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CUBIC RATIONAL EXPRESSIONS OVER A FINITE FIELD
SANDRO MATTAREI AND MARCO PIZZATO

ABSTRACT. We study and partially classify cubic rational expressions over
a finite field F4, up to equivalence given by composition with independent
Mobius transformations on each side. When ¢ is even we obtain a full clas-
sification. When ¢ is odd we restrict our classification to expressions with at
most three ramification points. However, we prove a general upper bound of
4q for the total number of equivalence classes.

1. INTRODUCTION

The initial motivation for this study arose from an enumeration problem for
irreducible polynomials over a finite field satisfying certain symmetries. Gauss
gave a formula for the number of all irreducible monic polynomials of a given
degree over the field F; of ¢ elements. A similar formula counting the self-
reciprocal irreducible monic polynomials of degree 2n was found by Carlitz
in [Car67]. Here a polynomial F'(x) over a field is self-reciprocal if x4 - F(1/x) =
F(x). It is easy to see that any irreducible self-reciprocal polynomial of de-
gree greater than one has even degree 2n, and that it can actually be written
in the form F(z) = z™ - f(z + 1/x), for some polynomial f(z) of degree n.
This led Ahmadi, in [Ahm11], to study polynomials obtained from such f(x)
through a more general quadratic transformation, namely, polynomials of the
form F(z) = h(z)"- f(g(z)/h(z)), where g(z) and h(x) are coprime polynomials
with max(degg,degh) = 2, and n = deg f. Over the field F, with ¢ odd, the
enumeration formula found in [Ahm11l, Theorem 2] for the number of monic
irreducible polynomials among those, of degree 2n > 2 and for a given quadratic
rational expression g(x)/h(x), equals Carlitz’s count for the special case where
9(@)/h(x) = (22 + 1))z = 7 + a7

The fact that Carlitz’s formula extends unchanged to arbitrary quadratic
transformations was given a simple explanation in [MP17]. It depends on the
fact that such enumeration remains essentially unaffected when the quadratic ra-
tional expression g(z)/h(zx) is composed with M&bius transformations on either
side. In this context, Mdbius transformations are rational expressions of degree
1 over an arbitrary field, rather than just C as in the more traditional meaning.
In this paper we call equivalent two rational expressions, of any degree, if one
can be obtained from the other by composing it with Mobius transformations
on each side. In particular, one finds that all quadratic rational expressions
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g(x)/h(x) over an algebraically closed field of odd characteristic are equivalent
(see Section 3). Over a finite field F, with ¢ odd, quadratic rational expressions
split into two equivalence classes. However, expressions in both classes happen to
give the same enumeration formula for the irreducible polynomials F'(z) arising
through them.

A natural extension is a study of irreducible polynomials F'(x) arising through
a transformation of higher degree, that is, obtained as described above but with
g(x)/h(x) a rational expression (also commonly called rational function) of arbi-
trary degree r. The special case where g(x) = 1 is of practical relevance because
of a direct connection with transformation shift registers, which have numerous
applications including in the design of stream ciphers, see [CHPW15, Section 3].
Polynomials arising through a more general cubic transformation were addressed
in [MP22], where various enumeration formulas were found. From a wider per-
spective, a great interest on the existence, and on enumeration when possible,
of irreducible polynomials over finite fields satisfying special properties, can be
seen from a glance at [MP13, Chapter 5.

For such investigations it is desirable to have a classification up to equivalence,
or at least a partial classification, of cubic rational expressions (or cubic expres-
sions for short) over a finite field. That is the main goal of this paper. We should
mention that the study of rational expressions up to equivalence may be inter-
preted in terms of certain extensions of function fields. At the end of Section 2
we review some literature on cubic extensions of function fields. We discuss its
connections with our work, and point out how the available literature falls short
of providing the explicit results that we need here in view of applications such
as those in [MP22]. In the present paper we take a more direct approach and
bypass the interpretation in terms of function fields.

As a preliminary step to understanding cubic expressions over a finite field, in
Section 4 we describe a classification of cubic expressions over an algebraically
closed field K. This is not a hard task, but we could not locate the desired result
in the literature. Because equivalence classes are the orbits of a certain action
of the group PGLy(K) x PGLy(K) on the 7-dimensional variety of all cubic
expressions, dimension reasons show that the set of equivalence classes must
involve at least one parametric family. In fact, according to Theorem 5, every
cubic expression over an algebraically closed field of characteristic different from
two or three is either equivalent to 23, or belongs to a certain 1-parameter family.
The elements of the latter are not pairwise inequivalent, but one can explicitly
tell which values of the parameter give rise to equivalent expressions, in terms
of a cross-ratio formed from the (up to four distinct) ramification points of each
expression. We supplement that classification with corresponding classifications
in the small characteristics three and two.

Passing from an algebraically closed ground field to a classification of cubic
expressions over a finite field F,, which we address in Section 5, requires un-
derstanding how the stabilizer in PGLy(F,;) x PGLy(F,) of a cubic expression
may permute its ramification points (in F, U {oo}). While descending from the
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algebraic closure EJ to F, could be framed in terms of a certain Galois coho-
mology group, that description would provide no saving in calculations over the
direct approach adopted here. Theorem 11 classifies the cubic expressions, over
any finite field of characteristic at least five, that have at most three (distinct)
ramification points. Theorem 12 does the same in characteristic three.

In Section 7 we obtain a corresponding result in characteristic two, which is
Theorem 15. Although that statement is more complicated than those in the
odd characteristics, it classifies the totality of cubic expressions over a finite
field of characteristic two, because such expressions cannot have more than two
ramification points. In particular, over a finite field IF, of characteristic two there
are a total of 2q + 2 equivalence classes if ¢ is a square, and 2q otherwise. We
also compute the cardinalities of each of those equivalence classes (that is, the
orbit lengths in the group action described above), in Theorem 17.

Because of our restriction to cubic rational expressions with at most three ram-
ification points, we are unable to compute the exact number of equivalence classes
over [F, in odd characteristic. However, in Section 6 we produce an upper bound
of 4¢g for the number of classes over a finite field F, of odd characteristic. This
requires an analysis of certain stabilizers in the action of PGLy(FF,) x PGLy(F,).

After setting up terminology and preliminary results in Section 2, we de-
vote Section 3 to a treatment of quadratic rational expressions over a finite
field, which differs from the more direct one given in [MP17]. The present ver-
sion emphasizes the use of ramification and branch points, and the action of
PGLy(F,) x PGLy(F,), anticipating in a simpler setting their later use for the
case of cubic rational expressions. In particular, it includes computing the car-
dinalities of the two equivalence classes of quadratic rational expressions over a
finite field.

The research leading to this paper began when the second author was a PhD
student at the University of Trento, Italy, under the supervision of the first
author. Some of the results in this paper have appeared among other results
in [Piz13]: our Theorem 11 is [Piz13, Proposition 3.2.7], our Theorem 12 is [Piz13,
Proposition 3.2.8], and our Theorem 15 is essentially [Piz13, Proposition 3.2.9].

We are grateful to a referee for a number of comments and requests for clari-
fication that prompted us to produce an improved exposition.

2. PRELIMINARIES ON RATIONAL EXPRESSIONS

Let K be an arbitrary field in the first four paragraphs of this section. Consider
a rational expression R(z) = g(z)/h(z) € K(z), where g(z) are h(z) coprime
polynomials in K[z]. Its degree deg R is the integer max(deg g, degh); the ex-
pression will be called linear, quadratic, cubic, etc., when its degree equals 1, 2, 3,
etc. It is easy to see that the degree of the composite of two rational expressions
equals the product of their degrees.

In particular, the linear rational expressions, also known as linear fractional
transformations, form a group isomorphic to the projective general linear group
PGLy(K), in a way that we briefly recall. Since the projective line P'(K) is the
set of one-dimensional subspaces of the linear space K2, we may use homogeneous
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coordinates [z : y] on P}(K). Each element of PGLy(K) may be viewed as the
map induced on P'(K) by some nonsingular linear map (§) — (gt a2) () of
K?. Because the linear maps that induce the identity on P!(K) are precisely
the (central) homotheties of K2, the matrix (a;;) € GLg(K) is unique up to
multiplication by a scalar factor. Now conveniently identify P*(K) with KU{oo}
via the affine chart K — P!(K) given by x + [z : 1], supplemented by setting
oo + [1 : 0]. In terms of this extended affine coordinate z, the element of
P!(K) under consideration reads now as the map K U{oo} — K U{oo} given by
evaluating the linear expression A(z) = (a1;2+a12) /(a1 x+ag). Consequently, if
B(x) = (b112+40b12)/(ba1x+bgg) is another linear rational expression in K (z), then
the matrix product (b;;) - (a;;) is a matrix for the composite linear expression
(B o A)(z) = B(A(x)). The group of linear rational expressions in K(x) is
usually called the Mdbius group over K, and for simplicity we will identify it
with PGLy(K) as described.

