (B.1)

Let vh ∈ V p(Th) be defined as

vh |K = π t
p
K

�̃xu|K ∀K ∈ Th .

We now bound each term {Ii }9i=1 on the right-hand side of (B.1).
Using the triangle inequality, the trace inequality (5.5), estimates (5.3a) and (5.3b) for �̃x,

and estimate (5.4a) for π t
p
K
, we get

I21 = ∣∣u − vh
∣∣2
J

= 1

2

(‖u − vh‖2
L2(FT

h )
+ ‖[[u − vh ]]t ‖2

L2(Fspace
h )

+ ‖u − vh‖2
L2(F0

h )

)

�
∑

K∈Th

∑
F∈Fspace

K

‖u − π t
p
K

�̃xu‖2
L2(F)

�
∑

K∈Th

( p
K

hKt
‖u − π t

p
K

�̃xu‖2
L2(K )

+
hKt
p
K

‖∂t u − ∂tπ
t
p
K

�̃xu‖2
L2(K )

)

�
∑

K∈Th

( p
K

hKt

(
‖u − �̃xu‖2

L2(K )
+ ‖�̃x(u − π t

p
K

u)‖2
L2(K )

)

+
hKt
p
K

(
‖∂t u − �̃x∂t u‖2

L2(K )
+ ‖�̃x(∂t u − ∂tπ

t
p
K

u)‖2
L2(K )

))

�
∑

K∈Th

( p
K

hKt

(
‖u − �̃xu‖2

L2(K )
+

h2Kx
p2
K

‖Exu − π t
p
K
Exu‖2

L2(Kt ;H1(Kx))
+ ‖u − π t

p
K

u‖2
L2(K )

)

+
hKt
p
K

(
‖∂t u − �̃x∂t u‖2

L2(K )
+

h2Kx
p2
K

‖∂tExu − ∂tπ
t
p
K
Exu‖2

L2(Kt ;H1(Kx))
+ ‖∂t u − ∂tπ

t
p
K

u‖2
L2(K )

))

�
∑

K∈Th

( h
2�K
Kx

hKt
p2lK −1
K

‖Exu‖2
L2(Kt ;HlK (Kx))

+
h2Kx h

2sK −3
Kt

p2sK −1
K

‖Exu‖2
HsK −1(Kt ;H1(Kx))

+
h
2sK −1
Kt

p2sK −1
K

‖u‖2
HsK (Kt ;L2(Kx))

+
hKt

h
2�K −2
Kx

p2lK −1
K

‖Exu‖2
H1(Kt ;HlK −1(Kx))
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+
h2Kx h

2sK −3
Kt

p2sK −1
K

‖Exu‖2
HsK −1(Kt ;H1(Kx))

)
. (B.2)

Using the triangle inequality, estimate (5.4a) for π t
p
K

and its stability properties, and

estimate (5.3a) for �̃x, we obtain

I 22 = ‖∇x,h(u − vh)‖2L2(QT )
=
∑
K∈Th

‖∇x(u − π t
p
K

�̃xu)‖2L2(K )d

�
∑
K∈Th

(‖∇xu − π t
p
K

∇xu‖2L2(K )d
+ ‖π t

p
K

∇x(u − �̃xu)‖2L2(K )d

)

�
∑
K∈Th

(h2sK−2
Kt

p2sK−2
K

‖u‖2
HsK −1(Kt ;H1(Kx))

+ h2�K−2
Kx

p2lK−2
K

‖Exu‖2
L2(Kt ;HlK (Kx))

)
. (B.3)

The third term on the right-hand side of (B.1) can be bounded using the triangle inequality,
estimates (5.3a) and (5.3b) for �̃x, and estimate (5.4a) for π t

p
K
as follows:

I 23 = ‖∂t,h(u − vh)‖2L2(QT )
=
∑
K∈Th

‖∂t (u − π t
p
K

�̃xu)‖2L2(K )

�
∑
K∈Th

(‖∂t u − �̃x∂t u‖2L2(K )
+ ‖�̃x(∂t u − ∂tπ

t
p
K
u)‖2L2(K )

)

�
∑
K∈Th

(
h2�K−2
Kx

p2lK−2
K

‖Exu‖2
H1(Kt ;HlK −1(Kx))

+ h2Kx

p2
K

‖∂tExu − ∂tπ
t
p
K
Exu‖2L2(Kt ;H1(Kx))

+ ‖∂t (u − π t
p
K
u)‖2L2(K )

)

�
∑
K∈Th

(
h2�K−2
Kx

p2lK−2
K

‖Exu‖2
H1(Kt ;HlK −1(Kx))

+ h2Kx
h2sK−4
Kt

p2sK−2
K

‖Exu‖2
HsK −1(Kt ;H1(Kx))

+h2sK−2
Kt

p2sK−2
K

‖u‖2HsK (Kt ;L2(Kx))

)
. (B.4)

Proceeding as for the estimate of I1 in (B.2) and using the definition of λK in (3.11c), we
have

