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Summary

Originated in the context of two-dimensional topological field theories, Frobenius
manifolds lie at the intersection of several areas of mathematics, embracing in-
tegrable systems, algebraic geometry, singularity theory and many more. While
most of the theory has been developed under some semisimplicity assumption,
we pay our attention to the broader case governed by a milder assumption of reg-
ularity. We study regular non-semisimple Frobenius manifolds and other geomet-
ric structures progressively generalizing them: F-manifolds, flat F-manifolds and
bi-flat F-manifolds.

This thesis presents the results of my research. It unfolds in four chapters, the
first of which sets the context and paves the way for the discussion of my own
work. The second chapter illustrates a project in its final stage that I tackled to-
gether with Prof. Ian Strachan during my visit to the University of Glasgow. The
third and the fourth chapters describe the outcome of two problems that I faced
in collaboration with Prof. Paolo Lorenzoni, published in [65, 66]. In particular,
the main result is the construction of a class of regular non-semisimple bi-flat F-
manifolds related to integrable systems of hydrodynamic type, Nijenhuis geome-
try and the theory of Lauricella functions.
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Introduction

Ever since the scientific revolution, mathematics and physics have been deeply
connected and have mutually influenced each other along the centuries in propos-
ing new problems and offering perspectives to handle them.

A notable example of this found place in the twentieth century when Rieman-
nian geometry laid the foundation for the development of general relativity and
quantum mechanics stimulated progressions in functional analysis. A second sig-
nificant example is provided by another physical theory conceived in the past cen-
tury: quantum field theory. Especially in the last thirty years, quantum field theory
has been remarkably building on the interplay between mathematics and physics,
leading to the uncovering of very interesting geometrical structures.

Two-dimensional field theories, WDVV equations and Frobenius manifolds

Among quantum field theories, sits the notable class of topological field theories,
or topological quantum field theories, characterized by the property of admit-
ting topological invariance. Within this context, in the early 1990’s two works
by E. Witten [84], in the setting of topological sigma models, and R. Dijkgraaf,
H. Verlinde, E. Verlinde [25], in the more general frame of topological field the-
ories obtained by a so-called twisting from supersymmetric quantum field theo-
ries, proved themselves as exceptionally relevant in the outlook of detecting new
mathematical structures. Here, a remarkable system of nonlinear partial differen-
tial equations made its first appearance. B. Dubrovin [28] called such equations
WDVV equations, after the authors of the two mentioned papers.

Properties of two-dimensional topological field theories turned out to be en-
coded in specific algebraic structures called Frobenius algebras. Such an algebra
structure is defined by a commutative, associative and unital product with respect
to which a symmetric, non-degenerate bilinear form is invariant. WDVV equa-
tions are also known as associativity equations, as they express the associativity of
the product on the associated Frobenius algebra.
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In the physical setting the solutions of WDVV equations describe the moduli
space of topological conformal field theories. This is what lead Dubrovin to for-
mally introduce the structure of a Frobenius manifold [27, 28], lately appearing in
literature also by the name of Dubrovin-Frobenius manifold.

The geometric structure of a Frobenius manifold consists of a commutative and
associative product ◦ on the tangent bundle, a flat metric η which must be invariant
with respect to the product and two distinguished vector fields, denoted by e and
E. The first one, e, is known as the unit vector field as it is required to be unit of the
product, as well as covariantly constant with respect to the Levi-Civita connection
associated with the metric. Additional conditions, as well as axioms expressing
compatibility between the metric and the product, are required.

The structure defined on the manifold induces a specific structure on each tan-
gent space. In particular, ◦ induces a commutative, associative and unital product
with respect to which the symmetric, non-degenerate bilinear form induced by η
is invariant. The tangent space to a Frobenius manifold carries then at each point
the structure of a Frobenius algebra. Thanks to Dubrovin’s axioms, the structure
constants of the product, in flat coordinates of the metric, are given in terms of the
third order partial derivatives of a function satisfying WDVV equations. In this
sense, Frobenius manifolds give a coordinate-free reformulation of WDVV equa-
tions. Such a function is known as Frobenius potential. The vector fieldE takes the
name of Euler vector field, since it encodes the homogeneity property of the Frobe-
nius potential. A second product can be defined in terms of the first one and of the
Euler vector field, as well as a second metric. This lead Dubrovin to introduce the
notion of almost duality for Frobenius manifolds [32].

An additional requirement that can be taken into account is the demand for
the Frobenius manifolds to be semisimple, meaning that there exists a holonomic
frame of idempotent vector fields. Semisimple Frobenius manifolds are also known
as massive, as from a physical point of view they correspond to massive perturba-
tions of two-dimensional topological field theories. Given a semisimple Frobenius
manifold, Dubrovin introduced a privileged set of local coordinates [27], called
(Dubrovin’s) canonical coordinates, which reduce the product induced on the mani-
fold by the Frobenius algebras to a constant canonical form.

Under such a semisimplicity assumption, Dubrovin gave a complete classifi-
cation of three-dimensional Frobenius manifolds in terms of transcendental func-
tions of the Painlevé-VI type [30]. This was possible by means of studying a system
of partial differential equations known as Darboux-Egorov system [17, 36].
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Extent of Frobenius manifold theory

The theory of Frobenius manifolds appears in several areas of mathematics, in-
cluding singularity theory, invariant theory of Coxeter groups, integrable systems
and algebraic geometry.

The Frobenius manifold structure on the orbit space of a Coxeter group was
found by Dubrovin in [31] and relies on previous work of K. Saito and his collab-
orators [78, 79]. In particular, driven by the study of the structure of parameter
spaces of isolated hypersurface singularities, Saito constructed flat coordinates on
the orbit spaces of finite real reflection groups. Dubrovin interpreted these results
in terms of flat pencils of metrics, which allowed him to define a Frobenius man-
ifold structure on the orbit space of the group. This class of Frobenius manifolds
is particularly important, since it provides polynomial solutions of WDVV equa-
tions.

In algebraic geometry, Frobenius manifolds naturally appear in the study of
intersection theory on moduli spaces of curves and they find applications in enu-
merative problems concerning, for instance, quantum cohomology and Gromov-
Witten theory. In this setting, one of the most celebrated results is the Witten con-
jecture [85], proved by M. Kontsevich [54]. It establishes a relationship between a
tau-function for the Korteweg-de Vries (KdV) integrable hierarchy and the generat-
ing function for the intersection numbers of Mumford–Morita–Miller stable classes
on the Deligne–Mumford compactification of moduli space of pointed curves [86].
In this context, the Witten conjecture turned out to be just the first and the sim-
plest of several results connecting mathematical and theoretical physics with alge-
braic geometry. In order to formalize properties on this latter side, in 1994 Kontse-
vich and Manin introduced cohomological field theories [55], the trivial instance of
which underlies the generating function starring in the Witten-Kontsevich result.
The geometric structure of a Frobenius manifold turns out to encode the genus
zero information of a cohomological field theory. In the semisimple case, a power-
ful result known as Givental-Teleman classification [82] allows to reconstruct the
information at all genera.

Frobenius manifolds also sprout in the ground of integrable hierarchies, as re-
lated to relevant classes of integrable partial differential equations, such as inte-
grable PDEs of hydrodynamic type, and they come to light in the theory of partial
diffential equations and special functions as closely linked to Painlevé equations,
as mentioned above. Moreover, an integrable hierarchy known as the principal
hierarchy can be associated with each Frobenius manifold. In the semisimple case,
it can be regarded as the dispersionless limit of a more involved bi-Hamiltonian
hierarchy which was constructed by Dubrovin and Zhang. After them, the class of
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integrable hierarchies to which it belongs takes the name of Dubrovin-Zhang hier-
archies, or hierarchies of topological type [35]. The KdV hierarchy is the simplest
example of this class. Such integrable hierarchies can be equivalently constructed
from a cohomological field theory, under an analogous assumption of semisim-
plicity. In this frame and in the semisimple case, the dispersive perturbation of the
principal hierarchy into the full hierarchy of topological type reflects the Givental-
Teleman reconstruction of the all-genera information of a cohomological field the-
ory from the genus-zero part encoded in the Frobenius manifold.

The emerging picture is that of Frobenius manifolds as building bridges be-
tween different branches of mathematics and physics, providing multiple and con-
venient connections. Some of the a-priori unrelated constructions where they arise,
such as for quantum cohomology and singularity theory, turn out to communicate
with each other according to a phenomenon known in literature as mirror symme-
try. A first example of this was observed by P. Candelas, X. de la Ossa, P. Green
and L. Parkes in studying quantum cohomologies of Calabi-Yau varieties [13].

Generalizing Frobenius manifolds

Given the wide usefulness of Frobenius manifolds throughout mathemathics, it is
natural to look for extensions of its rich structure to a more general version which
may be applicable to even more situations, hopefully retaining equal convenience.

To this extent, a first step was taken by C. Hertling and Y. Manin in [48]. Here,
they introduced the notions of weak Frobenius manifold and of F-manifold. The
former is a Frobenius manifold structure without a pre-fixed flat metric, while the
latter only consists of a commutative, associative and unital product on the man-
ifold satisfying an additional axiom, known as the Hertling-Manin condition, en-
coding part of the original potentiality property for Frobenius manifolds, at least
in the semisimple case. Further properties of F-manifolds were discussed in [47].

In [77] Sabbah introduced the notion of Saito structures without metric and in
[69] Manin defined the closely related structure of a flat F-manifold, or F-manifold
with compatible flat structure. As the name suggests, it is an F-manifold enriched
with a flat and torsionless connection satisfying some compatibility conditions
with respect to the product and its unit. In flat coordinates for the connection, the
structure constants of the product can be expressed as the second partial deriva-
tives of a vector potential, which satisfies a system of partial differential equations
known as oriented associativity equations [67]. This potentiality feature is not the
only one echoing the properties of Frobenius manifolds. For instance, a notion of
principal hierarchy and an analog of cohomological field theory can be associated
with a flat F-manifold as well, as carried out in [64] and [12] respectively. As for
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weak Frobenius manifolds, in the semisimple case Dubrovin’s almost duality can
be also extended.