The Mobius group PGLy(K) acts sharply 3-transitively on P!(K'), meaning
that any ordered triple of distinct points of P!(K) is taken to any other such
triple by precisely one element of PGLy(K). In an explicit form that may be
useful for calculations, the unique Md6bius transformation that sends oo, 0,1 to
three distinct elements a, b, ¢ of K, respectively, is

a(b—c)x +b(c—a)
(b—c)z+(c—a)

This naturally extends to cases where one of a, b, ¢ equals co: it should be read as
(c—=b)xz+b when a = 00, as (ax+ (c—a))/x when b = oo, and as (ax —0b)/(x—1)
when ¢ = oo.

The Mobius group is also the full group of automorphisms of the field exten-
sion K(z)/K, with automorphisms realized as substitutions in the indetermi-
nate. However, in this paper we are interested in an action where a rational
expression can be composed with independent linear rational expressions on
both sides. Thus, if R(x) € K(z) is a rational expression of degree n, we let a
pair (B(z), A(x)) € PGLy(K) x PGLy(K) act on R(z) (from the left) by set-
ting (B(z), A(z)) - R(z) = B(R(A™!(x))). This defines an action of the group
G(K) = PGL(2, K) x PGL(2, K) on K(z), and we call two rational expressions
equivalent (over K) if they belong to the same orbit. This is the same equivalence
that we described more informally in the Introduction. As we mentioned there,
besides being the right equivalence relation to consider in view of our application
in [MP22], this is a natural one that might be of more general interest.

The main goal of this paper is finding the equivalence classes, or G(K)-orbits,
of cubic rational expressions when K is a finite field F,. We will fully achieve
this only in characteristic two, and only find representatives for some of the
equivalence classes in other characteristics. This is due to a likely unavoidable
restriction on ramification points, and we will discuss extensively the difficulties
involved at the end of Section 5.

The following result shows that the total number of cubic rational expressions
over F, equals ¢°(¢* — 1).
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Lemma 1. The number of rational expressions of degree v over Fy, with r > 1,
equals ¢*"~(¢* — 1).

Since we are unable to locate this fact in the literature, we provide a proof
that relies on a known result on the probability that two random polynomials in
[F,[z] of given degrees are coprime. When r = 1 we obviously recover the order
q(q* — 1) of the group PGLy(F,).

Proof. A rational expression over K can be written uniquely as (ag(x))/h(z),
with g(x) and h(z) monic and coprime in K[z]|, and a € K*. Consequently,
the desired number equals ¢ — 1 times the number of (ordered) pairs of coprime
monic polynomials ¢g(x) and h(z) in F,[z] with max(degg,degh) = r. Hence
our goal is showing that those coprime pairs are in number of ¢* (g + 1).

According to [BB07, Theorem 3], the probability that a random pair of monic
polynomials in IF,[z], of given positive degrees r and s, are coprime equals 1—1/q.
This statement assumes the uniform probability distribution on the set of ¢"**
arbitrary pairs of monic polynomials of degrees r and s, hence it amounts to
saying that the number of such pairs that are coprime equals ¢"**~!(¢—1). Note
that this expression needs to be adjusted to cover the excluded cases where r
or s equals zero: pairs of monic polynomials of degrees r and zero (hence with
the second polynomial equal to 1) are automatically coprime, and their number
equals ¢".

Consequently, the number of pairs of coprime monic polynomials in F,[z],
with the former having degree r and the latter having degree strictly inferior to
r, equals

qr + Z qursfl(q _ 1) _ q2r71.
0<s<r
Splitting the set of pairs of coprime monic polynomials that we are counting
according to whether degg = degh = r, or degg < degh = r, or degg = r >
deg h, we find altogether ¢* 1(q — 1) + ¢* ' + ¢* 1 = ¢* (¢ + 1) pairs, as
desired. O

Before studying the G(K)-orbits on K (z) with K a finite field it will be nec-
essary to determine them when K is an algebraically closed field. Characteristic
two and three will require special treatment, due to possible inseparability but
not only that. A nonconstant rational expression R(z) € K(x) is called separable
if the field extension K (z)/K(R(x)) is separable, and inseparable otherwise. We
will use standard terminology such as ramification points and the corresponding
ramification indices, which can be found in any textbook on algebraic geometry
or function fields. We will need the following very special case of Hurwitz’s The-
orem (or the Riemann-Hurwitz formula), which can be conveniently extracted
from the more general statements in [Sti09, Corollary 3.5.6] or [Ros02, Theo-
rem 7.16].

Theorem 2 (A special case of Hurwitz’s Theorem). Let K be an algebraically
closed field, and let R(x) € K(x) be a nonconstant separable rational expression.
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Then

where eg(P) is the ramification index of R(x) at P. Equality holds if and only
if either the characteristic of K is zero or it does not divide er(P) for any
P e PY(K).

In particular, according to Theorem 2 a separable cubic rational expression
can have at most four ramification points, as the left-hand side of the inequal-
ity equals four in this case. Of course this consequence is a much more ba-
sic fact than Theorem 2, and follows also from the finite ramification points
of R(z) = g(z)/h(x) being the zeroes of its derivative R'(z) = (¢'(z)h(z) —
g(z)W(x))/h(x)?, whose numerator has degree at most four (and some further
considerations in case oo is a ramification point).

A classification of the G(K)-orbits on cubic rational expressions when K is
algebraically closed, which we present in Section 4, will require using the action
of G(K) to suitably rearrange the ramification points of an expression and their
images, which are by definition the corresponding branch points. Note that
distinct ramification points of a cubic expression necessarily map to distinct
branch points. A classification over a finite field IF;, which we begin in Section 5,
will require studying the ramification points in its algebraic closure Fq first.

We conclude this section by mentioning a natural field-theoretic interpretation
of our results, and how that relates to existing literature. Classifying cubic
rational expressions over a field K, up to the equivalence considered in this paper,
amounts to classifying the subfields F' of the field K (x) of rational expressions,
with K C F and |K(z)/F| = 3, up to the action of Gal(K(z)/K). This is
because according to Liiroth’s theorem each such subfield has the form F' = K (z)
for some cubic rational expression z = R(x) in K(z). Also, z is transcendental
over K, and all elements of each of Gal(K(z)/K) and Gal(K(z)/K) are given
by Mébius transformations.

If we switch focus to the subfield K(z), a rational function field, then here
we are interested in certain cubic field extensions of that. Cubic extensions
L/F of an arbitrary field F' of characteristic p > 0 were described in [MW19],
extending classical results based on applications of Kummer theory and Artin-
Schreier theory. Any such extension has a generating polynomial of one of the
forms y*> —a, v* — 3y —a if p # 3, y> + ay + a® if p = 3, for some a € F.
Procedures were given in [MW19] to decide when two such cubic field extensions
are isomorphic. The cases where F' is either a number field or a function field
are of special interest, and such field extensions have been extensively studied
and tabulated over the years.

In particular, construction and tabulation of (geometric) dihedral extension
of odd prime degree ¢ of a rational function field ' = K(z) was the primary
goal of [WSH13, Weil3], where K is a perfect field of characteristic not dividing
20. When ¢ = 3 a different approach was adopted in [KMS21], which focused on



CUBIC RATIONAL EXPRESSIONS OVER A FINITE FIELD 7

classifying such extensions with a given set of ramified places, and including the
case of characteristic two (but not three).

Besides a classification up to isomorphism of field extensions L/F, where
F = K(z) is a rational function field, a classification up to bi-isomorphism was
also obtained in [KMS21], which means allowing also automorphisms of K(z)
(hence Mé&bius transformations over K'). When L is also a rational function field,
bi-isomorphism of function field extensions L/F as defined in [KMS21] is thus
closely related to equivalence of rational expressions as considered in this paper.
Consequently, some of our classification results, such as Theorem 11, match some
of those obtained in [KMS21, Section 5|. However, in [KMS21] those extensions
were discussed in terms of a generating polynomial, of the general form y* — a
or 4> — 3y — a for certain a € F = K(z), while our focus on cubic rational
expressions R(x) is rather different and justifies a separate treatment. Further-
more, our treatment includes the case of characteristic three, and a complete
analysis of the case of characteristic two, in Section 7. Finally, and differently
from [KMS21], our approach naturally leads to and includes counting results,
both on the number of equivalence classes in Section 6, and on the cardinalities
of each equivalence class in Section 5.

We are indebted to a referee of an early version of this paper for calling our
attention to some of the above references.