I 24 + I 25 = ‖[[λ− 1
2

h (u − vh)]]t‖2L2(F space
h )

+ ‖λ− 1
2

h (u − vh)‖2
L2(F0

h )

�
∑
K∈Th

∑
F∈F space

K

p̂2K
ĥKt

‖u − π t
p
K

�̃xu‖2
L2(F)

�
∑
K∈Th

p̂2K
ĥKt

⎛
⎝ h

2�K
Kx

hKt
p2lK −1
K

‖Exu‖2
L2(Kt ;HlK (Kx))

+ h2Kx
h
2sK −3
Kt

p2sK −1
K

‖Exu‖2
HsK −1(Kt ;H1(Kx))

+ h
2sK −1
Kt

p2sK −1
K

‖u‖2
HsK (Kt ;L2(Kx))

+ hKt
h
2�K −2
Kx

p2lK −1
K

‖Exu‖2
H1(Kt ;HlK −1(Kx))

+ h2Kx
h
2sK −3
Kt

p2sK −1
K

‖Exu‖2
HsK −1(Kt ;H1(Kx))

⎞
⎠ . (B.5)
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Using the multiplicative trace inequality in (4.5) for continuous functions and the Young
inequality, we deduce that, for all w ∈ L2(Kt ; H1(Kx)) and K ∈ Th , it holds

‖w‖2L2(F)
� |Fx|

|sFxK |

(
p
K
‖w‖2

L2(Ft ;L2(sFxK ))
+ h2Kx

p
K

‖v‖2
L2(Ft ;H1(sFxK ))

)
∀F = Fx×Ft ∈ F time

K ,

(B.6)
where sFxK is as in Assumption 3.9.

Using the triangle inequality, the trace inequality (B.6), Assumption 3.9 on Th , esti-
mate (5.4a) for π t

p
K
and its stability properties, and estimate (5.3a) for �̃x, we get

I 26 + I 27 = ‖η
1
2
F [[u − vh ]]N‖2

L2(F time
h )d

+ ‖η
1
2
F (u − vh)‖2

L2(FD
h )

�
∑
K∈Th

∑
F∈F time

K

ηF
|Fx|
|sFxK |

(
p
K

‖u − π t
p
K

�̃xu‖2
L2(Ft ;L2(sFxK ))

+ h2Kx

p
K

‖∇xu − π t
p
K

∇x�̃
xu‖2

L2(Ft ;L2(sFxK )d )

)

�
∑
K∈Th

(
max

F∈F time
K

ηF

)
1

hKx

(
p
K

‖u − π t
p
K
u‖2

L2(K )
+ p

K
‖u − �̃xu‖2

L2(K )

+ h2Kx

p
K

‖∇xu − π t
p
K

∇xu‖2
L2(K )d

+ h2Kx

p
K

‖∇xu − ∇x�̃
xu‖2

L2(K )d

)

�
∑
K∈Th

(
max

F∈F time
K

ηF

)( h
2sK
Kt

hKx p
2sK −1
K

‖u‖2
HsK (Kt ;L2(Kx))

+ h
2�K −1
Kx

p2lK −1
K

‖Exu‖2
L2(Kt ;HlK (Kx))

+ hKxh
2sK −2
Kt

p2sK −1
K

‖u‖2
HsK −1(Kt ;H1(Kx))

)
. (B.7)

As for the last two terms on the right-hand side of (B.1), we use the triangle inequality,
the trace inequality (B.6), the polynomial trace inequality (3.13), the definition in (3.10) of
the stabilization function ηF , Assumption 3.9 on Th , the stability properties of �0 and π t

p
K
,

estimate (5.3a) for �̃x, and estimate (5.4a) for π t
p
K
to obtain

I 28 + I 29 = ‖η− 1
2

F {{κ(∇x,hu − �0∇x,hu)}}1−αF ‖2
L2(F time

h )d
+ ‖η− 1

2
F κ(∇x,hu − �0∇x,hu)‖2

L2(FD
h )

� ‖η− 1
2

F {{κ(∇x,hu − π t
p
K

�̃x∇x,hu)}}1−αF ‖2
L2(F time

h )d
+ ‖η− 1

2
F κ(∇x,hu − π t

p
K

�̃x∇x,hu)‖2
L2(FD

h )

+ ‖η− 1
2

F {{κ�0(∇x,hu − π t
p
K

�̃x∇x,hu)}}1−αF ‖2
L2(F time

h )d

+ ‖η− 1
2

F κ�0(∇x,hu − π t
p
K

�̃x∇x,hu)‖2
L2(FD

h )

�
∑
K∈Th

∑
F=Fx×Ft∈F time

K

η−1
F ‖∇xu − π t

p
K

�̃x∇xu‖2
L2(F)d

+
∑
K∈Th

∑
F=Fx×Ft∈F time

K

η−1
F

(p
K

+ 1)(p
K

+ d)

d

|Fx|
|sFxK |

‖�0(∇xu − π t
p
K

�̃x∇xu)‖2
L2(Ft ;L2(sFxK )d )