In the case of flat F-manifolds, the dual structure is an additional flat F-manifold
structure satisfying suitable compatibility conditions leading to the notion of bi-flat
F-manifold, introduced by A. Arsie and P. Lorenzoni in [4]. In particular, the two
connections must satisfy a condition known as almost hydrodynamical equiva-
lence, expressed in terms of their exterior covariant derivatives. It follows from
this definition that Frobenius manifolds are bi-flat F-manifolds without an invari-
ant metric, where the Euler vector field is unit of the second flat structure.

It turned out that many constructions in the theory of Frobenius manifolds
can be extended to flat and bi-flat F-manifolds, including the relation with reflec-
tion groups [49, 5] and with Painlevé transcendents that emerge from a Darboux-
Egoroff system, once suitably augmented by dropping a symmetry requirement
for some quantities, known as Ricci’s rotation coefficients [17, 75]. In particular,
three-dimensional semisimple bi-flat F-manifolds are parametrized by solutions
of Painlevé-VI equation [4, 61, 6].

Regularity

The above overview reflects the fact that most of the theory of Frobenius manifolds
and of their generalizations has been developed under the semisimplicity assump-
tion. For instance, it appears as essential for Dubrovin’s canonical coordinates and
classification of solutions to the WDVV equations, for the Givental-Teleman re-
construction result and in the theory of bi-Hamiltonian deformations of integrable
hierarchies.

The easier setting provided by this case is certainly an understandable reason
to assume semisimplicity from the beginning when facing a new problem or con-
structing new objects. However, in some situations it may be pointlessly restric-
tive.

Results obtained in the non-semisimple case suggest that some of those con-
structions may actually not rely on semisimplicity. For instance, an integrable hi-
erarchy known by the name of double ramification hierarchy [10] was defined even
for non-semisimple cohomological field theories and it is conjectured to be equiv-
alent to the integrable hierarchy of topological type. This DR-DZ conjecture was
proved for selected cohomological field theories, including the trivial one realizing
Witten’s conjecture.

Another empowering result was achieved by L. David and Hertling in [18].
Under a milder assumption of regularity, they provided a generalization of
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Dubrovin’s canonical coordinates in the setting of F-manifolds with an Euler vec-
tor field. An Euler vector field is intended to be a distinguished vector field on the
manifold satisfying a suitable compatibility condition with the product. The reg-
ularity assumption is the requirement for the operator of multiplication by such
an Euler vector field to be regular, in the sense that any two distinct Jordan blocks
from its Jordan normal form must have distinct eigenvalues.

With such a precious set of canonical coordinates, working in the regular
non-semisimple setting looks more conceivable, despite still being indisputably
more involved than the semisimple one. A recent result obtained in the regular
non-semisimple setting was the classification of three-dimensional regular non-
semisimple bi-flat F-manifolds as parametrized by solutions of the full Painlevé-IV
and full Painlevé-V equations [6], as well as the construction of flat structures out
of regular generalized Okubo systems [51].

Results

In the wake of David-Hertling’s extension of canonical coordinates, I studied some
of the above geometric structures in the regular non-semisimple setting. The first
two projects which I introduce below were conducted in collaboration with my
advisor Prof. Paolo Lorenzoni.

In the first instance, we studied regular non-semisimple Frobenius manifolds
and the associated bi-Hamiltonian structures of hydrodynamic type. This work ap-
peared in [65]. We recovered formulas for generic dimension and then we focused
on low dimensions, up to 4. In the case corresponding to a single Jordan block
in the Jordan canonical form of the operator of multiplication by the Euler vec-
tor field, we gave a complete classification. In the cases associated with multiple
Jordan blocks, we reduced the classification problem to systems of partial differ-
ential equations: a third-order ODE in the three dimensoinal case and to a system
of third-order PDEs in the four-dimensional cases. In all of them, we provided
explicit examples of Frobenius potentials. An example from our work appeared
in [38] in the context of integrable systems of hydrodynamic type which cannot be
reduced to a diagonal form.

A second problem we addressed concerned the development of a class of reg-
ular bi-flat F-manifolds, called Lauricella bi-flat F-manifolds due to their association
to the theory of Lauricella functions [56]. The key idea was to combine the con-
struction of integrable hierarchies of hydrodynamic type starting from differen-
tial bicomplexes associated with certain Nijenhuis torsionless tensors, known as
Frölicher-Nijenhuis bicomplexes, with the construction of flat F-manifolds starting
from integrable systems of hydrodynamic type. The torsionless tensor is the oper-
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ator of multiplication by the Euler vector field and the Jordan blocks of its Jordan
canonical form are as many as the parameters associated with the family of regular
Lauricella bi-flat F-manifolds which is the result of our construction. These results
appeared in [66].

A third piece of work concerning regular F-manifolds is in preparation, in col-
laboration with Prof. Ian A. B. Strachan. Given a regular F-manifold, we studied a
dual multiplication defined by means of an eventual identity, the notion of which
generalizes an Euler vector field and guarantees that the dual structure is an F-
manifold as well. After solving the equations for an eventual identity, we provided
a system of local coordinates preserving the dual multiplication.

Structure of the thesis

The structure of the thesis is outlined below.
After setting the scene for our dissertation in this introductive section, in Chap-

ter 1 we give the definitions of Frobenius manifolds and of their generalizations.
We discuss the motivation behind their introduction and we illustrate relevant
properties of them, including some of the connections with other areas of math-
ematics that we mentioned above.

Chapter 2 deals with regular F-manifolds with eventual identities, describing
my joint work in preparation with Prof. Ian A. B. Strachan.

Chapter 3 is devoted to regular Frobenius manifolds, presenting the work ap-
pearing in [65]. For the sake of readability, some of the formulas for the four-
dimensional regular non-semisimple cases, corresponding to a Jordan canonical
form of the operator of multiplication by the Euler vector field having at least one
Jordan block of size 2, have been moved to Appendix A.

Chapter 4 explains the construction of the regular Lauricella bi-flat F-manifolds
relized in [66]. Proofs of some crucial technical lemmas were removed from this
chapter in order to provide a neater exposition. They appear in Appendix B.

Finally, we conclude this dissertation by presenting open problems giving way
to future work.
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Chapter 1

Frobenius manifolds and their
generalizations

In the wake of the results by Witten [84], Dijkgraaf and the Verlinde brothers [25]
in the context of two-dimensional gravity and by Saito [78, 79] in singularity the-
ory, Dubrovin introduced the notion of Frobenius manifolds [27, 28] in order to
provide an intrinsic geometric reformulation of the system of WDVV associativity
equations appearing in [84, 25].

In this chapter we unfold this motivation, drawing the relation between two-
dimensional topological field theories and Frobenius algebras. We define Frobe-
nius manifolds and describe some of their properties, including the relation with
the WDVV equations via the Frobenius potential, the construction of a principal
hierarchy which can be recovered as the dispersionless limit of a bi-Hamiltonian
hierarchy of topological type [35] and the relations with Painlevé equations [30]
and with cohomological field theories [85, 54, 55, 82]. We focus in particular on
semisimple Frobenius manifolds, introducing Dubrovin’s canonical coordinates
[27].

We then define F-manifolds [48, 47] as a generalization of Frobenius manifolds
retaining part of their potentiality. We introduce the notions of Euler vector fields
and eventual identities on F-manifolds and we state the result from [18] extend-
ing Dubrovin’s canonical coordinates to F-manifolds with Euler vector field under
some regularity assumption, of which semisimplicity is a particular instance. This
result is crucial for the present dissertation, as the three main results appearing in
the following chapters rely on such generalized canonical coordinates.

Subsequently, we define flat F-manifolds [69] and we show some of the Frobe-
nius properties that are still valid for this more general class. In particular, we treat
a potentiality relation involving a system of partial differential equations known as
oriented associativity equations [67] and we discuss analogs of the principal hier-
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archy [64] and of cohomological field theories [12, 2]. Finally, we introduce bi-flat
F-manifolds [4], describing Frobenius manifolds without an invariant metric.

1.1 Frobenius manifolds

Let M be a real or complex manifold of finite dimension n ∈ N. In the first case we
will assume that all geometric data are smooth, while in the second case we will
assume that all geometric data are holomorphic. TM will denote the smooth or
holomorphic tangent bundle, respectively. Let us introduce the notion of a Frobe-
nius structure on M , following [28].

Definition 1.1 A Frobenius manifold structure (η, ◦, e, E) on M is defined by a non-
degenerate metric η1, a commutative and associative product ◦ on the tangent bundle TM
and two distinguished vector fields e and E, satisfying the following conditions:

1. the metric is invariant with respect to the product, namely

η(X ◦ Y, Z) = η(X, Y ◦ Z)

for X, Y, Z being vector fields on M ,

2. the metric is flat,

3. the tensor∇◦ is symmetric,

4. e is unit of the product,

5. e is a flat vector field,

6. E is subject to the following homogeneity conditions:

LE◦ = ◦, LEe = −e, LEη = (2− d)η

for some constant d, known as the charge of the Frobenius manifold. Here ∇ denotes the
Levi-Civita connection associated with η and LZ denotes the Lie derivative along a vector
field Z. The vector field e takes the name of unit vector field, while E takes the name of
Euler vector field.

In local coordinates t1, . . . , tn, we denote by {cijk}i,j,k∈{1,...,n} the structure constants
of the product

∂i ◦ ∂j = ckij ∂k, i, j, k ∈ {1, . . . , n},

1Such a metric is not required to be positive-definite.
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and we set
ηij = η(∂i, ∂j), i, j ∈ {1, . . . , n},

where ∂i = ∂
∂ti

for each i ∈ {1, . . . , n}. The axioms defining a Frobenius mani-
fold are locally described by the formulas listed below. According to Einstein’s
convention, a summation symbol is to be intended when repeated indices appear.
Commutativity and associativity of the product read

ckij = ckji, i, j, k ∈ {1, . . . , n}, (1.1)

and

ckilc
l
jm = ckjlc

l
im, i, j, k,m ∈ {1, . . . , n}, (1.2)

respectively. Invariance of the metric reads

ηil c
l
jk = ηjl c

l
ik, i, j, k ∈ {1, . . . , n}. (1.3)

Flatness of the metric reads

Rm
ijk = ∂jΓ

m
ik − ∂iΓmjk + ΓsikΓ

m
sj − ΓsjkΓ

m
is = 0, i, j, k,m ∈ {1, . . . , n}. (1.4)

Symmetry of the tensor∇◦ reads

∇ic
l
jk = ∇jc

l
ik, i, j, k, l ∈ {1, . . . , n}. (1.5)

The property of e being unit of the product reads

cijke
k = δij, i, j ∈ {1, . . . , n}. (1.6)

Flatness of e reads
∇ie

k = 0, i, k ∈ {1, . . . , n}. (1.7)

The homogeneity conditions read

LEcijk = cijk, LEei = −ei, LEηij = (2− d)ηij (1.8)

for each i, j, k ∈ {1, . . . , n}. In particular, by the homogeneity conditions, the Euler
vector field E acts as a conformal Killing vector field on η and its flow preserves
the structure constants of the product.