3. CLASSIFICATION OF QUADRATIC EXPRESSIONS, REVISITED

Before we proceed towards a classification of cubic expressions over an al-
gebraically closed field in the next section, we review the much easier case of
quadratic expressions. Their equivalence classes can be determined by direct
methods over an arbitrary field K, as in [MP17, Theorem 2] and the discussion
that follows it, but here we show how the case of K algebraically closed can
be resolved in a few lines using geometric ideas such as ramification points and
Hurwitz’s Theorem.

Thus, let R(x) be an arbitrary quadratic expression over an algebraically
closed field K, which we first assume not to have characteristic two. Then
according to Hurwitz’s Theorem R(z) has exactly two ramification points, each
with index two. By composing on both sides with suitable Mobius transforma-
tions we may assume the ramification points to be oo and 0, and also that they
coincide with the corresponding branch points. In particular, R(z) is equivalent
to a quadratic polynomial (a quadratic rational map without poles) and, actu-
ally, a scalar multiple of the map 22 because it has 0 as a ramification point. We
conclude that over an algebraically closed field of characteristic different from
two every quadratic expression is equivalent to x2.

Now assume the algebraically closed field K has characteristic two. Here it
is possible for the quadratic expression R(z) to be inseparable. This occurs
precisely when R(x) is a square in K(x), and clearly all such expressions R(x)
are equivalent to z2. If R(z) is separable then according to Hurwitz’s Theorem it
has precisely one ramification point. Assuming both that and the corresponding
branch point to be 0o, as we may, R(x) becomes a polynomial that is not a
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square, which can then be easily seen to be equivalent to 22 + z. Thus, over
an algebraically closed field of characteristic two every quadratic expression is
equivalent either to 2% or to 2 +x. Instead of 22 +x one may take the equivalent
expression (1/xz)o (22 + z) o (z/(x + 1)) = z + 1/, which has 1 as ramification
point and 0 as the corresponding branch point.

In the rest of this section we compute the lengths of the orbits of G(F,) on the
set of quadratic expressions over [F,. We start with the case of odd characteristic.

Theorem 3. Let the finite field F, have odd characteristic, and fix a nonsquare
o in Fy. Of all the ¢*(¢* — 1) distinct quadratic rational expressions over F,,
precisely

(i) ¢*(¢* — 1)(q +1)/2 are equivalent to z*;
(i) ¢*(¢* — 1)(q — 1)/2 are equivalent to (x* + o)/(2x).

The expression (22 +0)/(2x) of case (ii) of Theorem 3 is clearly equivalent to
(2?4 0)/x = + 0 /x, but the former matches a more general result that we will
prove later, namely, Theorem 9.

Proof. According to the above discussion of the algebraically closed field case,
any quadratic expression R(zx) over F, is equivalent to 2% over Fq. If the ramifi-
cation points of R(z) belong to F,, and hence the corresponding branch points
as well, then the same argument outlined above for the algebraically closed case
shows that R(xz) is actually equivalent to z* over F,.

Let 7 be a square root of o in [F2, and consider
r+o o x4+T 1*+o0

oxr OoOT =
r—o0o r—T 2z

T

This quadratic expression is equivalent to 22 over Fq, and actually already over
2, but certainly not over [, as its ramification points 7 and —7 do not belong
to Fy, with 7 and —7 as corresponding branch points.

Now if the ramification points of R(z) do not belong to I, then the gth power
Galois automorphism interchanges them, and so it does to the corresponding
branch points. Suitable Mobius transformations over Fg. take those ramification
points to 7 and —7, and similarly for the branch points. We refer the reader to the
proof of Theorem 9, which deals with a more general situation, for an argument
showing that those Mobius transformations can be taken to be defined over F,,
implying that R(z) is equivalent to (z?+0)/(2x) as desired. In the present proof
we bypass that fact by relying on the orbit length count below.

(i) Each element of the stabilizer of z?, that is, a pair (B(x), A(z)) €
G(F,) such that B(z)oz? o A~ (z) = 2?, must either fix or interchange the two
ramification points of x?, and similarly for the branch points. This fact and a
simple calculation show that the stabilizer consists of the pairs (B(x), A(z)) =
(a*z,ax) and (a*/z,a/x), with a € F;. Consequently, the stabilizer has order
2(g—1), whence the orbit of 22 has length |G(F,)|/(2(¢—1)) = ¢*(¢*—1)(g+1)/2.

(ii) Consider now the quadratic expression z — (2% + 0)/(2z). As in
case (i) each element (B(z), A(z)) € G(F,) of the stabilizer must either fix or
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interchange the two ramification points 7 and —7, and also the branch points.
The Mobius transformations that fix both 7 and —7 are (az + bo)/(bx + a), and
those who interchange them are (ax — bo)/(bx — a), for a,b € F,, not both zero.
One then easily finds that the stabilizer consists of all pairs

(a® + ob?)x + 20ab ax + ob
B(z), A =
(Blz), A(z)) ( 2abz + (a? + ob?) " br+a
and of all pairs
(a* 4+ ob*)x — 20ab ax — ob
B(z), A =
(B(x), A(z)) (2@bx—(a2+ab2) “br—a
for a,b € F,, not both zero. Because proportional pairs a,b yield the same
stabilizer element, the stabilizer has order 2(¢?* —1)/(¢ — 1) = 2(¢ + 1). Hence
the orbit has length |G(F,)|/(2(¢+ 1)) = ¢*(¢*> — 1)(g — 1)/2.

Because the lengths of the two orbits that we have described add up to ¢*(¢* —
1) we conclude that there are no further orbits. 0

According to [MP17, Theorem 2] and the discussion that follows it, every
quadratic expression over an arbitrary field K of characteristic different from
two is equivalent to z + o/x, with o € K* uniquely determined up to squares.

Now we consider the case of finite fields of characteristic two.

Theorem 4. Let F, be a finite field of characteristic two. Of all the ¢*(¢* — 1)
distinct quadratic rational expressions over I, precisely

(i) q(q¢* — 1) are equivalent to x*;
(ii) q(q*> — 1)? are equivalent to (x*> +1)/x.

Proof. We know from the algebraically closed field case that any quadratic ex-
pression R(z) over I, is equivalent to 22 or x+1/z over F,, according to whether
it is inseparable or separable. One could now argue directly why this equivalence
actually holds over F, in either case (as in the proof of Theorem 9), but we can
dispense with that as the desired conclusion will follow from a calculation of the
orbit lengths under G(F,).

(i) In this case the stabilizer of the quadratic expression z? is larger than
in the odd characteristic case, and is easily found to consist of all pairs

a’r+b® ar+b
B A =
(B(z), Az)) (CQx—i-dQ’caH—d)’

with a,b,c,d € F, and ad — bc # 0. Hence this stabilizer is isomorphic with
PGL,(F,), and so it has order ¢(¢*—1), and the orbit has length |G(F,)|/(q(¢* —
1)) =q(¢> - 1).

(ii) Instead of working with the quadratic expression (2 + 1)/z it is
convenient to consider the equivalent expression z? + z. For every element
(B(x), A(x)) € G(F,) in the stabilizer of the latter, A must fix the only ramifica-
tion point oo, and B must fix the only branch point co. Consequently, each of A
and B is a degree one binomial, and then a simple calculation shows that the sta-
bilizer of 22+ consists of all pairs (A(z), B(z)) = (x+b+b* z+b). with b € F,.
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Therefore, the stabilizer of 2? + z is isomorphic with the additive group of F,.

Because the stabilizer has order ¢, the orbit has length |G(F,)|/q = q(¢* — 1)*.
As the lengths of the two orbits above add up to ¢*(¢> — 1) we conclude that

there are no further orbits. O

Note that, differently from the case of odd ¢, only a minority of the quadratic
rational expressions over a large finite field IF, of characteristic two are equivalent
to z2. Thus, a ‘random’ quadratic rational expressions over a large finite field F,
of characteristic two is very likely to be equivalent to x + 1/x, while that occurs
with a probability approaching 1/2 in the odd ¢ case.

According to [MP17, Theorem 2] and the discussion that follows it, every
quadratic expression over an arbitrary field K of characteristic two is equivalent
either to z2, or to = + o /x, with ¢ € K* uniquely determined up to squares.

4. CUBIC EXPRESSIONS OVER AN ALGEBRAICALLY CLOSED FIELD

In this section we find representatives for the equivalence classes, or G(K)-
orbits, of cubic rational expressions R(x) over an algebraically closed field K.
Because a cubic expression has up to four ramification points, the description
will involve the configurations of quadruple of points of the projective line P!(K),
which are characterized by their cross-ratio.