�
∑
K∈Th

∑
F=Fx×Ft∈F time

K

η−1
F

|Fx|
|sFxK |

(
p
K

‖∇xu − π t
p
K

�̃x∇xu‖2
L2(Ft ;L2(sFxK )d )
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+ h2Kx

p
K

‖∇xu − π t
p
K

�̃x∇xu‖2
L2(Ft ;H1(sFxK )d )

)
+
∑
K∈Th

‖�0(∇xu − π t
p
K

�̃x∇xu)‖2
L2(K )d

�
∑
K∈Th

1

p2
K

(
p
K

‖∇xu − π t
p
K

∇xu‖2
L2(K )d

+ p
K

‖∇xu − �̃x∇xu‖2
L2(K )d

+ h2Kx

p
K

‖∇xu − π t
p
K

∇xu‖2
L2(Kt ;H1(Kx)d )

+ h2Kx

p
K

‖∇xu − �̃x∇xu‖2
L2(Kt ;H1(Kx)d )

)

+
∑
K∈Th

(
‖∇xu − π t

p
K

∇xu‖2
L2(K )d

+ ‖∇xu − �̃x∇xu‖2
L2(K )d

)

�
∑
K∈Th

⎛
⎝ h

2sK −2
Kt

p2sK−1
K

‖u‖2
HsK −1(Kt ;H1(Kx))

+ h
2�K −2
Kx

p2lK −1
K

‖Ex∇xu‖2
L2(Kt ;HlK −1(Kx)d )

+ h2Kx
h
2θK
Kt

p2ϑK +3
K

‖u‖2
HϑK (Kt ;H2(Kx))

+ h
2�K −2
Kx

p2lK −1
K

‖Ex∇xu‖2
L2(Kt ;HlK −1(Kx)d )

+ h
2sK−2
Kt

p2sK−2
K

‖u‖2
HsK −1(Kt ;H1(Kx))

+ h
2�K −2
Kx

p2lK −2
K

‖Ex∇xu‖2
L2(Kt ;HlK −1(Kx)d )

⎞
⎠ . (B.8)

Combining estimates (B.2), (B.3), (B.4), (B.5), (B.7), and (B.8) with (B.1), we obtain (5.6).
Proof of (5.7). The a priori error bound (4.3b), together with the definitions in (3.12)
and (3.28a) of the norms ‖ · ‖

LDG+ and ‖ · ‖LDG� , respectively, the bound in Lemma 4.3 for
the lifting operator Lh , and the bound in Lemma 4.2 for the inconsistency termRh(·, ·) gives

|||u − uh |||
LDG+ � |u − vh |J + ‖∇x,h(u − vh)‖L2(QT ) + ‖λ

1
2
h ∂t,h(u − vh)‖L2(QT )

+ ‖λ− 1
2

h (u − vh)‖2
L2(QT )

+ ‖(u − vh)−‖2
L2(F space

h )
+ ‖u − vh‖2

L2(FT
h )

+ ‖η
1
2
F [[u − vh ]]N‖2

L2(F time
h )d

+ ‖η
1
2
F (u − vh)‖2

L2(FD
h )

+ ‖η− 1
2

F {{κ(∇x,hu − �0∇x,hu)}}1−αF ‖L2(F time
h )d

+ ‖η− 1
2

F κ(∇x,hu − �0∇x,hu) · nx�‖L2(FD
h )

=: I1 + I2 + J1 + J2 + J3 + J4 + I6 + I7 + I8 + I9 ∀vh ∈ V p(Th). (B.9)

Let vh ∈ V p(Th) be defined as above.We focus on the new terms {Ji }4i=1 on the right-hand
side of (B.9).

Proceeding as for the estimate in (B.4) of I3, we have

J 21 = ‖λ
1
2
h ∂t,h(u − vh)‖2L2(QT )

�
∑
K∈Th

(
hKt

h2�K−2
Kx

p2lK
K

‖Exu‖2
H1(Kt ;HlK −1(Kx))

+ h2Kx
h2sK−3
Kt

p2sK
K

‖Exu‖2
HsK −1(Kt ;H1(Kx))

+h2sK−1
Kt

p2sK
K

‖u‖2HsK (Kt ;L2(Kx))

)
. (B.10)
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The definition of λK in (3.11c), estimate (5.3a) for �̃x, and estimate (5.4a) for π t
p
K
lead

to

J 22 = ‖λ− 1
2

h (u − vh)‖2L2(QT )

�
∑
K∈Th

p̂2K
ĥKt

(h2sK
Kt

p2sK
K

‖u‖2HsK (Kt ;L2(Kx))
+ h2�KKx

p2lK
K

‖Exu‖2
L2(Kt ;HlK (Kx))

)
. (B.11)

Similarly as for the estimate in (B.2) of I1, we have

J 23 + J 24 = ‖(u − vh)
−‖2

L2(F space
h )

+ ‖u − vh‖2L2(FT
h )