Let (M, η, ◦, e, E) be a Frobenius manifold of dimension n.

Remark 1 As a consequence of the above axioms, the Euler vector field is an affine vector
field, namely∇∇E = 0 holds. Moreover

Leηij = 0, i, j ∈ {1, . . . , n}. (1.9)
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The flatness of the metric endows a Frobenius manifold with a privileged set of
local coordinates. More precisely, it implies the existence of local coordinates
t1, . . . , tn in which the metric η is constant and the Christoffel symbols of its Levi-
Civita connection vanish:

Γkij = 0, i, j, k ∈ {1, . . . , n}.

Such coordinates are called flat and are defined up to an affine transformation.
Using this freedom, one can always reduce the unit vector field to the form

e =
∂

∂t1

which reads ci1k = δik for each i, k ∈ {1, . . . , n}.

Remark 2 Since ∇∇E = 0, the components of the Euler vector field are linear functions
of the flat coordinates.

Remark 3 By the axiom (1.3), the tensor whose components are defined by

cijk := ηilc
l
jk, i, j, k ∈ {1, . . . , n},

is completely symmetric. Moreover, in flat coordinates the tensor with components

∂lcijk, i, j, k, l ∈ {1, . . . , n},

is completely symmetric as well. By successive use of the Poincaré lemma, there must then
locally exist a function F of the flat coordinates t1, . . . , tn such that

ηilc
l
jk = ∂i∂j∂kF (1.10)

for each i, j, k ∈ {1, . . . , n}.

Definition 1.2 The function F (t1, . . . , tn) realizing (1.10) is called Frobenius potential.

Let {ηij}i,j∈{1,...,n} denote the components of the contravariant metric being the in-
verse of η. The Frobenius manifold comes endowed with a second contravariant
metric, known as intersection form.

Definition 1.3 The contravariant metric of components

gij = ηil cjlk E
k, i, j ∈ {1, . . . , n},

takes the name of intersection form of the Frobenius manifold (M, η, ◦, e, E).
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Remark 4 The contravariant metrics of components ηij , gij satisfy the following relations:

1. Leηij = 0, i, j ∈ {1, . . . , n},

2. Legij = ηij, i, j ∈ {1, . . . , n}.

Theorem 1.1 The contravariant pencil of metrics defined by

gijλ = gij − ληij, i, j ∈ {1, . . . , n}, (1.11)

is flat.

Theorem 1.1 suggests a first relation between Frobenius manifolds and flat pen-
cils of metrics, for which we refer to [29]. It is not always possible to produce a
Frobenius manifold starting from a flat pencil of metrics. However, such a costruc-
tion was carried out by Dubrovin [31], using flat coordinates on the orbit spaces
of finite real reflection groups (see [78, 79]). Frobenius manifolds defined this way
provide polynomial solutions of WDVV equations, which we introduce below.

1.1.1 WDVV associativity equations

Dubrovin’s original motivation for the definition of a Frobenius manifold structure
was to give a geometric interpretation to solutions of a remarkable set of equations,
introduced in the late ’80s in the works of Witten, Dijkgraaf and the Verlinde broth-
ers [84, 25]. After their names, such equations are known as WDVV equations.

Definition 1.4 The overdetermined system of nonlinear PDEs
ηks(∂s∂i∂jF ) ηht(∂t∂k∂lF ) = ηks(∂s∂i∂lF ) ηht(∂t∂k∂jF ), i, j, l, h ∈ {1, . . . , n},
∂1∂i∂jF = ηij, i, j ∈ {1, . . . , n},
LEF = (3− d)F +Q

(1.12)
for the function F (t1, . . . , tn) takes the name of Witten-Dijkgraaf-Verlinde-Verlinde
(WDVV) equations. Q denotes a quadratic polynomial in t1, . . . , tn:

Q = Aijt
itj +Bit

i + C

for some constants {Aij}i,j∈{1,...,n}, {Bi}i∈{1,...,n}, C.

The last condition can be interpreted as the requirement for the Euler vector field
to rescale the Frobenius potential in flat coordinates up to quadratic terms.

Proposition 1.5 The Frobenius potential is a solution to the WDVV equations.
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Proof: The associativity of the product gives

ηks(∂s∂i∂jF ) ηht(∂t∂k∂lF )ηksηsac
a
ij η

htηsbc
b
kl = ckij c

h
kl

= ckil c
h
kj = ηks(∂s∂i∂lF ) ηht(∂t∂k∂jF )

for each i, j, l, h ∈ {1, . . . , n}. The property of e being unit of the product implies

∂1∂i∂jF = ∂i∂1∂jF = ηisc
s
1j = ηisδ

s
j = ηij

for each i, j ∈ {1, . . . , n}. Moreover, for each i, j ∈ {1, . . . , n} one has

∂1∂i∂j
(
LEF

)
= ∂1∂i∂j

(
Es∂sF

)
= ∂1∂i

(
(∂jE

s)∂sF + Es∂j∂sF
)

= ∂1

(
(∂jE

s)∂i∂sF + (∂iE
s)∂j∂sF + Es∂i∂j∂sF

)
= (∂jE

s)∂1∂i∂sF + (∂iE
s)∂1∂j∂sF + (∂1E

s)∂i∂j∂sF + Es∂1∂i∂j∂sF

as E is a linear functions of the flat coordinates. Since e = ∂1 in flat coordinates
and [e, E] = e by the second homogeneity condition (1.8), one gets ∂1E

s = δs1 for
each s ∈ {1, . . . , n}. It follows that

∂1∂i∂j
(
LEF

)
= (∂jE

s)∂1∂i∂sF + (∂iE
s)∂1∂j∂sF + ∂i∂j∂1F + Es∂1∂i∂j∂sF

= (∂jE
s)ηis + (∂iE

s)ηsj + ηij + Es∂sηij = LEηij + ηij

where LEηij = (2− d)ηij by the third homogeneity condition (1.8). This yields

∂1∂i∂j
(
LEF

)
= (3− d)ηij = ∂1∂i∂j

(
(3− d)F

)
implying that, up to additive quadratic terms,

LEF = (3− d)F.

In the above construction of a Frobenius potential, we explained how it is possible
to get a solution to the WDVV equations starting from a Frobenius manifold.

Frobenius manifolds→WDVV equations

Conversely, a solution to the WDVV equations can be interpreted as a Frobenius
potential, in turn defining, at least locally, a Frobenius manifold.

Frobenius manifolds � WDVV equations
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Remark 5 Let F (t1, . . . , tn) be solution to the WDVV equations. By setting

ηij = ∂1∂i∂jF, i, j ∈ {1, . . . , n},

cijk = ηis∂s∂j∂kF, i, j, k ∈ {1, . . . , n},

and e = ∂1, one gets the components of the metric, the structure constants of the product
and the unit and Euler vector fields.

WDVV equations are sometimes referred to as associativity equations, as they ex-
press the associativity property of the product of the corresponding Frobenius
manifold.

1.1.2 Frobenius algebras and two-dimensional topological quan-
tum field theories

Let K denote a field of characteristic zero.

Definition 1.6 A Frobenius algebra (A, η, ◦, e) over K is a finite-dimensional commu-
tative and associative algebra A over K with product ◦, endowed with a distinguished
element e ∈ A being unit of the product and with a non-degenerate symmetric bilinear
form η which is invariant with respect to the product, realizing η(a ◦ b, c) = η(a, b ◦ c) for
each a, b, c ∈ A. The bilinear form η is called Frobenius form or Frobenius pairing.

A Frobenius manifold can be interpreted as the space of parameters of a family of
Frobenius algebras, as at a point m of a Frobenius manifold M the tangent space
TmM inherits a Frobenius algebra structure. More precisely, the product on the
tangent spaces is inherited from the product ◦ of the Frobenius manifold and the
non-degenerate symmetric bilinear form is induced by the metric η. It immediately
follows that such bilinear form is invariant with respect to the product. The unit of
the algebra is given by the evaluation of the unit vector field e at the point m. We
cite [52] for the following examples.

Example 1.7 The trivial Frobenius algebra is provided by the field K itself with multipli-
cation · and multiplicative unit 1, with the bilinear form defined by

η(a, b) = a · b, a, b ∈ A.

Example 1.8 Let G = {g0, . . . , gn} be a finite abelian group with g0 = 1. On the group
algebra V = RG (with elements

∑n
i=0 αi gi, αi ∈ R) the product is defined by(

n∑
i=0

αi gi

)
·

(
n∑
j=0

βj gj

)
=

(
n∑
l=0

(
n∑
k=0

αk βk−1 l

)
gl

)
.
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Let ϑ : V → R satisfy ϑ(
∑n

i=0 αi gi) = α0. A pairing η can be defined as

η(u, v) = ϑ(u · v)

for each u, v ∈ RG.

Following [28], we now introduce the notion of a two-dimensional topological field
theory (2D TFT), appearing in literature also by the name of two-dimensional topo-
logical quantum field theory (2D TQFT). M. Atiyah gave this axiomatic definition
of two-dimensional topological field theory in [7], inspired by the work of G. Segal
on conformal field theories [80].

Definition 1.9 A two-dimensional topological field theory is the assignment to a pair
(Σ, ∂Σ), consisting of a compact oriented surface and its boundary, of a vector v(Σ,∂Σ) in
the finite-dimensional complex vector space A(Σ,∂Σ) defined as

A(Σ,∂Σ) =

C if ∂Σ = ∅

A1 ⊗ · · · ⊗ Ak if ∂Σ =
k
t
i=1
Ci

with C1, . . . , Ck being oriented cycles and

Ai =

A if the orientation on Ci is coherent with the one induced by Σ

A∗ otherwise

for each i ∈ {1, . . . , k}, where A is a fixed finite-dimensional complex vector space and A∗

denotes its dual. Such assignment is assumed to only depend on the topology of Σ and of
its boundary. Moreover, the three following axioms are required.