Associated to an ordered quadruple of points of P!(K) is their cross-ratio

(21— 23)(29 — 24)
(22 — w3) (01 — 24)

>\ — (x17x2;x37x4) =

which is computed with respect to any affine coordinate x on P!(K). The cross-
ratio is an invariant of ordered quadruples of the projective line, in the sense that
it is left unchanged by all automorphisms of P'(K), that is, by all Mobius trans-
formations. The cross-ratio is also unaffected by simultaneously interchanging
its entries in disjoint pairs. More generally, when the four points are permuted,
their cross-ratio changes within its orbit under the action of the group S of or-
der six generated by the involutions A — 1/\ and A — 1 — A. The remaining
elements of S, besides the identity, are the involution A — A/(A — 1), the sub-
stitution A — 1/(1 — A) of order three, and its inverse A — (A —1)/A. Thus, as
an invariant of unordered quadruples of the projective line, the cross-ratio takes
its values in the set of S-orbits on K U {oc}.

Note that the orbits of S on KU{oo} have length six, with the only exceptions
of the orbits {00,0,1} and {1/2,2,—1} (which coincide if K has characteristic
two, and where the latter orbit has just one element if K has characteristic
three), and possibly one further orbit consisting of the two roots of A2 — X\ + 1
in K.

For K of characteristic different from two and three we will also encounter the
involution A — (A —2)/(2A — 1). Because that commutes with A — 1/\ and
with A — 1 — A, it commutes with each element of S. In fact, together with
the identity it forms the centralizer of S in the Mobius group. Consequently,
the involution A — (A — 2)/(2\ — 1) permutes the S-orbits on K U {oc0}. One
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can verify that the only S-orbits fixed by it are the set of roots of A2 — X\ + 1 (if
contained in K), and the set of roots of (A2 — 4\ +1)(A\2 +2)\ —2)(2)% — 2\ — 1)
(if contained in K).

We are now ready to state and prove a classification of cubic rational maps
up to equivalence over an algebraically closed field, postponing the cases of
characteristic three and two for later consideration.

Theorem 5. Let K be an algebraically closed field of characteristic different
from two and three. Every cubic rational expression R(x) over K is equivalent
either to x2, or to

2P 4 (c—2)2?
Re(x) = (2c— 1)z —c’

for some c € K\ {0,1}.

The cubic expressions R.(x) and R (z), for ¢, € K\ {0,1}, are equivalent
if and only if ¢ and ¢ belong to the same S-orbit.

The cubic expression R.(x) has ramification points oo, 0, 1, X, with corre-
sponding branch points oo, 0, 1, p, where A = ¢(2 —¢)/(2c — 1) and p =
c(2 —¢)*/(2c — 1)3. The four ramification points are distinct, and so are the
four branch points, except when ¢ € {1/2,2,—1}. Those three exceptional cases
give expressions equivalent to Rl/Q(x) = —22% + 322, whose ramification points
are 00,0, 1, with oo of index three.

Proof. According to Hurwitz’s formula quoted in Theorem 2, the cubic expres-
sion R(z) has at most four ramification points P;, with ramification indices (3, 3),
(3,2,2), or (2,2,2,2), and corresponding distinct branch points R(F;).

If R(z) has only two ramification points, say P; and P,, then after pre- and
post-composition with suitable automorphisms of P!(K) we may assume those
to be 0 and oo, and the corresponding branch points to be 0 and oo. More
precisely, if A(x) is any Mébius transformation over F, that maps 0 to P;, and
o0 to Py, then (R o A)(x) has ramification points 0 and oo. Similarly, if B(x) is
any Mobius transformation over F, that maps the corresponding branch points
R(P;) and R(P,) to 0 and oo, respectively, then (B o Ro A)(x) has ramification
points 0 and oo, each with index three, and with corresponding branch points
0 and oo. Clearly (B o Ro A)(x) is then a scalar multiple of 2, and so it is
equivalent to z3.

Now suppose that R(x) has at least three ramification points. Assuming, as we
may, that the ramification points include oo and 0, with corresponding branch
points oo and 0 (hence it has oo as at least a double pole and 0 as at least
a double zero), R(z) will have the form R(x) = (23 + ax?)/(bx — ¢), for some
a,b,c € K. Further imposing, as we may, that R(x) has 1 as a ramification point
with corresponding branch point 1, amounts to R(z — 1) — 1 having a double
zero at 0. A short calculation then leads to
2+ (c—2)2?

R(z) = Re(x) := (2¢c— 1)z —c’
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with ¢ # 0,1 (otherwise R.(z) would be quadratic rather than cubic). Because
the ramification points besides oo are the zeroes of the derivative R'(z), one
computes that the fourth ramification point (which may coincide with one of
00,0,1) is A = ¢(2 — ¢)/(2¢ — 1), with corresponding branch point u = ¢(2 —
c)?/(2c — 1)3. A similar discussion of an equivalent family is given in [Oss06,
Example 8.2].

Now we examine when R(x) has precisely three ramification points. We see
that A = 00,0,1 when ¢ = 1/2,2, —1, respectively. Because p equals A for each
of those values of ¢, those three choices of ¢ yield equivalent rational expressions
R.(X), as one can change from one another by suitably permuting the three
ramification points, and the branch points correspondingly.

It remains to determine when R.(x) and R.(z) are equivalent for ¢, € K\
{0,1,1/2,2,—1}. A necessary condition is that the corresponding cross-ratios
A and ) belong to the same S-orbit, but we will see that this alone is not
sufficient. Because the substitutions ¢ — 1/c and ¢ — 1 — ¢ induce A — 1/A
and A — 1 — A, respectively, any substitution on ¢ in the group S induces the
analogous substitution on the corresponding cross-ratio A. In other words, the
quadratic map sending ¢ to A = ¢(2—¢)/(2¢— 1) is S-equivariant. In particular,
it maps S-orbits of ¢ to S-orbits of A. Each value of A € K\ {0,1} originates
from exactly two choices of ¢ € K \ {0,1,1/2,2, —1}, except when ¢* —c+1 =0,
which is equivalent to A> — A + 1 = 0. The involution ¢ — (¢ — 2)/(2c — 1)
that we introduced before Theorem 5 interchanges those two choices of ¢ for a
given . However, those two choices give inequivalent expressions R.(x) because
they yield different values of u = A3/c?. (Here we are not allowed to permute
the branch points for computing their cross-ratio u, having already chosen an
ordering for the respective ramification points to compute \.) We conclude that
R.(x) and R.(x) are equivalent precisely when ¢ and ¢ belong to the same
S-orbit. O

Remark 6. A variant of the parametric family R.(z) of Theorem 5 is

r+1 22 —bx2—3x—0
—4r+2)oR, — ’
(—4x +2) o R.(x) o 5 e

where b = 1 — 2c. This has ramification points oo, —1, 1, (b* — 3)/2b, with
corresponding branch points oo, 2, —2, —(b* + 18b* — 27)/4b>. When ¢ = 1/2
this expression reads x® — 3z, which will be a more natural choice than R, s2(x) =
—22% + 32% when passing to a finite ground field in Theorem 11.

We now consider the cases of characteristics three and two. Besides the pos-
sibility that R(x) is inseparable, we must take into account that Hurwitz’s The-
orem gives a strict inequality, rather than an equality, in case some ramification
index is a multiple of the characteristic.

Theorem 7. Let K be an algebraically closed field of characteristic three. Fvery
cubic rational expression R(x) over K is equivalent to either z*, or x® + 12, or
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>+, or
3 2
z°+ (c+1)x
R.(x) := —( ) ,
—(c+1x—c
for some c € K \ Fs.

The cubic expressions R.(x) and Ry (x), for ¢, € K \ Fs, are equivalent if
and only if ¢ and ¢ belong to the same S-orbit. The cubic expression R.(x) has
four distinct ramification points co, 0, 1, ¢, with corresponding branch points oo,
0,1, c

Note that the parametric expression for R.(x) equals that of Theorem 5 viewed
modulo three. Also, for the excluded value ¢ = —1 (which also equals 1/2
and 2 here), the formula for R.(x) returns the inseparable cubic expression
R_y(x) = 2*, which is ramified everywhere. The lists of ramification indices for
the remaining cubic expressions given in Theorem 7 are (3, 2), (3), and (2,2, 2, 2)
for the parametric family. They exhaust all the possibilities allowed by Hurwitz’s
Theorem in characteristic three.