�
∑
K∈Th

( h2�KKx

hKt
p2lK−1
K

‖Exu‖2
L2(Kt ;HlK (Kx))

+ h2Kx
h2sK−3
Kt

p2sK−1
K

‖Exu‖2
HsK −1(Kt ;H1(Kx))

+ h2sK−1
Kt

p2sK−1
K

‖u‖2HsK (Kt ;L2(Kx))
+ hKt

h2�K−2
Kx

p2lK−1
K

‖Exu‖2
H1(Kt ;HlK −1(Kx))

+ h2Kx
h2sK−3
Kt

p2sK−1
K

‖Exu‖2
HsK −1(Kt ;H1(Kx))

)
. (B.12)

The error estimate (5.7) then follows by combining (B.9) with estimates (B.2), (B.3),
(B.7), (B.8), (B.10), (B.11), and (B.12).

B.2 Proof of Theorem 5.9 for the Standard Polynomial Space

Proof of (5.12). Let vh ∈ V p(Th) be defined as vh |K = �̃v|K for all K ∈ Th .
We proceed as in the proof of Theorem 5.4. Therefore, it is enough to bound the

terms {Ii }9i=1 on the right-hand side of (B.1).
Using the approximation results in Lemma 5.8 for �̃, the definition of λK in (3.11c),

Assumption 5.7, and the triangle inequality, we get

I 21 = |u − vh |2J = 1

2

(
‖u − vh‖2L2(FT

h )
+ ‖[[u − vh]]t‖2L2(F space

h )
+ ‖u − vh‖2L2(F0

h )

)

�
∑
K∈Th

∑
F∈F space

K

‖u − �̃u‖2L2(F)
�
∑
K∈Th

h2�K−1
K

p2lK−1
K

‖Eu‖2
HlK (K)

, (B.13)

I 22 + I 23 = ‖∇x,h(u − vh)‖2L2(QT )
+ ‖∂t,h(u − vh)‖2L2(QT )

=
∑
K∈Th

‖u − �̃u‖2H1(K )
�
∑
K∈Th

h2�K−2
K

p2lK−2
K

‖Eu‖2
HlK (K)

, (B.14)

I 24 + I 25 = ‖[[λ− 1
2

h (u − vh)]]t‖2L2(F space
h )

+ ‖λ− 1
2

h (u − vh)‖2L2(F0
h )

�
∑
K∈Th

∑
F∈F space

K

p̂2K
ĥKt

‖u − �̃u‖2L2(F)
�
∑
K∈Th

p̂2K
ĥKt

h2�K−1
K

p2lK−1
K

‖Eu‖2
HlK (K)

, (B.15)

I 26 + I 27 = ‖η
1
2
F [[u − vh]]N‖2

L2(F time
h )d

+ ‖η
1
2
F (u − vh)‖2L2(FD

h )
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�
∑
K∈Th

∑
F∈F time

K

ηF‖u − �̃u‖2L2(F)

�
∑
K∈Th

(
max

F∈F time
K

ηF

)
h2�K−1
K

p2lK−1
K

‖Eu‖2
HlK (K)

. (B.16)

As for the last two terms on the right-hand side of (B.1), we use the triangle inequality,
the trace inequality for simplices in (4.5), the polynomial trace inequality in (3.13), the
definition of the stabilization function ηF in (3.10), Assumptions 3.9 and 5.7 on Th , the fact
that diam(sFxK ) ≤ hKx for all s

Fx
K , the stability properties of �0, and the estimates for �̃ in

Lemma 5.8 to obtain

I28 + I29 = ‖η− 1
2

F {{κ(∇x,hu − �0∇x,hu)}}1−αF ‖2
L2(F time

h )d
+ ‖η− 1

2
F κ(∇x,hu − �0∇x,hu) · nx�‖2

L2(FD
h )

� ‖η− 1
2

F {{κ(∇x,hu − �̃∇x,hu)}}1−αF ‖2
L2(F time

h )d
+ ‖η− 1

2
F κ(∇x,hu − �̃∇x,hu) · nx�‖2

L2(FD
h )
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2

F {{κ�0(∇x,hu − �̃∇x,hu)}}1−αF ‖2
L2(F time

h )d
+ ‖η− 1

2
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L2(FD
h )

�
∑

K∈Th

∑
F=Fx×Ft∈F time

K

η−1
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L2(F)d

+
∑
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F=Fx×Ft∈F time

K

η−1
F

(p
K

+ 1)(p
K

+ d)

d

|Fx|
|sFxK |
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L2(Ft ;L2(sFxK )d )

�
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K∈Th

∑
F=Fx×Ft∈F time
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η−1
F

|Fx|
|sFxK |

(
‖∇xu − �̃∇xu‖2

L2(Ft ;L2(sFxK )d )

+h2Kx‖∇xu − �̃∇xu‖2
L2(Ft ;H1(sFxK )d )