(i) Normalization: the pair

is associated with id ∈ A∗ ⊗ A, where in the figure the outward orientation on the
surface is assumed.

(ii) Multiplicativity: the disjoint union of two pairs (Σ1 t Σ2, ∂Σ1 t ∂Σ2) is associated
with the tensor product of the vectors associated with each pair

v(Σ1,∂Σ1) ⊗ v(Σ2,∂Σ2) ∈ A(Σ1,∂Σ1) ⊗ A(Σ2,∂Σ2).
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(iii) Factorization: if two pairs (Σ, ∂Σ) and (Σ′, ∂Σ′) coincide outside a ball and inside
the ball (Σ′, ∂Σ′) can be recovered by cutting (Σ, ∂Σ) along a cycle, splitting in two

cycles
∼
C1 and

∼
C2 that are to be accounted as additional connected components of ∂Σ′,

then v(Σ,∂Σ) can be obtained by contracting v(Σ′,∂Σ′) with respect to the vector spaces
∼
A1 and

∼
A2 corresponding to

∼
C1 and

∼
C2 respectively, by means of the contraction

map that from a tensor product A1 ⊗ · · · ⊗Ak removes two vector spaces being dual
to each other.

Remark 6 A two-dimensional topological field theory can be interpreted as a functor from
the category of 1-dimensional cobordisms to the one of complex vector spaces. The objects
in the category of 1-dimensional cobordisms are closed 1-dimensional manifolds and a mor-
phism between two such objects, a and b, is a closed surface interpolating them, having as
a boundary the disjoint union of the boundary of a, with the same orientation, and the
boundary of b, with reversed orientation. The composition of morphisms corresponds to
gluing surfaces.

The distinguished space A carries the structure of a Frobenius algebra, as specified
in the following result (for instance, see [24]).

Theorem 1.2 The space A presents a Frobenius algebra structure with respect to the sym-
metric bilinear form given by

and the multiplication given by

with

being its unit.
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Proof: The bilinear form

can be inverted to

therefore it is non-degenerate. Commutativity of the product is trivial. Associativ-
ity is motivated by the relation

while

being equivalent to

proves that

is unit of the product. The relation

proves the invariance of
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with respect to the product.

1.1.3 Semisimple Frobenius manifolds

Let (A, ◦, e) denote a commutative and associative algebra of finite dimension n

over a field K of characteristic zero, with e ∈ A being unit of the product.

Definition 1.10 An element x ∈ A\{0} is said to be nilpotent if there exists somem ∈ N
realizing xm = 0.

Definition 1.11 Elements π1, . . . , πn of a basis for A are called idempotents if

πi ◦ πj = δijπi

for each i, j ∈ {1, . . . , n}.

Definition 1.12 An operator of A has a simple spectrum if it has n distinct eigenvalues.

For details about the following result, see for instance [16].

Proposition 1.13 The following conditions are equivalent for (A, ◦, e):

a. A does not contain nilpotent elements,

b. A admits a basis of idemponents π1, . . . , πn realizing

η(πi, πj) = η(πi, πi) δij, i, j ∈ {1, . . . , n}

for some non-degenerate symmetric bilinear form η which is invariant with respect
to ◦,

c. A is isomorphic to K⊕n,

d. there exists an element E ∈ A such that the operator E◦ : A → A has a simple
spectrum.

Definition 1.14 The algebra (A, ◦, e) is semisimple if any of the equivalent conditions
listed in Proposition 1.13 holds.

Let (A, ◦, e, η) be a semisimple Frobenius algebra.
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Remark 7 The basis of idempotents is orthogonal with respect to the Frobenius form,
namely η(πi, πj) = 0 whenever i 6= j. In fact, for every i, j ∈ {1, . . . , n},

η(πi, πj) = η(π2
i , πj) = η(πi, πi ◦ πj) = 0

as π1, . . . , πn are idempotents and η is invariant with respect to ◦. Moreover, for any
element X = Xjπj ∈ A one has

n∑
i=1

πi ◦X =
n∑

i,j=1

πi ◦ Xj πj =
n∑

i,j=1

Xj πi ◦ πj =
n∑
i=1

X i πi = X.

It follows that the sum of the idempotents is unit of the product: e =
n∑
i=1

πi.

Let (M, η, ◦, e, E) denote an n-dimensional Frobenius manifold.

Definition 1.15 A point m of the Frobenius manifold (M, η, ◦, e, E) is semisimple if the
Frobenius algebra TmM is semisimple. Equivalently, (M, η, ◦, e, E) is said to be semisim-
ple at the point m ∈ M . The Frobenius manifold is semisimple, or massive, if it is
semisimple at a generic point.

Remark 8 Semisimplicity is an open property. This means that if a Frobenius manifold
(M, η, ◦, e, E) is semisimple at a point m ∈ M then there exists a neighbourhood U ⊆ M

of m such that (U, η, ◦, e, E) is semisimple at each point.

Proposition 1.16 In a neighbourhood of a semisimple point there exists a distinguished
set of local coordinates u1, . . . , un such that

πi =
∂

∂ui
, i = 1, . . . , n. (1.13)

Definition 1.17 Coordinates realizing (1.13) are called canonical coordinates.

The proof of Proposition 1.16 relies on the flatness of a connection
∼
∇, known as

the deformed connection, which can be defined starting from ∇ by considering an
additive contribution involving ◦. Details about this, as well as about the following
result, can be found in [28, 30].

Theorem 1.3 Let (M, η, ◦, e, E) be a semisimple n-dimensional Frobenius manifold at a
point m ∈ M . Let u1, . . . , un be canonical coordinates in a neighbourhood of m. Up to
shifts, the product and the vector fields e, E are described by the following formulas:

∂i ◦ ∂j = δij ∂i, e =
n∑
s=1

∂s, E =
n∑
s=1

us ∂s (1.14)

for each i, j ∈ {1, . . . , n}, where ∂i = ∂
∂ui

for each i ∈ {1, . . . , n}.
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Canonical coordinates are defined up to permutations and shifts. A canonical ex-
pression for them, which we will adopt here, can be fixed by choosing canonical
coordinates to be the eigenvalues of the operator L := E◦ of multiplication by the
Euler vector field. In canonical coordinates, such an operator will then be repre-
sented by the diagonal matrix

L = diag(u1, . . . , un).

The formulas from Theorem 1.3 can be rewritten as

ckij = δki δ
k
j , ei = δi1, Ei = ui

for each i, j, k ∈ {1, . . . , n}.

Semisimple Frobenius manifolds and Painlevé equations

By spelling out condition (1.3) in canonical coordinates, one sees that the metric η
becomes diagonal. We denote its components by

ηij = H2
i δij, i, j ∈ {1, . . . , n}.

Definition 1.18 The functions βij :=
∂jHi
Hj

, i 6= j, are called Ricci rotation coefficients.

Given a semisimple Frobenius manifold, the rotation coefficients are symmetric:

βij = βji, i 6= j,

and as a consequence the metric is potential in canonical coordinates, meaning that
(locally) there exists a function ϕ such that H2

i = ∂iϕ for each i ∈ {1, . . . , n}. The
rotation coefficients satisfy the following overdetermined system of PDEs:

∂kβij =βikβkj, i 6= j 6= k 6= i, (1.15)

e(βij) =0, i 6= j, (1.16)

E(βij) =− βij, i 6= j, (1.17)

where

e =
n∑
i=1

∂i, E =
n∑
i=1

ui∂i.

In particular, condition (1.16) follows from (1.9). In fact, by spelling out Leηij = 0

we get e(ηij) = 0. In particular, for i = j we have e(H2
i ) = 0, implying e(Hi) = 0.
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By differentiating this last condition with respect to uj for j 6= i we get e(∂jHi) = 0.
Therefore

e(βij) = e

(
∂jHi

Hj

)
=
e
(
∂jHi

)
Hj

− ∂jHi

(Hj)2
e(Hj) = 0.

Analogously, condition (1.17) follows from the homogeneity condition of the met-
ric with respect to the Euler vector field (1.8). In fact, by spelling out the condi-
tion LEηij = (2 − d)ηij we get E(ηij) = −d ηij . In particular, for i = j we have
E(H2

i ) = −dH2
i , implying E(Hi) = −d

2
Hi. By differentiating with respect to uj for

j 6= i we get E(∂jHi) = −
(
d
2

+ 1
)
∂jHi. Therefore

E(βij) = E

(
∂jHi

Hj

)
=
E
(
∂jHi

)
Hj

− ∂jHi

(Hj)2
E(Hj) = −∂jHi

Hj

= −βij.

Definition 1.19 The system (1.15, 1.16) is called Darboux-Egorov system.

The Darboux-Egorov system (see [17, 36]) implies the flatness of the metric η.
Given a solution of the above system, the Lamé coefficients H1, ..., Hn are obtained
by solving the overdetermined system of PDEs

∂jHi =βijHj, i 6= j, (1.18)

e(Hi) =0, (1.19)

E(Hi) =DHi, (1.20)

where D = −d
2

is an eigenvalue of the skew-symmetric matrix whose entries are
defined as Vij := (uj − ui)βij for i 6= j [28]. In dimension n = 3, on the open set
{u1 6= u2 6= u3 6= u1}, the general solution of the system (1.16, 1.17) is

β12 =
1

u2 − u1
F12

(
u3 − u1

u2 − u1

)
,

β23 =
1

u3 − u2
F23

(
u3 − u1

u2 − u1

)
, (1.21)

β13 =
1

u3 − u1
F13

(
u3 − u1

u2 − u1

)
.

The remaining conditions (1.15) are equivalent to the following non-autonomous
system of ODEs:

dF12

dz
=

1

z(z − 1)
F13F23,

dF13

dz
= − 1

z − 1
F12F23, (1.22)

22



dF23

dz
=

1

z
F12F13,

where z := u3−u1
u2−u1 . It is well-known that three-dimensional Frobenius manifolds are

parameterized by solutions of a family of Painlevé VI equation (see [28]). This can
be also proved by studying the system (1.22), as illustrated below.

Theorem 1.20 System (1.22) is equivalent to the following sigma form of Painlevé VI
equation (see [70]):

z2(z − 1)2(σ′′)2 + 4
[
σ′ (zσ′ − σ)

2 − (σ′)2(zσ′ − σ)
]

= −2R2(σ′)2 +R4σ′, (1.23)

where the parameter R2 is the value of the first integral I = F 2
12 + F 2

13 + F 2
23.