Proof. We resort to direct calculation to cover the cases where Hurwitz’s formula
does not provide an equality. Thus, suppose that R(x) has a ramification point
with index 3, which we can assume to be oo, with image co. Hence R(zx) is
a cubic polynomial, which is then equivalent to a monic one without constant
term. In turn, R(z) is easily seen to be equivalent to either the inseparable
polynomial 23, or 23 + 22 + bx, or 2 + bz, for some b € K. In the second case
R(x) is equivalent to

(z — > —2b*) o (2° + 2 + bx) o (xz — b/2) = 2° + 2,

which has 0 as a further ramification point, with index 2. In the third case R(x)
is equivalent to

(z/Vb?) o (2° + bx) o (Vbz) = 2° +

(with Vb denoting a fixed square roots of b in K ), whose only ramification point
is oo.

Now we may assume that all ramification points of R(z) have indices less
than 3, whence equality holds in Hurwitz’s formula. Consequently, R(x) has
four ramification points, each with index 2. The corresponding part of the proof
of Theorem 5 applies and yields the desired conclusions, including the statement
on equivalence in terms of c. (l

We conclude this section by considering the case where the algebraically closed
field K has characteristic two. Then Theorem 2 implies that R(z) = g(z)/h(x)
can only have at most two ramification points. An elementary way of con-
firming this fact is noting that, because the second derivative of every rational
expression in characteristic two vanishes, the derivative R'(z) = (¢'(z)h(z) —
g(z)l(x))/h(x)? must be a rational expression in 22, and hence its numerator,
which is a polynomial of degree at most four, can only have at most two distinct
zZeroes.
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Theorem 8. Let K be an algebraically closed field of characteristic two. Fvery
cubic rational expression R(x) over K is equivalent to either x3, or z® + z%, or
(3 +1)/z, or (z* + ¢)/(x + ¢) for some c € K \ Fy.

Different values of c in the parametric family (x®+c)/(z+c) yield inequivalent
expressions. The ramification points of (x3+c)/(z+c) are oo and 1, each of index
2, and they are also the corresponding branch points. The further preimages of
those branch points are ¢ and 0.

The lists of ramification indices for the cubic expressions given in Theorem 8
are (3,3), (3,2), (2), and (2,2) for the parametric family. They exhaust all the
possibilities allowed by Hurwitz’s Theorem in characteristic two.

Proof. The expression R(x) must have at least one ramification point, so we may
assume that oo is a ramification point, and that oo is also the corresponding
branch point.

If oo has ramification index 3 then R(x) is a polynomial, which we may assume
monic, say R(x) = 23 + ax® + br + c¢. Because the remaining ramification points
are the roots of its derivative 2% + b, there is precisely one further ramification
point, namely v/b. We may now assume that this ramification point is 0, and
also that 0 is the corresponding branch point. Then R(z) = 2+ az?, and when
a # 0 this is equivalent to 2°® + 2.

Now we may suppose that oo has ramification index 2. We may also assume
that the other preimage of 0o is 0. Further multiplying R(z) by a scalar we find
that it is equivalent to (23 + az? + bx + ¢)/z, for some a,b,c € K with ¢ # 0.

If R(z) has no ramification point other than oo, then the expression

d x3+ax2+bx+c_ax2+c
dx T g2

has no zeroes in K, forcing a = 0 (and of course ¢ # 0). Now (23 + bx + ¢)/x is
clearly equivalent to (z* + ¢)/x by adding a constant, and finally to (2> + 1)/
as desired.

Finally, suppose R(z) has a further ramification point besides co. We may
assume that to be 1, whence a = ¢ # 0, and the corresponding branch point to
be 0, whence b = 1. Hence R(z) is equivalent to (2% + 1)(x + a)/z. When a = 1
we get (z 4+ 1)3/x, which is ramified at 1 with index 3, and hence is equivalent
to 23 + 22, Otherwise we get a parametric family with ¢ € K \ Fy, having
ramification indices (2,2).

Different values of the parameter a yield inequivalent expressions of the para-
metric family. In fact, the parameter a = (00, 0; 1, a) is determined as the cross-
ratio of the quadruple consisting of the preimages of the two branch points, of
which two are the ramification points. Note that the value of the cross-ratio is
independent of which of the two ramification points was initially chosen to be
00, as interchanging the first two entries and simultaneously the last two entries
of a cross-ratio leaves it unchanged.

The variant of this parametric family given in Theorem 8, which is better
suited to the purpose of passing to a finite ground field in Section 7, is obtained
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as
2 1 3
T 1 O(x + )(:v+a)o((a+1)x+a):x +c7
a?+1 x r+c
where c =a/(a+1) € K\ Fa. O

5. CUBIC EXPRESSIONS OVER A FINITE FIELD

In this section we find representatives for the equivalence classes of cubic
rational expressions R(x) over a finite field, restricting to those of expressions
with at most three distinct ramification points. The idea is to view R(z) over the
algebraic closure Fq of FF, and then apply the corresponding classification result
from the previous section. Here we view P!(FF,) as a subset of P*(F,), but in our
context we may also identify them with F, U {oo} and F, U {oo}, respectively.
The Galois group of Fq /F,, which is topologically generated by a — a?, acts on
the latter, with the former as the set of fixed points. The Galois group permutes
the ramification points of R(z) over F,, and the corresponding branch points in
a matching way, preserving the ramification indices.

We start with cubic rational expressions having only two ramification points
in F, U {00}, hence equivalent to z® over F, according to Theorem 5. In this
case it is not any harder to deal with expressions of arbitrary degree r having
precisely two ramification points in Fq.

Theorem 9. Let r be a positive integer, let F, be a finite field of odd charac-
teristic not dividing r, and let o € F, be a nonsquare. Let R(x) be a rational
expression over Iy, of degree r and with only two ramification points in Fq. Then
R(x) is equivalent over IF, to either x”, or

(B (a)) /(S laler ) )

The two special forms for R(z) given in Theorem 9 are inequivalent, as the
ramification points of the latter are not all in P*(F,). Note that the latter form
reads (z°+0)/(2x) when r = 2, as in Theorem 3, and (z°+30x)/(32%+0) when
r = 3, which will appear in Theorem 11.

Proof. View R(x) over the algebraic closure Fq of F,, and let 7 be a square

root of o in Fp2. Because the ramification indices satisty er(P) < deg(R) = r,

according to Hurwitz’s formula each of the two ramification points has index 7.
If the two ramification points of R(z) belong to P!(F,) then R(z) is equivalent

to 2" over F,. This can be shown exactly as for the corresponding case in

the proof of Theorem 5 (for » = 3 and over Fq), just noting that the Mobius

transformations A(z) and B(z) used there can be taken to be defined over F,.
Before dealing with the remaining case note that

T T e (T 5 ()

T T-T Dk odd () arFrkt - >on (2h:1)xr_2h_10h
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is equivalent to 2" over Fq, but has 7 and —7 as ramification points, with 7 and
—7 as corresponding branch points.

Now suppose that two ramification points of R(z) do not belong to P!(F,).
Then they must be Galois-conjugated over F,, say p,p? € F, \ F,. There is a
unique Mé&bius transformation A(x) over Fq that maps 7 to p, —7 to p?, and fixes
some other point of P'(FF,), say 0. But A(z) is actually defined over F,, because
the associated map P!(F,) — P!(F,) commutes with the Galois automorphism
a +— a? of F,. Now (R o A)(z) has ramification points 7 and —7. Similarly,
there is a unique Mobius transformation B(z) over F, that maps the branch
points R(p) and R(—p) of R(zx) (or of (Ro A)(x), for that matter) to 7 and —,
respectively, and maps R(0) to 0, and similarly B(x) must also be defined over
F,. Now (B o Ro A)(z) has ramification points 7 and —7, both with index r,
and with corresponding branch points 7 and —7, and maps 0 to 0. But then
(BoRoA)(x) equals the expression given in Theorem 9, because such conditions
uniquely characterize the latter among rational expressions of degree 7 over F,,
a fact that can be seen at once on its equivalent expression z". 0

Remark 10. According to [MP17, Lemma 11], a polynomial F'(x) of degree 3n
over a field satisfies (z — 1)* - F(1/(1 — z)) = F(x) precisely if it has the
form F(z) = (2?2 —2)" - f((z* — 3z + 1)/(2* — x)) for some polynomial f(z) of
degree n. This can be thought of a cubic version of the interpretation of self-
reciprocal polynomials as arising through a quadratic transformation recalled in
the Introduction. However, such polynomial F(z) is very far from the general
case of a polynomial arising through an arbitrary cubic transformation, as (23 —
3z+1)/(2* —x) has precisely two ramification points (in characteristic not three,
each with ramification index three), namely, the roots of 2 —z+1. In particular,
according to Theorem 9, over a field F, with ¢ — 1 a multiple of three, that cubic
expression is equivalent to .

Now we are ready to classify cubic expressions over F, having at most three
ramification points.