)
+
∑

K∈Th
‖�0(∇xu − �̃∇xu)‖2

L2(K )d

�
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K∈Th

⎛
⎝ 1

p2
K

‖∇xu − �̃∇xu‖2
L2(K )d

+
h2Kx
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K

‖∇xu − �̃∇xu‖2
L2(Kt ;H1(Kx)d )
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L2(K )d

⎞
⎠

�
∑

K∈Th

h
2�K −2
K

p2lK −2
K

⎛
⎝1 + 1

p2
K

⎞
⎠ ‖E∇xu‖2

HlK −1(K)d
. (B.17)

Combining estimates (B.13), (B.14), (B.15), (B.16), and (B.17)with (B.1),weobtain (5.12).
Proof of (5.13). Let vh ∈ V p(Th) be defined as above. As before, we only need to estimate
the terms {Ji }4i=1 on the right-hand side of (B.9).

Using the approximation results in Lemma 5.8 for �̃ and Assumption 5.7, we get

J21 = ‖λ
1
2
h ∂t,h(u − vh)‖2

L2(QT )
�
∑
K∈Th

ĥKt

p̂2K

h
2�K −2
K

p2lK −2
K

‖Eu‖2
HlK (K)

�
∑
K∈Th

h
2�K −1
K

p2lK
K

‖Eu‖2
HlK (K)

,

(B.18)

J22 = ‖λ− 1
2

h (u − vh)‖2
L2(QT )

�
∑
K∈Th

p̂2K
ĥKt

h
2�K
K

p2lK
K

‖Eu‖2
HlK (K)

, (B.19)

J23 + J24 = ‖(u − vh)−‖2
L2(F space

h )
+ ‖u − vh‖2

L2(FT
h )

�
∑
K∈Th

h
2�K −1
K

p2lK −1
K

‖Eu‖2
HlK (K)

. (B.20)

The error estimate (5.13) then follows by combining (B.1) with estimates (B.13), (B.14),
(B.16), (B.17), (B.18), (B.19), and (B.20).
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B.3 Proof of Theorem 5.13 for the Quasi-Trefftz Polynomial Space

Let vh ∈ V p(Th) be defined as vh |K = T p+1
(xK ,tK )[u|K ] for all K ∈ Th . Using the approximation

results in (5.16) for T p+1
(xK ,tK ), the definition of λK in (3.11c), the triangle inequality, the trace

inequalities in [7, Thm. 1.6.6] and [44, Lemma 2], the definition in (3.10) of ηF , the local
quasi-uniformity conditions in (5.8), and the orthotropic scaling in (5.9), we bound the terms
on the right-hand side of (B.1) as follows:
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J

= 1

2

(
‖u − vh‖2

L2(FT
h )

+ ‖[[u − vh]]t‖2L2(F space
h )

+ ‖u − vh‖2
L2(F0

h )

)

�p
∑
K∈Th

(h−1
Kt

‖u − vh‖2L2(K )
+ hKt

‖∂t (u − vh)‖2L2(K )
)

�p
∑
K∈Th

(h2p+1
K |u|2

C p+1(K )
+ h2p+1

K |u|2C p+1(K )
),

I 22 + I 23 = ‖∇x,h(u − vh)‖2L2(QT )
+ ‖∂t,h(u − vh)‖2L2(QT )

=
∑
K∈Th

‖u − vh‖2H1(K )

�p
∑
K∈Th

h2pK ‖u‖2C p+1(K )
,

I 24 + I 25 = ‖[[λ− 1
2

h (u − vh)]]t‖2L2(F space
h )

+ ‖λ− 1
2

h (u − vh)‖2
L2(F0

h )

�p
∑
K∈Th

λ−1
K (h−1

Kt
‖u − vh‖2L2(K )

+ hKt
‖∂t (u − vh)‖2L2(K )

)

�p
∑
K∈Th

h2p+2
K |u|2

C p+1(K )
,

I 26 + I 27 = ‖η
1
2
F [[u − vh]]N‖2

L2(F time
h )d

+ ‖η
1
2
F (u − vh)‖2

L2(FD
h )

�
∑
K∈Th

∑
F∈F time

K

ηF‖u − vh‖2L2(F)

�p
∑
K∈Th

(
max

F∈F time
K

ηF

)
(h−1

Kx
h2p+2
K |u|2

C p+1(K )
+ hKxh

2p
K |u|2C p+1(K )

)

�p
∑
K∈Th

h2pK |u|2C p+1(K )
,

I 28 + I 29 = ‖η− 1
2

F {{κ(∇x,hu − �0∇x,hu)}}1−αF ‖2
L2(F time

h )d

+ ‖η− 1
2

F κ(∇x,hu − �0∇x,hu) · nx�‖2
L2(FD

h )

�
∑
K∈Th

∑
F∈F time

K

η−1
F ‖∇xu − �0∇xu‖2L2(F)d

�p
∑
K∈Th

hKx

(
h−1
Kx

‖∇xu − �0∇xu‖2L2(K )d
+ hKx‖∇xu − �0∇xu‖2L2(Kt ;H1(Kx)d )

)

�p
∑
K∈Th

h2pK |u|2
C p+1(K )

.