Proof: Let us first notice that the quantity I = F 2
12 +F 2

13 +F 2
23 is a first integral,

as

dI

dz
=2F12F13F23

(
1

z(z − 1)
− 1

z − 1
+

1

z

)
= 0.

We set I = R2. Following [4], let us denote by σ a primitive function of F 2
12. We

have

σ′ =F 2
12

σ′′ =2F12
dF12

dz
=

2F12F13F23

z(z − 1)
. (1.24)

By combining (1.24) with the second and third equations in (1.22), we get

dF 2
13

dz
=2F13

dF13

dz
= −z σ′′

dF 2
23

dz
=2F23

dF23

dz
= (z − 1)σ′′

that is

F 2
12 =σ′

F 2
13 =σ − zσ′ + c1

F 2
23 =− σ + (z − 1)σ′ + c2

for some constants c1, c2. Since we set I = R2, such constants must satisfy the
condition

c1 + c2 = R2.

By choosing c1 = c2 = R2

2
, we are able to write the squares of the functions F12, F13,

F23 in terms of the single function σ(z) as

F 2
12 = σ′, (1.25)
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F 2
13 = σ − zσ′ + R2

2
, (1.26)

F 2
23 = −σ + (z − 1)σ′ +

R2

2
. (1.27)

By taking the square of (1.24),

z(z − 1)σ′′ =2F12F13F23

and combining it with (1.25), (1.26), (1.27), we obtain (1.23).

In dimension 4, a special class of Frobenius manifolds that are also related to the
Painlevé VI equation was studied in [76].

By dropping the assumption of symmetry of the rotation coefficients and allowing
different degrees of homogeneity for the Lamé coefficients, one ends up with the
Darboux-Egorov system (1.15, 1.16) with the additional constraint

E(βij) = (di − dj − 1)βij, i 6= j. (1.28)

In dimension 3 the system (1.15, 1.16, 1.28) reduces to a system of six ODEs which
turns out to be equivalent to the full family of Painlevé VI [61]. The corresponding
geometric structure is a generalization of the Frobenius manifold structure and it
is called bi-flat structure [4]. A similar result (see [6]) can be obtained by studying
the system

∂kΓ
i
ij = −ΓiijΓ

i
ik + ΓiijΓ

j
jk + ΓiikΓ

k
kj, i 6= k 6= j 6= i, (1.29)

e(Γiij) = 0, i 6= j, (1.30)

E(Γiij) = −Γiij, i 6= j. (1.31)

Definition 1.21 System (1.29) is called Darboux-Tsarev system.

1.1.4 The principal hierarchy of a Frobenius manifold

In [27], Dubrovin showed how to associate to a Frobenius manifold a dispersion-
less integrable hierarchy that he called the principal hierarchy. Following [35], we
present the key steps in his construction.

Let (M, η, ◦, e, E) be a Frobenius manifold of dimension n and let v1, . . . , vn be flat
coordinates of η. Coherently with the previous sections, we denote by ∇ the Levi-
Civita connection of η and by {cijk}i,j,k∈{1,...,n} the structure constants of ◦. Let us
consider the functions

θ(α,0) = vα, α ∈ {1, . . . , n},
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where we set vα = ηαβ v
β for each α ∈ {1, . . . , n}. Higher-order functions

{θ(α,p)}α∈{1,...,n}, p∈{1,2,3,... } can be constructed by means of the recursive relations

∂i∂jθ(α,p+1) = ckij ∂kθ(α,p), α ∈ {1, . . . , n}, p ∈ {0, 1, 2, 3, . . . }, (1.32)

where additional constraints may be taken into account (we refer to [35] for further
details). On the formal loop space L(M) = {S1 →M} of M , one can then consider
the following infinite family of systems of first-order quasilinear PDEs:

vt(α,p) = ∇θ(α,p) ◦ vx, α ∈ {1, . . . , n}, p ∈ {0, 1, 2, 3, . . . }. (1.33)

These equations admit a Hamiltonian structure with respect to the Hamiltonians

H(α,p) =

∫
θ(α,p+1) dx, α ∈ {1, . . . , n}, p ∈ {0, 1, 2, 3, . . . }, (1.34)

and to the Poisson bracket defined by{
vi(x), vj(y)

}
1

= ηij δ′(x− y), i, j ∈ {1, . . . , n}, (1.35)

where ηij = (η−1)ij for each i, j ∈ {1, . . . , n}. More precisely, the system (1.33) can
be rewritten as

vt(α,p) =
{
v(x), H(α,p)

}
1
, α ∈ {1, . . . , n}, p ∈ {0, 1, 2, 3, . . . }. (1.36)

It can be shown (see [27, 35] for details) that the flows associated to Hamiltonians
having densities {θ(α,p)}α∈{1,...,n}, p∈{0,1,2,3,... } commute with each other. Moreover,
for each α ∈ {1, . . . , n} and p ∈ {0, 1, 2, 3, . . . } there exists a smooth function θ̂(α,p)

on M making the equation for vt(α,p) Hamiltonian with respect to a second Poisson
bracket defined by{
vi(x), vj(y)

}
2

= gij
(
v(x)

)
δ′(x− y) + Γijk

(
v(x)

)
ukx δ(x− y), i, j ∈ {1, . . . , n},

(1.37)

where Γijk = cilk
(

1
2
− µ

)j
l

for each i, j, k ∈ {1, . . . , n}, with

µ =
2− d

2
−∇E

and cijk = ηilcjlk for each i, j, k ∈ {1, . . . , n}. More precisely, for each α ∈ {1, . . . , n}
and p ∈ {0, 1, 2, 3, . . . } there exists a smooth function θ̂(α,p) on M such that{

v(x), H(α,p)

}
1

=
{
v(x), Ĥ(α,p)

}
2
,

with the second Hamiltonian being defined as

Ĥ(α,p) =

∫
θ̂(α,p+1) dx.

The two Poisson brackets { , }1 and { , }2 are compatible, in the sense that they
define a pencil of Poisson brackets. We conclude that the equations (1.33) constitute
commuting bi-Hamiltonian flows.
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Definition 1.22 The dispersionless integrable hierarchy of first-order quasilinear PDEs
of the form (1.33) takes the name of principal hierarchy of the Frobenius manifold M .

Example 1.23 (Dispersionless KdV hierarchy) In the one-dimensional case with
Frobenius potential

F (v) =
v3

6
,

the structure constant of the product is c1
11 = 1. Starting from θ(1,0) = v, by means of

(1.32), we get

θ(1,p) =
vp+1

(p+ 1)!
, p ∈ {0, 1, 2, 3, . . . }.

The equations (1.33) read

vt(1,p) = ∇θ(1,p) ◦ vx =
vp

p!
vx, p ∈ {0, 1, 2, 3, . . . }.

Thus, we have obtained the dispersionless KdV hierarchy. In particular, the choice of p = 1

recovers the dispersionless KdV equation

vt(1,1) = v vx.

In [35], Dubrovin and Zhang introduced a way to perturb, by introducing a small
parameter ε, the principal hierachy of a semisimple Frobenius manifold into a dis-
persive bi-Hamiltonian hierarchy, whose dispersionless limit (ε → 0) retrieves the
original principal hiearchy. The dispersive integrable hierarchies constructed this
way are known as hierarchies of topological type or Dubrovin-Zhang hierarchies. The
(full) KdV hierarchy can be recovered via this dispersive deformation procedure
as well.

1.1.5 Frobenius manifolds and cohomological field theories

In order to define cohomological field theories, we introduce moduli spaces of
stable curves. We follow [86, 71, 11] in presenting this.

Moduli spaces of stable curves

In this section, by a smooth curve we will mean a smooth compact complex curve.
The objects we are interested in presenting concern curves which are not necessar-
ily smooth but can present nodal singularities.
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Definition 1.24 Given two non-negative integers g, n with n ≥ 1, a pointed nodal
curve of type (g, n)

(C;x1, . . . , xn)

is a complex compact curve C of genus g whose only singularities are simple nodes with n
distinct marked points x1, . . . , xn ∈ C \ Sing(C), where Sing(C) denotes the set of singu-
larities.

An example is the following curve

of type (1, 6).

Definition 1.25 A pointed nodal curve of type (g, n)

(C;x1, . . . , xn)

is said to be a stable curve if its automorphism group, namely the group of automorphisims
fixing the marked points, is finite.

Stable curves can be characterized in terms of the genus and the number of marked
points, in light of the following result. Given a pointed nodal curve (C;x1, . . . , xn),

let
∼
C denote its normalization, that is the smooth-component curve obtained from C

by ungluing all the nodes. Let π :
∼
C → C denote the corresponding projection.

Proposition 1.26 The following conditions for a pointed nodal curve (C;x1, . . . , xn) are
equivalent:

(a) (C;x1, . . . , xn) is stable,

(b) 2g − 2 + n > 0,

(c) each connected component of
∼
C with genus 0 has at least 3 special points and each

connected component with genus 1 has at least 1 special point.

By special points we mean either marked points or elements of π−1
(
Sing(C)

)
.
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Example 1.27 The curve

is stable. The curve

is not stable.

Remark 9 An unstable curve (C;x1, . . . , xn) can be stabilized by contracting its unstable
components. We will denote the stabilized curve by (C;x1, . . . , xn)st. The figure

shows an example of such a stabilization process.

Definition 1.28 We call the moduli space of stable curves Mg,n the set of isompor-
phism classes of stable curves of genus g with n marked points.

Remark 10 Some relevant properties ofMg,n are listed below.

1. Mg,n 6= ∅ only if 2g − 2 + n > 0. This follows from the characterization of a stable
curve.

2. Mg,n carries the structure of a smooth complex compact orbifold of dimension

dimC(Mg,n) = 3g − 3 + n.

3. Mg,n contains the moduli space of smooth curves Mg,n as a smooth open dense
suborbifold. Actually, the moduli space of stable curves Mg,n is the result of the
Deligne-Mumford compactification (see [22]) of the moduli space of smooth curves
Mg,n by adding nodal curves.
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Definition 1.29 The boundary ofMg,n is defined as

∂Mg,n =Mg,n \Mg,n.