Theorem 11. Let F, be a finite field of characteristic at least five, and let o € F,
be a nonsquare. Every cubic rational expression R(x) over F, with at most three
ramification points (over F,) is equivalent to either 23, or (z® + 302)/(32* + o),
or x® — 3z, or x® — 3ox.

Proof. View R(z) over the algebraic closure F, of F,, and let T be a square root
of o in Fpe. If R(x) has only two ramification points in P*(F,), then Theorem 9
applies. Hence R(z) is equivalent to either 2 or to (2% + 30z)/(32% + o) over
F,, depending on whether its ramification points belong to P!(F,) or not.

Now suppose that R(x) has three ramification points in P!(F,). Then accord-
ing to Theorem 5 and Remark 6 it is equivalent to 3 — 3z over F,. The latter
has ramification points oo with index 3, and 4+1 with index 2, and corresponding
branch points co and F2. The polynomial 2 — 30z has oo as a ramification
point with index 3, and 7 and —7 as ramification points with index 2. The
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corresponding branch points are oo, —273 and 273, respectively. Hence 2® — 3o
is also equivalent to % — 3z over F, (or even over F,2), but not over F,. We now
show that R(z) is equivalent to either * — 3z or 2* — 302 over F,.

The unique ramification point of R(z) with index 3 must be fixed by the Galois
automorphism o — a4, hence it belongs to P!(F, ), and so does the corresponding
branch point. If the other two ramification points belong to P'(F,), and so
obviously do the corresponding branch points, then R(x) is actually equivalent
to 2 — 3x over F,. This can be seen by composing R(x) on both sides with
appropriate Mobius transformations so as to turn the ramification points of R(x),
and also the corresponding branch points, into oo, 0, and 1, as in the proof of
Theorem 5. In fact, the Mébius transformations A(z) and B(x) employed to
achieve that are actually defined over I, because each takes some particular
triple of distinet points of P*(F,) to another such triple.

Now suppose that R(x) has three ramification points in P*(F,), but those with
index two are not in P*(F,). Then they will be Galois-conjugated over F,, say
p and p?. The argument is very similar to the one that we used in the proof of
Theorem 9. Thus, there is a unique M&bius transformation A(z) over F, that
maps 7 to p, —7 to p?, and the third ramification point of R(x) to 0. There is
also a unique Mébius transformation B(z) over F, that maps the branch points
R(p) and R(—p) of R(z) to —27% and 273, respectively, and the third branch
point of R(x) to co. Both A(z) and B(x) are actually defined over F,. Then
(BoRoA)(z) equals 2° — 30z, as the latter is uniquely characterized among cubic
rational expressions by having ramification points oo, 7, —7 with corresponding
images oo, —273, 273, and oo having ramification index three. O

Theorem 12. Let IF, be a finite field of characteristic three, and let o € F, be
a nonsquare. Every cubic rational expression R(x) over F, with at most three
ramification points is equivalent to either 3 + 22, or 3 4+ x, or 23 + ox.

Proof. According to Theorem 7, the cubic expression R(z) is equivalent over
Fq to either 2 + 22 or #3 + x, according to whether it has ramification indices
(3,2) or (3). In both cases R(z) has a unique ramification point of index 3,
which must therefore belong to P!(F,). Therefore R(z) can be replaced with an
equivalent one that has co as ramification point with index 3, and corresponding
branch point co. We may now follow the corresponding part of the proof of
Theorem 7, where most reductions can be done over F,, and we point out those
that require modification. Thus, R(z) is a cubic polynomial, and being separable
by hypothesis one finds that it is equivalent over F, to either z* + 2% + bz, or
z3 + bz, for some b € F,. The former polynomial is seen to be equivalent to
2% + 2% as in the proof of Theorem 7. The polynomial 23 4 bz, however, is
equivalent to (z/vb?) o (23 + bx) o (vVbx) = 2* + = only when b is a square in
F,. In the complementary case one can similarly show that R(x) is equivalent
to 23 + o U

Over a finite field F, of characteristic three we also have inseparable cubic
expressions, which are ramified everywhere. Those are easily seen to be all
equivalent to a* already over F,.
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As suggested by Theorem 8, the picture over finite fields of characteristic two
will differ more drastically than in characteristic three from the generic case of
Theorem 11, and we postpone a treatment of that to Section 7.

In order to complete a classification of cubic rational expressions R(z), up to
equivalence, over a finite field F, of odd characteristic, one would need to deal
with the cubic expressions that have four ramification points in F, U {oo} =
P! (Fq). Because of its complexity we limit ourselves to a generic discussion of
the difficulties involved in achieving such a classification. There would be five
cases according to how the four ramification points of R(x) in F, U {oo} are
permuted by the action of Gal(F,/F,):

(1) all four ramification points are fixed by the Galois action, that is, they
belong to F, U {oo};

(2) two ramification points are fixed and the other two are interchanged,
hence the latter are the roots of an irreducible quadratic polynomial over
Fg;

(3) only one ramification point is fixed, and the other three are the roots of
an irreducible cubic polynomial over F;

(4) the ramification points form two Galois orbits of length two, and hence
they are the roots of two irreducible quadratic polynomials over [F;

(5) the ramification points form a single Galois orbit, and hence they are the
roots of an irreducible quartic polynomial over .

In each of these cases a classification would involve a parametric family of rep-
resentatives for the equivalence classes of those cubic expressions, related to the
family R.(x) of Theorem 5. For example, in case (1) one can show that R(x)
must be equivalent over F, to R.(x) for some ¢ € F, \ {0,1,1/2,2, -1}, and the
number of inequivalent ones is then easily found. However, finding representa-
tives seems nontrivial in certain cases, especially cases (3) and (5). Furthermore,
in those cases the very number of equivalence classes could not be determined
exactly, as it would depend on the number of F -rational points of certain curves
of positive genus.

In addition to the difficulties illustrated above, we mention that achieving a
detailed classification of those cases with four ramification points would be incon-
sequential to applications such as those developed in [MP22]. That is because an
exact count of the irreducible polynomials arising through a given cubic transfor-
mation (see our Introduction) where R(z) has four ramification points cannot be
achieved, again because it involves counting [F -rational points of certain curves
of genus one (see [MP22, Theorem 14]).

6. BOUNDING THE NUMBER OF EQUIVALENCE CLASSES

According to Lemma 1 there are a total of ¢°(¢> — 1) cubic rational expressions
over [F,. They divide into a number of equivalence classes, that is, orbits under
the action of G(F,) = PGLy(F,) x PGLy(F,) defined in Section 2. In Section 5 we
have determined representatives for those orbits consisting of expressions with at
most three ramification points. In this section we will produce an upper bound
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for the total number of equivalence classes, making use of the orbit-stabilizer
theorem to estimate the size of classes where explicit representatives are not
available.

The gist of our argument is that a lower bound on the length of an orbit
of cubic rational expressions with four distinct ramification points follows from
an upper bound on the order of the stabilizer in G(F,) of any expression R(z)
in the orbit. The stabilizer of R(x) permutes the four ramification points of
R(z) in F, U {00}, and the four branch points correspondingly. Thus, we may
identify the stabilizer of R(x) with a subgroup of the symmetric group S, on
the four ramification points of R(z). Consequently, the stabilizer has order at
most | S| = 24, and hence the orbit has length at least ¢*(¢> — 1)*/24. However,
it turns out that the stabilizer cannot have order larger than 4, except for at
most one orbit with stabilizer of order 12. Proving that requires the following
auxiliary result, which might be of independent interest.

Lemma 13. Let R(x) be a cubic rational expression over an algebraically closed
field K, and suppose R(x) has four distinct ramification points. Then the stabi-
lizer of R(x) in the action of PGLy(K) x PGLo(K) acts as the Klein Four-Group
on the ramification points, except if the cross-ratio of the ramification points is
a primitive sizth root of unity. If the latter occurs, then R(x) is equivalent to
3z%/(22® 4+ 1), whose stabilizer acts as the alternating group A, on the ramifica-
tion points.

Proof. Because R(z) has four distinct ramification points, K does not have char-
acteristic two. According to Theorems 5 and 7, the cubic expression R(x) is
equivalent to
Ru(x) = 3+ (¢ — 2)x?

(2c—1)x—c
for some ¢ € K\ {0,1,1/2,2,—1}. Now R.(x) has ramification points oo, 0, 1,
A, with corresponding branch points oo, 0, 1, u, where A = ¢(2 —¢)/(2¢—1) and
p=c(2—1c)*/(2c—1)3. Let H be the stabilizer of R.(z) in the action of G(K).
Every element of H induces a permutation of the four ramification points in the
domain of R.(z), and the same permutation of the four branch points in the
codomain.