123



Journal of Scientific Computing           (2026) 106:22 Page 45 of 47    22 

Therefore, combining the above estimates with (B.1), we obtain (5.17).

Acknowledgements We are grateful to Ilaria Perugia (University of Vienna) for her very valuable suggestions
to improve the presentation of this work, and to Lorenzo Mascotto (University of Milano-Bicocca) for the
helpful discussions on hp-convergence. The first author acknowledges support from the Italian Ministry of
University andResearch through the project PRIN2020 “Advanced polyhedral discretizations of heterogeneous
PDEs for multiphysics problems”, and from the INdAM-GNCS through the project CUP E53C23001670001.
The second author acknowledges support from the PRIN project “ASTICE” (202292JW3F) and from
INdAM-GNCS. This research was funded in part by the Austrian Science Fund (FWF) 10.55776/F65 and
10.55776/ESP4389824. For open access purposes, the authors have applied a CC BY public copyright license
to any author-accepted manuscript version arising from this submission.

Funding Open access funding provided byUniversità degli Studi di Paviawithin the CRUI-CAREAgreement.

Data Availability Reproduction material is available in [31].

Declarations

Conflicts of Interest The authors declare no competing interests.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included in the
article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If material is
not included in the article’s Creative Commons licence and your intended use is not permitted by statutory
regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder.
To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Andreev, R.: Stability of sparse space-time finite element discretizations of linear parabolic evolution
equations. IMA J. Numer. Anal. 33(1), 242–260 (2013)

2. Arnold, D.N., Brezzi, F., Cockburn, B., Marini, L.D.: Unified analysis of discontinuous Galerkin methods
for elliptic problems. SIAM J. Numer. Anal., 39(5):1749–1779, (2001/02)

3. Aziz, A.K., Monk, P.: Continuous finite elements in space and time for the heat equation. Math. Comp.
52(186), 255–274 (1989)

4. Banjai, L., Georgoulis, E.H., Lijoka, O.: A Trefftz polynomial space-time discontinuous Galerkin method
for the second order wave equation. SIAM J. Numer. Anal. 55(1), 63–86 (2017)

5. Barucq, H., Calandra, H., Diaz, J., Shishenina, E.: Space-time Trefftz-DG approximation for elasto-
acoustics. Appl. Anal. 99(5), 747–760 (2020)

6. Bochev, P.B., Gunzburger,M.D.: Finite elementmethods of least-squares type. SIAMRev. 40(4), 789–837
(1998)

7. Brenner, S.C., Scott, L.R.: The mathematical theory of finite element methods. Texts in Applied Mathe-
matics, vol. 15. Springer-Verlag, New York (1994)

8. Callahan, J.J.: Advanced calculus. A geometric view. Undergraduate Texts Math. Springer, Berlin (2010)
9. Cangiani, A., Dong, Z., Georgoulis, E.H.: hp-version space-time discontinuous Galerkin methods for

parabolic problems on prismatic meshes. SIAM J. Sci. Comput. 39(4), A1251–A1279 (2017)
10. Cangiani, A., Dong, Z., Georgoulis, E.H.: hp-version space-time discontinuous Galerkin methods for

parabolic problems on prismatic meshes, (2024). arXiv:1605.01212v3
11. Cangiani, A., Dong, Z., Georgoulis, E.H., Houston, P.: hp-version discontinuous Galerkin methods on

polygonal and polyhedral meshes. SpringerBriefs in Mathematics. Springer, Cham (2017)
12. Canuto, C., Quarteroni, A.: Approximation results for orthogonal polynomials in Sobolev spaces. Math.

Comp. 38(157), 67–86 (1982)
13. Castillo, P.: Performance of discontinuous Galerkin methods for elliptic PDEs. SIAM J. Sci. Comput.

24(2), 524–547 (2002)

123

https://doi.org/10.55776/F65
https://doi.org/10.55776/ESP4389824
http://creativecommons.org/licenses/by/4.0/
http://arxiv.org/abs/1605.01212v3


   22 Page 46 of 47 Journal of Scientific Computing           (2026) 106:22 

14. Castillo, P.: Stencil reduction algorithms for the local discontinuous Galerkin method. Internat. J. Numer.
Methods Engrg. 81(12), 1475–1491 (2010)

15. Castillo, P., Cockburn, B., Perugia, I., Schötzau, D.: An a priori error analysis of the local discontinuous
Galerkin method for elliptic problems. SIAM J. Numer. Anal. 38(5), 1676–1706 (2000)

16. Castillo, P.E., Sequeira, F.A.: Computational aspects of the local discontinuous Galerkin method on
unstructured grids in three dimensions. Math. Comput. Modelling 57(9–10), 2279–2288 (2013)

17. Cockburn, B., Shu, C.-W.: The local discontinuous Galerkin method for time-dependent convection-
diffusion systems. SIAM J. Numer. Anal. 35(6), 2440–2463 (1998)