Example 1.30 The moduli space of stable curves of genus 0 and 3 marked points only
consists of a point:M0,3 =M0,3 = {∗}.

The stability requirement does not allow to arrange the three marked points into more
components, so the smooth curve drawn above is the only representative element for
M0,3 =M0,3. In particular,M0,3 has no boundary.

Example 1.31 The elements of the moduli space of stable curves of genus 0 and 4 marked
points

M0,4 =M0,4 t
(
M0,3 ×M0,3

)t 3

are represented below.

Definition 1.32 Three natural maps are defined between moduli spaces of stable curves.
Together, they take the name of tautological maps and are listed in the following.

• The forgetful map is defined as

p :Mg,n+1 →Mg,n

(C;x1, . . . , xn+1) 7→ (C;x1, . . . , xn)st.

The need to stabilize the resulting curve comes from the fact that dropping one
marked point may lead to an unstable curve, as 2g − 2 + n decreases by 1.
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• The gluing map of non-separating kind

q :Mg−1,n+2 →Mg,n

is defined by identifying the last two marked points of a single stable curve.

• The gluing map of separating kind

r :Mg1,n1+1×Mg2,n2+1 →Mg1+g2,n1+n2

is defined by identifying the last two marked points of two stable curves.

Definition 1.33 For each i ∈ {1, . . . , n}, a line bundle Li is associated to the i-th marked
point by defining its fiber over a point which is represented by a stable curve (C;x1, . . . , xn)

as the cotangent space T ∗xiC of C at xi.

Definition 1.34 The first Chern classes of these lines bundles

ψi := c1(Li) ∈ H2
(
Mg,n,Q

)
, i ∈ {1, . . . , n},

are called ψ-classes.

Definition 1.35 Given some non-negative integers k1, . . . , kn, we define intersection
numbers as the quantities

< τk1 . . . τkn >g :=

∫
Mg,n

ψk11 . . . ψknn .
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Intersection numbers can be arranged in a power series from which they can be
generated. Such a generating function is

FWK(t0, t1, ..., ε) =
∑

g≥0,n≥1,
2g−2+n>0

ε2g

n!

∑
k1,...,kn≥0

(∫
Mg,n

ψk11 · · ·ψknn

)
tk1 · · · tkn .

Witten’s conjecture [85], later proved by Kontsevich [54], relates the above generat-
ing function of intersection numbers with integrable hierachies. It states that such
a generating function is the logarithm of a tau-function of the KdV hierarchy.

A way to compute intersection numbers is provided by a machinery known as
topological recursion (TR), first developed by B. Eynard and N. Orantin in [37] in the
context of random matrix theory. In more general settings, topological recursion
allows to compute enumerative invariants by means of recursive formulas, start-
ing from the datum of a so-called spectral curve. Such formulas are based on the
structure of moduli spaces of curves and the recursion runs over 2g − 2 + n.

Cohomological field theories

Let V be a complex vector space of finite dimension. Let <,> be a non-degenerate
symmetric bilinear form on V and let 1 ∈ V be a distinguished element. Given a
basis (eα)α∈{1,...,dimV } of V , set η = (ηαβ) where ηαβ =< eα, eβ > and η−1 = (ηαβ).

Definition 1.36 A cohomological field theory (CohFT) on V is a collection of linear
maps

Ωg,n : V ⊗n → Heven(Mg,n,C
)

indexed by two non-negative integers g, n such that 2g−2+n > 0 satisfying the following
axioms:

(1) Sn-symmetry: the maps Ωg,n are equivariant with respect to the action of the symmet-
ric group Sn, which acts on V ⊗n by permuting copies of V and on Heven

(
Mg,n,C

)
by permuting marked points;

(2) 1 is the unit:
< v,w >= Ω0,3(v ⊗ w ⊗ 1) ∈ C

for each v, w ∈ V ;

(3) p-compatibility: p∗Ωg,n = ι1Ωg,n+1 namely

p∗Ωg,n(v1 ⊗ · · · ⊗ vn) = Ωg,n+1(v1 ⊗ · · · ⊗ vn ⊗ 1)

for each v1, . . . , vn ∈ V ;
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(4) gluing-compatibility: (writing v1...n = v1 ⊗ · · · ⊗ vn)

q∗Ωg,n(v1...n) =
∑

1≤α,β≤dimV

Ωg−1,n+2(v1...n ⊗ eα ⊗ eβ) ηαβ

and

r∗Ωg1+g2,n1+n2(v1...n1+n2) =

=
∑

1≤α,β≤dimV

Ωg1,n1+1(v1...n1 ⊗ eα) ηαβ Ωg2,n2+1(vn1+1...n1+n2 ⊗ eβ)

for each v1, . . . , vn1+n2 ∈ V .

V is called phase space and its dimension is known as the rank of the cohomological field
theory.

Sometimes in literature CohFTs are defined without requiring conditions (2) and
(3) and they are called CohFTs with unit when such conditions hold. Here, we will
not make such a distinction, as we will only consider CohFTs with unit.

Definition 1.37 A CohFT defines a quantum product ? on its phase space V as follows.
The product of v1, v2 ∈ V is the unique v1 ? v2 ∈ V such that

< v1 ? v2, v3 >= Ω0,3(v1 ⊗ v2 ⊗ v3)

for each v3 ∈ V .

As a consequence of the Sn-symmetry axiom (1) and of the gluing-compatibility
axiom (4), the quantum product ? is commutative and associative. Moreover, ax-
iom (2) also implies that 1 is a unit and that the non-degenerate symmetric bilinear
form <,> is invariant with respect to the product ?. It follows that the phase space
(V,<,>, ?, 1) carries the structure of a Frobenius algebra. In local coordinates, the
quantum product is written as

?αβγ = ηασ Ω0,3(eσ ⊗ eβ ⊗ eγ), α, β, γ ∈ {1, . . . , dimV }.

Definition 1.38 The degree-zero part of a CohFT {Ωg,n}g,n

ωg,n := deg0 Ωg,n ∈ H0
(
Mg,n

)
⊗ (V ∗)⊗n

is called its topological part.

The topological part {ωg,n}g,n of a CohFT {Ωg,n}g,n is uniquely determined by ω0,3

and <,>. Equivalently, it is uniquely determined by ? and <,>.
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Definition 1.39 A CohFT is semisimple if the associated algebra (V, ?, 1) is semisimple,
namely there exists a basis (ei)i∈{1,...,dimV } of idempotents:

ei ? ej = δij ei, i, j ∈ {1, . . . , dimV }.

Definition 1.40 The correlator of a CohFT {Ωg,n}g,n of genus g associated to
v1, . . . , vn ∈ V and the non-negative integers k1, . . . , kn is

< τk1(v1) . . . τkn(vn) >g:=

∫
Mg,n

Ωg,n(v1 ⊗ · · · ⊗ vn)ψk11 . . . ψknn .

It is immediate to notice how correlators generalize intersection numbers. In-
deed, intersection numbers can be recovered as the correlators of the trivial Co-
hFT {Ωtriv

g,n}g,n, which is defined on a phase space of dimension 1, with some basis
element e, by setting

Ωtriv
g,n

(
n
⊗
i=1

e

)
= 1.

Correlators can be organized in a power series, as in the following.

Definition 1.41 The potential of a CohFT {Ωg,n}g,n is the power series in the variables
ε, {tαd}

α∈{1,...,dimV }
d∈{0,1,2,... } defined as

F (t∗∗, ε) :=
∑
g≥0

ε2g Fg(t
∗
∗)

where

Fg(t
∗
∗) :=

∑
n≥0

2g−2+n>0

1

n!

∑
1≤α1,...,αn≤dimV

k1,...,kn≥0

< τk1(eα1) . . . τkn(eαn) >g t
α1
k1
. . . tαnkn .

Proposition 1.42 Given a CohFT Ωg,n : V ⊗n → Heven(Mg,n) and a basis e1, . . . , edimV

of its phase space V , the function

F (t1, . . . , tdimV ) :=
∑
n≥3

1

n!

∑
1≤α1,...,αn≤dimV

(∫
M0,n

Ω0,n(⊗ni=1eαi)

)
n∏
i=1

tαi (1.38)

defines a solution to the WDVV equations.

A Frobenius manifold then encodes the information about the genus-zero part of
a CohFT.

CohFTs
genus
g=0→
G−T
(ss)

Frobenius manifolds

33



In the semisimple case, the information about all genera of a CohFT can be fully
reconstructed starting from the underlying Frobenius manifold. This was proved
by C. Teleman in [82], extending to CohFTs a construction which A. Givental in-
troduced in the setting of Gromov-Witten theory [43, 44, 45]. In particular, the
uniqueness feature in such a construction is provided in the case where the CohFT
satisfies an additional assumption of homogeneity with respect to the Euler vector
field (see, for instance, [72]). Such a homogeneity property is implicitly required
by the Frobenius manifold axioms (see, for instance, [82]). We refer to [82, 72] for
an accurate proof of the following theorem.

Theorem 1.4 (Givental-Teleman classification) Any homogeneous semisimple Co-
hFT can be uniquely determined starting from its topological part.

The key ideas in this reconstruction process are illustrated as follows. The genus-
zero information about a CohFT is encoded in a Frobenius manifold structure.
In particular, its topological part is uniquely determined by a Frobenius algebra
structure. In the semisimple case, the Givental-Teleman result provides a recipe
to reconstruct the whole CohFT starting from its topological part, by means of a
so-called R-matrix action. R-matrices are elements of a group acting on semisim-
ple CohFTs in a transitive way. More precisely, the Givental-Teleman result states
that there exists a unique R-matrix that recovers the whole CohFT when applied to
its topological part. As a consequence, higher genus information of a semisimple
CohFT is determined by the genus zero information contained in the underlying
Frobenius manifold. In particular, the R-matrix is uniquely specified in terms of
Ω0,3 and the Euler vector field.

CohFTs

genus
g=0

�
GT
(ss)

Frobenius manifolds

Building on the relation between Frobenius manifolds and CohFTs, the construc-
tion of integrables hiearchies of topological type [35] can be rephrased as a con-
struction starting from semisimple CohFTs (for instance, see [11]). As generalizing
the Witten-Kontsevich result, the potential of the CohFT is the logarithm of a tau-
function of the resulting hierarchy of topological type. In the particular case of the
trivial CohFT one recovers the KdV hierarchy as the hierarchy and, as the potential
of the CohFT, the Witten-Kontsevich generating function.