One may check that

(/) 0 Re(x) 0 (M) = Re()
and \
T — T—A
o o R.(x)o " = R.(x).
Because A/z induces the permutation (co,0)(1,A) on the ramification points,
and (x — \)/(x — 1) induces the permutation (oo, 1)(0, ), we conclude that H
always contains the Klein Four-Group.
No element of H can induce the transposition (co,0) on the ramification
points, because

(1/x) o Re(z) o (1/x) = Ryje(w)
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equals R.(z) if and only if ¢ = 41, which are excluded values. Consequently, H
cannot act as the full symmetric group S; on the four ramification points.

It also follows that H cannot act as a dihedral group of order eight. In fact,
precisely one of the transpositions (co,0), (oo, 1), (0,1) belongs to each of the
three subgroups of order eight of the symmetric group on the four ramification
points 0o, 0, 1, A of R.(z). We have already ruled out the first case. If some
element of the stabilizer H of R.(z) induced the transposition (oo, 1) on the
ramification points, then the corresponding (conjugate) element of the stabilizer

of ) .
o R.(x) o T

— Ry
- 1/(1-¢) (%)

would induce the transposition (oo, 0) on the ramification points oo, 0, 1, 1/(1 —
A) of Rya-¢)(x), but we have shown that to be impossible. The third case is
similarly ruled out by considering R._1)/c().

Thus, either H acts as the Klein Four-Group on the four ramification points
of R.(x), or as the alternating group A,. The latter occurs if and only if some
element of H acts as a 3-cycle fixing the fourth ramification point A\. That is
the case precisely when Rj/1-¢)(z) equals R.(z), hence when ¢ —c+1 = 0.
Because ¢ # —1, the characteristic of K is different from three. The condition
2 —c+1 = 0 is then equivalent to A> — X + 1 = 0, which means that \ is a
primitive sixth root of unity.

To prove the final claim note that the four ramification points of R(z) =
3z%/(22® + 1) coincide with the corresponding branch points, and they are 0, 1,
and the two primitive sixth roots of unity in K. Because their cross-ratio is also
a primitive sixth root of unity, R(x) is equivalent to R.(z) with ¢ a primitive
sixth root of unity. U

Because of the orbit-stabilizer theorem, Lemma 13 provides us with a lower
bound on the lenght of each G(IF,)-orbit on cubic expressions with four ramifi-
cation points. Combining that with our classification of cubic expressions with
less than four ramification points, which we obtained in Section 5, yields the
following upper bound on the total number of G(F,)-orbits.

Theorem 14. QOver a finite field F, of odd characteristic, there are no more
than 4q equivalence classes of cubic rational expressions.

Proof. Suppose first that ¢ is not a power of three. According to Theorem 11,
under the action of G(F,) there are precisely four orbits of cubic rational ex-
pressions over [, having at most three ramification points. We will use the
orbit-stabilizer theorem to compute the length of those orbits, and then by dif-
ference to bound the number of orbits of cubic rational expressions with four
ramification points.

Similarly to the proof of Theorem 3 one finds that the stabilizer of the cubic ex-
pression a2 has order 2(¢—1). A calculation shows that the stabilizer of the other
cubic expression with only two ramification points, namely (23 +30z)/(32* + o),
where o € F, is a nonsquare, has order 2(q + 1). Consider now the two ex-
pressions z® — 3r and z® — 30x. Each has two (opposite) ramification points
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with index two, and one with index three. Each element of a stabilizer must
fix this third ramification point and permute the other two (and the branch
points accordingly), hence it is either the identity or the map given by pre- and
post-composition with —z. Hence in both cases the stabilizer has order 2.

Thus far, we have seen two orbits consisting of ¢*(¢*> —1)(¢+1)/2 and ¢*(¢* —
1)(q — 1)/2 cubic expressions, and another two orbits consisting of ¢?(¢* — 1)?/2
expressions each. Adding up these numbers, we find ¢*(¢*> — 1)(¢*> + ¢ — 1) cubic
rational expressions having two or three ramification points. Subtracting this
from the total number ¢°(¢? — 1) of cubic expressions we find that, over a finite
field I, of characteristic at least five, the cubic expressions with four ramification
points are in number of ¢?(¢*> — 1)*(¢ — 1).

Now suppose F, has characteristic three, so Theorem 12 applies. As in case (i)
of Theorem 4, the stabilizer of z3 in G(F,) is isomorphic to PGLy(F,), and hence
the orbit of 23 has length ¢(¢*> — 1). Using the two ramification points of the
expression 2 4 22 it follows at once that it has trivial stabilizer, and hence orbit
length ¢?(¢*> — 1)?. Finally, one easily finds that each of the expressions z3 + ,
or x* + ox has stabilizer of order 2¢, and hence orbit length ¢(¢*> — 1)?/2. We
conclude by difference that, over F, of characteristic three, the number of cubic
expressions with precisely four ramification points is given by ¢*(¢*> —1)%(¢ — 1),
the same expression that we found for larger characteristic.

Now consider a cubic expression R(x) over F, with four distinct ramification
points in F,U{oo}. Its stabilizer H in G(F,) permutes those ramification points,
and the four branch points correspondingly. Suppose |H| > 4. Because H is a
subgroup of the stabilizer of R(x) in G(F,), Lemma 13 implies that F, does
not have characteristic three, that H = A4, and that R(z) is equivalent to
322/(22® 4+ 1) over F,. We will show that they are actually equivalent over F,,
and that ¢ =1 (mod 3).

The Galois automorphism « — a? of Fq permutes the four ramification points
of R(z). However, because H is a subgroup of G(IF,) the Galois automorphism
commutes with the action of H on the ramification points. Since A4, the per-
mutation group induced by H on the ramification points, has trivial centralizer
in the symmetric group Sy, the Galois automorphism must act trivially on the
ramification points. It follows that the ramification points are in F, U {oo},
and hence so are the corresponding branch points. Using a Mobius transforma-
tion that maps the four ramification points of R(x) to those of 3z2/(22% + 1),
which are 0, 1, and the the primitive sixth roots of unity, and another suitable
Mobius transformation for the branch points, we find that R(z) is equivalent to
3z%/(2z® +1). Furthermore, because the cross-ratio of the ramification points is
a primitive sixth root of unity, that belongs to F,, and hence ¢ =1 (mod 3).

Summarizing, each orbit of cubic expressions with four ramification points has
length at least ¢?(¢*>—1)?/4, except for precisely one orbit of length ¢*(¢*—1)%/12
if g =1 (mod 3). It follows that the number of orbits consisting of cubic rational
expressions with four ramification points does not exceed 4(¢ — 1), including in
the case where ¢ = 1 (mod 3) (as the one shorter orbit only increases the integer
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bound by 1/3). The conclusion follows after including the remaining four orbits
in the count. 0

7. CUBIC EXPRESSIONS IN CHARACTERISTIC TWO

In this section we determine representatives and lengths for all G(F,)-orbits
of cubic expressions in characteristic two. Recall from Theorem 8 that no such
expression can have more than two ramification points. Thus, in characteristic
two we do not encounter the difficulties of dealing with expressions with four
ramification points, which we have outlined at the end of Section 5. We start
with finding representatives for those G(IF,)-orbits.

Theorem 15. Let I, be a finite field of characteristic two. Let o € F, be an
element of absolute trace 1. If q is a square then let 6 be a non-cube in F,. Then
every cubic rational expression R(x) over F, is equivalent to precisely one of the
following:

(i) @3, with ramification indices (3, 3);

. 2 tor+o
*+r+o+1

(iii) 2 + 22, with ramification indices (3,2);

(iv) (z® + 1)/x or, only in case q is a square, (2> + 0)/z or (x3 + 0%)/z; all
these have ramification indices (2);

(v) (@ + ¢)/(z + ¢), with ramification indices (2,2), for some ¢ € F, \ Fy,

uniquely determined by R(x);

2+ b +ox+ (b+1)o

??+r+b+1+o
F, \ Fy, uniquely determined by R(z).

with ramification indices (3,3);

(vi)

, with ramification indices (2,2), for some b €

Proof. According to Theorem 8, over the algebraic closure Fq of IF, the expression
R(z) is equivalent to either z*, or z® + 2 or (z3+1)/z, or (2 +¢)/(z+c), with
c€F,\Fy. Let 7 € Fp satisfy 72+ 7 =0. Since 0 + 02 + 0* + -+ + 092 =1
by our choice of o, we have

Mt r=T+)+ T+ 4+ T+ =1

and, consequently, 777! = (7 + 1)7 = 0.

The simplest case is when R(x) is equivalent to x3 + 2% over Fq, which occurs
precisely when it has ramification indices (3, 2). Because the ramification indices
are different, each of the two ramification points must be fixed by the Galois
automorphism o — a4, hence it belongs to P!(F, ), and so does the corresponding
branch point. Consequently, the ramification points can be assumed to be oo
and 0 and to coincide with the corresponding branch points, yielding that R(x)
is equivalent to z® + z? over F,.