18. Di Pietro, D.A., Droniou, J.: The hybrid high-order method for polytopal meshes, volume 19 of MS&A.
Modeling, Simulation and Applications. Springer, Cham, (2020). Design, analysis, and applications

19. Diening, L., Storn, J.: A space-time DPG method for the heat equation. Comput. Math. Appl. 105, 41–53
(2022)

20. Dong, Z., Georgoulis, E.H.: Robust interior penalty discontinuous Galerkin methods. J. Sci. Comput.
92(2), 57 (2022)

21. Egger, H., Kretzschmar, F., Schnepp, S.M., Weiland, T.: A space-time discontinuous Galerkin Trefftz
method for time dependent Maxwell’s equations. SIAM J. Sci. Comput. 37(5), B689–B711 (2015)

22. Ern, A., Schieweck, F.: Discontinuous Galerkin method in time combined with a stabilized finite element
method in space for linear first-order PDEs. Math. Comput. 85(301), 2099–2129 (2016)

23. Evans, L.C.: Partial differential equations. Graduate Studies in Mathematics, vol. 19. American Mathe-
matical Society, Providence, RI (1998)

24. Feynman, R.P., Leighton, R.B., Sands, M.: The Feynman Lectures on Physics, Vol. I: Mainly Mechanics,
Radiation, and Heat. Addison-Wesley, Reading, Massachusetts, (1964)

25. Führer, T., Karkulik, M.: Space-time least-squares finite elements for parabolic equations. Comput. Math.
Appl. 92, 27–36 (2021)

26. Gantner, G., Stevenson, R.: Improved rates for a space-time FOSLS of parabolic PDEs. Numer. Math.
156(1), 133–157 (2024)

27. Gómez, S., Mascotto, L., Moiola, A., Perugia, I.: Space-time virtual elements for the heat equation. SIAM
J. Numer. Anal. 62(1), 199–228 (2024)

28. Gómez, S., Mascotto, L., Perugia, I.: Design and performance of a space-time virtual element method for
the heat equation on prismatic meshes. Comput. Methods Appl. Mech. Engrg. 418, 116491 (2024)

29. Gómez, S., Moiola, A.: A space-time DG method for the Schrödinger equation with variable potential.
Adv. Comput. Math. 50(2), 15 (2024)

30. Gómez, S.,Moiola, A., Perugia, I., Stocker, P.: On polynomial Trefftz spaces for the linear time-dependent
Schrödinger equation. Appl. Math. Lett. 146, 108824 (2023)

31. Gómez, S., Perinati, C., Stocker, P.: Replication Data for: Inf-sup stable space-time Local Discontinuous
Galerkin method for the heat equation (November 2024). https://doi.org/10.5281/zenodo.14191529

32. Heil, C.: Space-time Trefftz DG methods for parabolic PDEs. Master’s thesis, NAM, University of Göt-
tingen, March (2024). https://doi.org/10.25625/ZSA8UU

33. Houston, P., Schwab, C., Süli, E.: Discontinuous hp-finite element methods for advection-diffusion-
reaction problems. SIAM J. Numer. Anal. 39(6), 2133–2163 (2002)

34. Imbert-Gérard, L.-M., Moiola, A., Perinati, C., Stocker, P.: Polynomial quasi-Trefftz DG for PDEs with
smooth coefficients: elliptic problems. IMA J. Numer. Anal. (2025). https://doi.org/10.1093/imanum/
drae094

35. Kretzschmar, F., Moiola, A., Perugia, I., Schnepp, S.M.: A priori error analysis of space-time Trefftz
discontinuous Galerkin methods for wave problems. IMA J. Numer. Anal. 36(4), 1599–1635 (2016)

36. Kretzschmar, F., Schnepp, S.M., Tsukerman, I.,Weiland, T.: DiscontinuousGalerkinmethodswith Trefftz
approximations. J. Comput. Appl. Math. 270, 211–222 (2014)

37. Langer, U., Moore, S.E., Neumüller, M.: Space-time isogeometric analysis of parabolic evolution prob-
lems. Comput. Methods Appl. Mech. Engrg. 306, 342–363 (2016)

38. Langer, U., Steinbach, O.: (Eds.) Space-time methods. Applications to partial differential equations,
volume 25 of Radon Ser. Comput. Appl. Math. Berlin: De Gruyter, (2019)

39. Lederer, P.L., Lehrenfeld, C., Stocker, P., Voulis, I.: A unified framework for Trefftz-like discretization
methods. arXiv preprint arxiv:2412.00806, (2024)

40. Lehrenfeld, C., Stocker, P.: Embedded Trefftz discontinuous Galerkin methods. Internat. J. Numer. Meth-
ods Engrg. 124(17), 3637–3661 (2023)

41. Lehrenfeld, C., Stocker, P., Zienecker, M.: Sparsity comparison of polytopal finite element methods.
PAMM 24(3), e202400150 (2024)