Another construction of integrable hierarchies starting from (even non-
semisimple) CohFTs, or from solutions of the WDVV equations, was proposed
by A. Buryak in [10]. Such hierarchies are known as double ramification (DR) hier-
archies. As well as for hierarchies of topological type, the dispersionless limit of
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the DR hierarchy associated with some solution of the WDVV equations is the cor-
responding principal hierarchy. The DR hierarchy is conjectured to be equivalent
to the Dubrovin-Zhang hierarchy, meaning that the two of them are related by a
change of coordinates known as a Miura transformation. Such a conjecture has so
far been proved for selected CohFTs.

Below, referring to [33], we list some Frobenius potentials associated to well-
known integrable hierarchies.

KdV F (u) = 1
6
u3

Boussinesq F (u, v) = 1
2
uv2 + u4

Toda F (u, v) = 1
2
uv2 + eu

NLS F (u, v) = 1
2
uv2 + 1

2
u2
(

log u− 3
2

)

1.2 F-manifolds

Introduced by Hertling and Manin in [48], F-manifolds have proved to be an ex-
tremely versatile concept, whose outreach embraces, for instance, the theory of
integrable systems and even information theory [14].

Definition 1.43 An F-manifold is a triple (M, ◦, e) consisting of a manifold M , a com-
mutative and associative multiplication ◦ on the tangent bundle and a distinguished vector
field e on M being unit of ◦, namely such that e ◦X = X for all vector fields X , satisfying
the identity

[X ◦ Y,W ◦ Z]− [X ◦ Y, Z] ◦W − [X ◦ Y,W ] ◦ Z −X ◦ [Y, Z ◦W ] +X ◦ [Y, Z] ◦W
(1.39)

+X ◦ [Y,W ] ◦ Z − Y ◦ [X,Z ◦W ] + Y ◦ [X,Z] ◦W + Y ◦ [X,W ] ◦ Z = 0,

for all vector fields X, Y,W,Z, where [X, Y ] is the Lie bracket.

Remark 11 Condition (1.39) is known as the Hertling-Manin condition and it is equiv-
alent to

LX◦Y (◦) = X ◦ LY (◦) + Y ◦ LX(◦) (1.40)

for all vector fields X, Y ∈ X(M), where LX denotes the Lie derivative along X .

Frobenius manifolds constitute particular instances of F-manifolds, as satisfying
the Hertling-Manin condition (see, for instance, [47]).
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Definition 1.44 An Euler vector field on an F-manifold (M, ◦, e) is a vector field E

satisfying the condition
LE(◦)(X, Y ) = dX ◦ Y (1.41)

for all vector fields X, Y ∈ X(M), for some constant d which is referred to as the weight
of the Euler vector field. This means that E preserves the multiplication up to a constant.

Many properties of F-manifolds have been derived (see [47]), however their clas-
sification remains an open problem, even in three-dimensions [8]. Motivated by
Dubrovin’s construction of almost-dual Frobenius manifolds [32], Manin intro-
duced a new commutative and associative multiplication:

X ∗ Y = E−1 ◦X ◦ Y, X, Y ∈ X(M), (1.42)

for an arbitrary invertible vector field E , where invertible means that the vector field
E−1 satisfies the condition E ◦E−1 = e. In general, E will not be defined everywhere
on the manifold, but only on the complementary set M\Σ of some submanifold Σ

where it is not invertible. For simplicity, we will just refer to the manifold as M
rather than separately to the manifolds M and M\Σ. It is immediate to see that
E is a unit for ∗. Manin then defined an eventual identity as a vector field E that
preserves the F-manifold structure [69].

Definition 1.45 An eventual identity for an F-manifold (M, ◦, e) is an invertible vector
field E such that the dual multiplication (1.42) defines an F-manifold structure (M, ∗, E).

Eventual identities appeared in the definition of multi-flat structures given in [6].
A characterization of eventual identities was given in [20].

Theorem 1.5 Given an F-manifold (M, ◦, e), an invertible vector field E is an eventual
identity if and only if

LE(◦)(X, Y ) = [e, E ] ◦X ◦ Y, X ,Y ∈ X(M). (1.43)

1.2.1 Regular F-manifolds

Let (M, ◦, e, E) be a F-manifold of dimension n. The multiplication ◦ is said to be
semisimple if, at a generic point in the manifold, there exists a set of idempotent
vector fields πi with the property

πi ◦ πj = δijπi, i ∈ {1, . . . , n},

namely the multiplication decomposes into one-dimensional blocks. It may be
shown that canonical coordinates {u1, . . . , un} exist in which the idempotent vector
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fields are πi = ∂i for each i ∈ {1, . . . , n}. In the Frobenius manifold case, they
coincide with Dubrovin’s canonical coordinates.

Without semisimplicity, it is much harder to study F-manifolds, as well as their
generalisations. Indeed, there is no classification of F-manifolds beyond two di-
mensions, with only a partial classification in three dimensions [8]. However, in
[18], David and Hertling gave the definition of a so-called regular F-manifold and
extended the notion of canonical coordinates to such a case.

Definition 1.46 An F-manifold (M, ◦, e, E) with Euler field is called regular at a point
m ∈M if the endomorphism E ◦ |m : TmM → TmM is regular, namely each of its Jordan
blocks is associated to a different eigenvalue. The F-manifold is (generically) regular if it
is regular at any (generic) point.

Theorem 1.6 Let (M, ◦, e, E) be a regular F-manifold of dimension n and letm ∈M be a
point around which the operator E◦ has r Jordan blocks, of sizes m1, . . . ,mr. Then, locally
around m, there exists a distinguished system of coordinates{

uj(α)
∣∣α ∈ {1, . . . , r}, j ∈ {1, . . . ,mα}

}
where the structure constants of the product ◦ are given by

c
i(α)
j(β)k(γ) = δαβ δ

α
γ δ

i
j+k−1 (1.44)

for all suitable indices and where the unit and the Euler vector fields are given respectively
by

e =
r∑

α=1

∂u1(α) , E =
r∑

α=1

mα∑
s=1

us(α) ∂us(α) . (1.45)

The above formulas appear slightly simpler than the original ones in [18], which
can be recovered from these after a shift in the first two variables of each block. We
will refer to the coordinates provided by Theorem 1.6 by calling them generalized
canonical coordinates, or simply canonical coordinates.

Under the assumptions of Theorem 1.6, the canonical coordinates u1, . . . , un for M
can be re-labelled by means of the following notation: for each α ∈ {2, . . . , r} and
for each j ∈ {1, . . . ,mα}we write

j(α) = m1 + · · ·+mα−1 + j

(for α = 1 we set j(α) = j) so that uj(α) denotes the j-th coordinate associated to
the α-th Jordan block. When dealing with regular F-manifolds of this form, we
will write ui when seeing the coordinate as running from 1 to the dimension of
the manifold and we will write ui(α) when in need to highlight the Jordan block to
which the coordinate refers. According to this notation, ∂i and ∂i(α) will denote the
partial derivative with respect to ui and ui(α) respectively.
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1.3 Flat F-manifolds

Related to the notion of Saito structures without metric introduced by Sabbah in
[77] and conveying a potentiality relating them to a system of PDEs known as
oriented associativity equations [67], flat F-manifolds were introduced by Manin
in [69] as F-manifold endowed with a compatible flat structure. A more general
definition was given in [64] for an F-manifold with compatible connection, which
is not necessarily flat.

Definition 1.47 A flat F-manifold (M, ◦,∇, e) is an F-manifold M equipped with a
connection∇ related to the product ◦ and to the unit vector field e by the following axioms:

(i) the one-parameter family of connections

∇(λ) := ∇− λ◦ (1.46)

is flat and torsionless for any λ,

(ii) the vector field e is covariantly constant, namely∇e = 0.

The requirement for the family of connections (1.46) to be torsionless amounts to
the request for ∇ to be torsionless and for the product ◦ to be commutative. The
flatness of (1.46) amounts to the flatness of∇, the associativity of the product ◦ and
the symmetry of∇c with respect to the lower indices.

In particular, the last condition and the commutativity of the product imply that
for every m ∈ {1, . . . , n}, where n = dimM and t1, . . . , tn denote flat coordinates
for ∇, locally there exists a function Fm(t1, . . . , tn) such that

cmij = ∂i∂jF
m, i, j,∈ {1, . . . , n}. (1.47)

Definition 1.48 The n-tuple (F 1, . . . , F n) of functions defined by (1.47) takes the name
of vector potential of the flat F-manifold.

In flat coordinates for ∇, the fact that the vector field e is unit of the product ◦
implies that

∂1∂jF
m = δmj , m, j ∈ {1, . . . , n}, (1.48)

and the associativity of the product ◦ gives

∂i∂sF
m ∂j∂kF

s = ∂j∂sF
m ∂i∂kF

s, i, j, k,m ∈ {1, . . . , n}. (1.49)
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Conversely, any n-tuple (F 1, . . . , F n) of functions satisfying (1.48) and (1.49) de-
fines a flat F-manifold, with the product being given by (1.47) and the connection
being given by∇∂i∂j = 0 for each i, j ∈ {1, . . . , n}.

In the particular case where the flat F-manifold is a Frobenius manifold, the
invariant metric implies the existence of a Frobenius potential, as seen above (1.10),
from which the vector potential can be recovered. Equations (1.48) and (1.49) play
the role of WDVV associativity equations in the flat F-manifold context. Together
with a third condition expressing homogeneity with respect to some Euler vector
field, they take the name of extended WDVV equations or oriented WDVV equations
(for instance, see [67, 5, 51]).

1.3.1 The principal hierarchy of a flat F-manifold

Given a flat F-manifold, it was shown in [64] that an integrable hierarchy of hy-
drodynamic type can be constructed. The flatness of the connection gives a basis
of flat vector fields and in turn a set of flows, known as primary flows. Higher
flows can be obtained recursively. The resulting integrable hierarchy generalizes
Dubrovin’s principal hierarchy for Frobenius manifolds to the case where the con-
nection is not associated with a metric.