Now suppose that R(x) is equivalent to 2% over F,, which occurs precisely
when it has ramification indices (3,3). In this case the two ramification points
could be either fixed or interchanged by the Galois automorphism a +— a?. In
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fact, a cubic expression equivalent to z* over F,2 but not over F,, is

T + 74 3 T+ 71 w4 or+o

e+l e T  Pizto+1
which has 7 and 79 = 7+ 1 as ramification points, and also as the corresponding
branch points. An argument that we fully spelled out in the proof of Theorem 9
now shows that R(z) is either equivalent to z°® over F,, or to the other expression
found above.

If R(r) is equivalent to (z° + 1)/x over F, then it has ramification indices
(2). Hence its only ramification point is Galois-invariant and can be taken to be
00, with co as the corresponding branch point. The further preimage of oo is
also Galois-invariant and hence can be taken to be 0, that is, R(0) = co. As in
the proof of Theorem 8, we find that R(x) is equivalent to (23 + ¢)/x for some
c € F}. However, after those stipulations all freedom we have left is passing to
a*vo((x3+c)/x)ox/a = (x3+a3c)/z. If q is not a square then ¢ = —1 (mod 3),
and so the cubing map is bijective on F, and R(z) is equivalent to (z3+1)/z. If
q is a square then ¢ equals a cube in F} times either 1, 6, or 62, and hence R(z)
is equivalent to precisely one of the three expressions given.

Finally, suppose that R(x) has ramification indices (2,2). Then according to
Theorem 8 it is equivalent to (z® + ¢)/(z + ¢), over F,, for some ¢ € F, \ Fa.
Uniqueness of ¢ implies its Galois-invariance, whence ¢ € F, \ Fo. Recall that
this cubic expression has oo and 1 as ramification points, coinciding with the
corresponding branch points, whose further preimages are ¢ and 0.

Now if the ramification points of R(z) belong to F, then so do the corre-
sponding branch points and also their further preimages. In this case the proof
of Theorem 8 shows that R(z) is actually equivalent to (23 + ax?®)/(z + 1) over
F,, and in turn to (2% + ¢)/(z + ¢).

The other possibility is that the Galois automorphism « +— af interchanges
the two ramification points of R(z), and consequently the corresponding branch
points, and also their further preimages. Setting ¢ = 1/b* we find

2,3 3 2
B(m)obx +10A(x):$ +br*+or+ (b+1)o
b2x + 1 ?»+r+b+1+40

I

x4+ T74b+1)+ b7 btz + 70+ 1) + b7
br + br B br +1 ‘

This cubic expression is equivalent to (z® 4 ¢)/(z 4 ¢) over F,2 but not over
Fy, as it has ramification points 7 and 7¢ = 7 + 1. These coincide with the
corresponding branch points, whose further preimages are 7+ b and 7¢ +b. A
similar argument as that in the proof of Theorem 9 now shows that R(z) is
equivalent to this expression over F,. U

Ax) = and B(x)

Note that when ¢ = 2 the cases (v) and (vi) of Theorem 15 are vacuous,
hence any cubic expression over Fy is equivalent to one of the following four
possibilities: z?, (2® + z + 1)/(2* + z), 2 + 2%, and (2? + 1)/x. In general,
Theorem 15 yields the following count of equivalence classes.
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Corollary 16. Over a finite field F, of characteristic two there are exactly 2q+2
equivalence classes of cubic rational expressions if q is a square, and 2q otherwise.

In our final result we compute the length of each G(F,)-orbit of cubic expres-
sions that we have determined in Theorem 15.

Theorem 17. Assume the hypotheses and notation of Theorem 15. Of all the
¢°(¢* — 1) distinct cubic rational expressions over F,, precisely

(i) ¢*(¢* — 1)(q +1)/2 are equivalent to z3;
2 4+or+o

1:2—|—x—|—a+1"

20,2

q ) are equivalent to x3 + x2;

2(¢* —1)? are equivalent to one of (z*+1)/z, (23 +60)/x or (z*+6%)/x,
equally split among these in case q is a square;

(v) ¢*(¢* —1)?/2 are equivalent to (z*+c)/(x+c¢), for each given ¢ € Fy\Fy;

>+ b +or+ (b+1)o
2?24+z+b+1+0

*(¢?

i) ¢*(¢* — 1)(¢ — 1)/2 are equivalent to
(i) ¢°(

) q

(vi) ¢*(¢® — 1)?/2 are equivalent to , for each given

beF,\Fs.

Adding up these numbers, allowing for b, ¢ to vary as appropriate, gives the
expected total of ¢°(¢* — 1).

Proof. (i) Each element of the stabilizer of 23, that is, a pair (B, A) € G(F,)
such that B(x) o 2% o A7!(x), must either fix or interchange the two ramifica-
tion points of x, and similarly for the branch points. This fact and a simple
calculation show that the stabilizer consists of the pairs (B, A) = (a®z, az) and
(a*/x,a/z), with a € F;. Consequently, the stabilizer has order 2(¢— 1), whence
the orbit of 2% has length |G(F,)|/(2(¢ — 1)) = ¢*(¢*> — 1)(q + 1)/2.

(i) The expression R(z) under consideration is equivalent to z* over F
and hence its stabilizer Ty in G(IF2) is conjugated to the one described in (i), but
with a ranging in [Fp;, call that T;s. With notation as in the proof of Theorem 15

we have
Tr+ 79 T+ T r+T71 x4 71
TR: ) Tx*‘ 5 )
r+1 r+1 zH+7 +T

from which one may work out explicit expressions for all elements of T and then
decide which of them belong to G(F,). The second component of the element of
Ty conjugated to (B, A) = (a*z,ax) € Ty is

T + 79 477 (at + 77 + (@ + 1)77!

s+l e (a+ 1Dz + (ati471)

and we see that the gth power automorphism maps this to the corresponding
conjugate of a~%z. An analogous assertion clearly holds for the first component,
and a similar calculation would yield the same conclusion when taking (B, A) =
(a®/z,a/x) € Tys. Consequently, the elements of Tk that are fixed by the gth
power automorphism are precisely those conjugated to those in T,s satisfying
a~? = a. Therefore |Tr N G(Fy)| = 2(q + 1), and so the orbit of R(z) has length

IG(F)I/(2(+ 1)) = ¢*(¢* — 1) (¢ — 1)/2.
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(iii) Because the two ramification points oo and 0 of x® + 22 have different
indices, each must be fixed by its stabilizer of R(x), and similarly the branch
points. Therefore, any element in the stabilizer has the form (B, A) = (bz, ax)
for some a,b € F,, and one concludes at once that a = b = 1. Hence in this case
the stabilizer is trivial, and the orbit has length |G(F,)| = ¢*(¢* — 1)*

(iv) The expression (z3 + ¢)/z has the single ramification point oo, which
is also the branch point, whose other preimage is 0. Consequently, if (B, A) is
in its stabilizer then A must fix each of co and 0, and B must fix co. A quick
calculation then shows that the stabilizer consists of the pairs (az,x/a) with
a® = 1. Hence the orbit has length |G(F,)|/3 = ¢*(¢*> — 1)?/3 when 3 divides
q — 1, which occurs precisely when ¢ is a square, and ¢*(¢* — 1)? otherwise.

(v) The expression (2% + ¢)/(z + ¢), for some ¢ € F, \ Fy, has oo and 1
as ramification points of index 2, each coinciding with the corresponding branch
point, and that the further preimages of the branch points are ¢ and 0, respec-
tively. Hence any element of its stabilizer in G(F,) either fixes all these four
points, or interchanges oo with 1 and ¢ with 0. Consequently, the stabilizer
consists of the identity and the pair ((z+c¢)/(z+1), (z+c)/(z+1)), and so the
orbit has length |G(F,)|/2 = ¢*(¢* — 1)?/2.

(vi) This case is similar to the previous case. The expression under consid-
eration has has 7 and 79 = 741 as ramification points of index 2, each coinciding
with the corresponding branch point, and the further preimages of the branch
points are 7 4+ b and 77 4 b, respectively. Arguing as in the previous case one
concludes that its stabilizer consists of the identity and the pair (x + 1,2 + 1),
and so the orbit has length |G(F,)|/2 = ¢*(¢* — 1)?/2. O

According to Theorems 15 and 17, a ‘random’ cubic expressions over a finite
field I, of characteristic two is equally likely to have one of the three ramification
types (3,2), (2) or (2,2), with the remaining ramification type (3,3) becoming
less and less likely as g grows.
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