42. Lions, J.L.,Magenes, E.: Non-homogeneous boundary value problems and applications. Vol. I. Translated
from the French by P. Kenneth, volume 181 of Grundlehren Math. Wiss. Springer, Cham, (1972)

123

https://doi.org/10.5281/zenodo.14191529
https://doi.org/10.25625/ZSA8UU
https://doi.org/10.1093/imanum/drae094
https://doi.org/10.1093/imanum/drae094
http://arxiv.org/abs/2412.00806


Journal of Scientific Computing           (2026) 106:22 Page 47 of 47    22 

43. Lozinski, A.: A primal discontinuous Galerkin method with static condensation on very general meshes.
Numer. Math. 143(3), 583–604 (2019)

44. Moiola,A., Perugia, I.:A space-timeTrefftz discontinuousGalerkinmethod for the acousticwave equation
in first-order formulation. Numer. Math. 138(2), 389–435 (2018)

45. Perugia, I., Schöberl, J., Stocker, P., Wintersteiger, C.: Tent pitching and Trefftz-DG method for the
acoustic wave equation. Comput. Math. Appl. 79(10), 2987–3000 (2020)

46. Perugia, I., Schötzau, D.: An hp-analysis of the local discontinuous Galerkin method for diffusion prob-
lems. J. Sci. Comput. 17(1–4), 561–571 (2002)

47. Petersen, S., Farhat, C., Tezaur, R.: A space-time discontinuous Galerkin method for the solution of the
wave equation in the time domain. Internat. J. Numer. Methods Engrg. 78(3), 275–295 (2009)

48. Schöberl, J.: C++ 11 implementation of finite elements in NGSolve. Institute for Analysis and Scientific
Computing, Vienna University of Technology, 30, (2014)

49. Schötzau, D., Schwab, C.: Time discretization of parabolic problems by the hp-version of the discontin-
uous Galerkin finite element method. SIAM J. Numer. Anal. 38(3), 837–875 (2000)

50. Schwab, C., Stevenson, R.: Space-time adaptive wavelet methods for parabolic evolution problems.Math.
Comp. 78(267), 1293–1318 (2009)

51. Stein, E.M.: Singular integrals and differentiability properties of functions, volume No. 30 of Princeton
Mathematical Series. Princeton University Press, Princeton, NJ, (1970)

52. Steinbach, O.: Space-time finite element methods for parabolic problems. Comput. Methods Appl. Math.
15(4), 551–566 (2015)

53. Steinbach, O., Zank, M.: Coercive space-time finite element methods for initial boundary value problems.
Electron. Trans. Numer. Anal. 52, 154–194 (2020)

54. Stevenson, R., Westerdiep, J.: Minimal residual space-time discretizations of parabolic equations: asym-
metric spatial operators. Comput. Math. Appl. 101, 107–118 (2021)

55. Stocker, P.: NGSTrefftz: Add-on to NGSolve for Trefftz methods. J. Open Source Softw. 7(71), 4135
(2022)

56. Warburton, T., Hesthaven, J.S.: On the constants in hp-finite element trace inverse inequalities. Comput.
Methods Appl. Mech. Engrg. 192(25), 2765–2773 (2003)

57. Ye, X., Zhang, S., Zhu, P.: Development of a LDG method on polytopal mesh with optimal order of
convergence. J. Comput. Appl. Math. 410, 114179 (2022)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

123


	Inf-sup stable space–time Local Discontinuous Galerkin method for the heat equation
	Abstract
	1 Introduction
	2 Definition of the Method
	2.1 Space–Time Mesh and DG Notation 
	2.2 Space–Time LDG Formulation 
	2.3 Reduced Formulation 
	3 Inf-Sup Stability of the Method
	3.1 First Inf-Sup Stability Estimate 
	3.2 Second Inf-Sup Stability Estimate 

	4 Convergence Analysis
	4.1 A Priori Error Bounds in Energy Norms 
	4.2 Difficulties in Proving Optimal Convergence Rates in the  norm

	5 Some Choices of Discrete Spaces
	5.1 Tensor-Product Polynomials 
	5.2 Standard Polynomials 
	5.3 Quasi-Trefftz Polynomials 
	5.4 Embedded Trefftz Polynomials


	6 Numerical Results
	6.1 Implementation Details
	6.2 Conditioning
	6.3 Smooth Solution
	6.3.1 h-Convergence 
	6.3.2 p-Convergence

	6.4 Singular Solutions
	6.4.1 Singularity at Initial Time 
	6.4.2 Singularity at the Interface of the Initial and Boundary Conditions


	7 Conclusions 
	A Construction of Quasi-Trefftz Basis
	B Proofs of the a priori Error Estimats
	B.1 Proof of Theorem 5.4 for the Tensor-Product Polynomial Space
	B.2 Proof of Theorem 5.9 for the Standard Polynomial Space
	B.3 Proof of Theorem 5.13 for the Quasi-Trefftz Polynomial Space
	Acknowledgements
	References