Let (M, ◦,∇, e) be a flat F-manifold of dimension n. Let

X(1,−1), . . . , X(n,−1)

be a frame of flat vector fields, the first one being e = X(1,−1). They are called
primary vector fields. According to [64], higher order vector fields can be constructed
by imposing the condition

∇X(α,l+1) = X(α,l) ◦, l ∈ {−1, 0, 1, 2, . . . }, α ∈ {1, . . . , n}. (1.50)

Then

cijs∇kX
s
(α,l) = ciks∇jX

s
(α,l)

for all suitable indices. In fact, the primary vector fields trivially yield∇X(α,−1) = 0

for each α ∈ {1, . . . , n} and for l ≥ 0 we have

cijs∇kX
s
(α,l) = cijs c

s
kmX

m
(α,l−1)

= ciks c
s
jmX

m
(α,l−1) = ciks∇jX

s
(α,l)

for all suitable indices. As a consequence, the flows

uit = cijkX
k
(α,l)u

j
x, i ∈ {1, . . . , n},
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and
uiτ = cijkX

k
(β,m)u

j
x, i ∈ {1, . . . , n},

associated to different solutions of (1.50) commute. The hierarchy of quasilinear
PDEs of the form

uit(α,l) = cijkX
k
(α,l) u

j
x, i ∈ {1, . . . , n}, (1.51)

is defined as the principal hierarchy of the F-manifold.

Remark 12 In the particular case of a Frobenius manifold, the above integrable hierarchy
coincides with the principal hierarchy. More precisely, by setting

X(α,l) = ∇θ(α,l), l ∈ {−1, 0, 1, 2 . . . }, α ∈ {1, . . . , n},

and letting the second index start at −1, the equations (1.33) coincide with (1.51) and the
recursive relations (1.32) coincide with (1.50).

1.3.2 F-cohomological field theories

The relation between Frobenius manifolds and cohomological field theories per-
sists in the flat F-manifold setting. This was observed in [2], where Givental’s
reconstruction to higher genera was extended to the case of an F-cohomological
field theory (F-CohFT), introduced in [12] and generalizing cohomological field
theories, under the semisimplicity assumption.

Following [2], we define F-cohomological field theories. Let V be a complex
vector space of finite dimension. Let <,> be a non-degenerate symmetric bilinear
form on V and let 1 ∈ V be a distinguished element. Given a basis (eα)α∈{1,...,dimV }

of V with (eα)α∈{1,...,dimV } dual basis of V ∗, set η = (ηαβ) where ηαβ =< eα, eβ > and
η−1 = (ηαβ).

Definition 1.49 An F-cohomological field theory (F-CohFT) on V is a collection of
linear maps

Ωg,n+1 : V ∗ ⊗ V ⊗n → Heven(Mg,n+1,C
)

indexed by two non-negative integers g, n such that 2g−1+n > 0 verifying the following
axioms:

(1) Sn-symmetry: the maps Ωg,n+1 are equivariant with respect to the action of the
symmetric group Sn, which acts on V ∗ ⊗ V ⊗n by permuting copies of V and on
Heven

(
Mg,n+1,C

)
by permuting the last n marked points;
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(2) 1 is the unit:
δαβ = Ω0,3(eα ⊗ eβ ⊗ 1)

for each α, β ∈ {1, . . . , dimV };

(3) p-compatibility:

p∗Ωg,n+1(eα0 ⊗ eα1 · · · ⊗ eαn) = Ωg,n+2(eα0 ⊗ eα1 ⊗ · · · ⊗ eαn ⊗ 1)

for each α0, α1, . . . , αn ∈ {1, . . . , dimV }, where

p :Mg,n+2 →Mg,n+1

(C;x1, . . . , xn+2) 7→ (C;x1, . . . , xn+1)st

is the forgetful map;

(4) gluing-compatibility:

r∗Ωg1+g2,n1+n2+1(eα0 ⊗ eα1 ⊗ · · · ⊗ eαn1+n2 )

=
∑

1≤µ≤dimV

Ωg1,n1+2(eα0 ⊗ ⊗
i∈I
eαi ⊗ eµ) ⊗ Ωg2,n2+1(eµ ⊗ ⊗

j∈J
eαj)

for each α0, α1, . . . , αn1+n2 ∈ {1, . . . , dimV }, where I t J = {2, . . . , n1 + n2 + 1}
with |I| = n1, |J | = n2 and where

r :Mg1,n1+2×Mg2,n2+1 →Mg1+g2,n1+n2+1

is the gluing map of separating kind.

Let {Ωg,n+1}g,n be an F-CohFT on (V,<,>, 1) with (eα)α∈{1,...,dimV } being a basis of
V and (eα)α∈{1,...,dimV } being a dual basis of V ∗. Let us set dimV = N . One can
prove that for each α ∈ {1, . . . , N} the function

Fα(t1, . . . , tN) :=
∑
n≥2

1

n!

∑
1≤α1,...,αn≤N

(∫
M0,n+1

Ω0,n+1

(
eα ⊗ eα1 ⊗ · · · ⊗ eαn

))
tα1 . . . tαn

(1.52)

is a solution of (1.48) and (1.49). It follows that (F 1, . . . , FN) is the vector potential
of a flat F-manifold structure defined in a neighbourhood of 0 in V .

We now give the definition of a partial CohFT, as introduced in [58].

Definition 1.50 A partial cohomological field theory (partial CohFT) on V is a col-
lection of linear maps

Ωg,n : V ⊗n → Heven(Mg,n,C
)

indexed by two non-negative integers g, n such that 2g−2+n > 0 verifying the following
axioms:
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(1) Sn-symmetry: the maps Ωg,n are equivariant with respect to the action of the symmet-
ric group Sn, which acts on V ⊗n by permuting copies of V and on Heven

(
Mg,n,C

)
by permuting marked points;

(2) 1 is the unit:
< eα, eβ >= Ω0,3(eα ⊗ eβ ⊗ 1)

for each α, β ∈ {1, . . . , dimV };

(3) p-compatibility:

p∗Ωg,n(⊗eα1 · · · ⊗ eαn) = Ωg,n+1(eα1 ⊗ · · · ⊗ eαn ⊗ 1)

for each α1, . . . , αn ∈ {1, . . . , dimV }, where

p :Mg,n+1 →Mg,n

(C;x1, . . . , xn+1) 7→ (C;x1, . . . , xn)st

is the forgetful map;

(4) gluing-compatibility:

r∗Ωg1+g2,n1+n2(eα1 ⊗ · · · ⊗ eαn1+n2 )

=
∑

1≤µ,ν≤dimV

ηµν Ωg1,n1+1(⊗
i∈I
eαi ⊗ eµ) ⊗ Ωg2,n2+1( ⊗

j∈J
eαj ⊗ eν)

for each α1, . . . , αn1+n2 ∈ {1, . . . , dimV }, where I t J = {1, . . . , n1 + n2} with
|I| = n1, |J | = n2 and where

r :Mg1,n1+1×Mg2,n2+1 →Mg1+g2,n1+n2

is the gluing map of separating kind.

Any partial CohFT {Ωg,n}g,n defines an F-CohFT {
∼
Ωg,n+1}g,n, by setting

∼
Ωg,n+1(eα0 ⊗ eα1 ⊗ · · · ⊗ eαn) =

∑
1≤µ≤dimV

ηα0µ Ωg,n+1(eµ ⊗ eα1 ⊗ · · · ⊗ eαn)

for each α0, α1, . . . , αn ∈ {1, . . . , dimV }. Moreover, a partial CohFT can be pro-
moted to a CohFT by requiring compatibility with respect to the gluing map of
non-separating kind

q :Mg−1,n+2 →Mg,n
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namely by imposing that

q∗Ωg,n(eα1 ⊗ · · · ⊗ eαn) =
∑

1≤µ,ν≤dimV

Ωg−1,n+2(eα1 ⊗ · · · ⊗ eαn ⊗ eµ ⊗ eν) ηµν

for each α1, . . . , αn ∈ {1, . . . , dimV }.

Let {Ωg,n}g,n be a partial CohFT on (V,<,>, 1) with (eα)α∈{1,...,dimV } being a basis
of V and (eα)α∈{1,...,dimV } being a dual basis of V ∗. Let us set dimV = N . One can
prove that the function

F (t1, . . . , tN) :=
∑
n≥3

1

n!

∑
1≤α1,...,αn≤N

(∫
M0,n

Ω0,n

(
eα1 ⊗ · · · ⊗ eαn

))
tα1 . . . tαn (1.53)

is a solution of the first two sets of equations in (1.12). It follows that F is the
potential of a Frobenius-manifold structure defined in a neighbourhood of 0 in V ,
consistently with the theory presented above as the function (1.53) appeared in
(1.38).

Similarly to the Frobenius setting, a flat F-manifold then encodes the informa-
tion about the genus-zero part of an F-CohFT. In the case of semisimple flat F-
manifolds, Givental’s reconstruction of higer-genus information was extended in
[2]. The double ramification hierarchy construction was extended as well to F-
CohFTs in [1] and it was there used to deform the principal hierarchy of a semisim-
ple flat F-manifold into a dispersive integrable hierarchy.

1.4 Bi-flat F-manifolds

The notion of bi-flat F-manifold was introduced in [4], motivated by the study of
dual structures on flat F-manifolds and building on the generalizations of Frobe-
nius manifolds. We give it as follows.

Definition 1.51 A bi-flat F-manifold (M,∇,∇∗, ◦, ∗, e, E) is a manifold M equipped
with a pair of connections ∇ and ∇∗, a pair of products ◦ and ∗ on the tangent spaces
TmM and a pair of vector fields e and E satisfying the following conditions:

(i) (∇, ◦, e) defines a flat F-manifold structure on M ,

(ii) (∇∗, ∗, E) defines a flat F-manifold structure on M ,

(iii) the two flat F-manifold structures are related by the conditions

• X ∗ Y = (E◦)−1X ◦ Y, (1.54)
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• [e, E] = e, (1.55)

• LE◦ = ◦, (1.56)

• (d∇ − d∇∗)(X ◦) = 0 (1.57)

where X and Y are arbitrary vector fields and at a generic point the operator E◦
is assumed to be invertible. Here d∇ denotes the exterior covariant derivative with
respect to∇ and LE denotes the Lie derivative along E.

We recall the definition of exterior covariant derivative d∇ with respect to ∇, which
extends the notion of differential to vector-valued differential forms (see, for in-
stance, [57]). The exterior covariant derivative d∇ of a k-differential form ω with
values in TM is defined by

(d∇ω)(X0, . . . , Xk) :=
k∑
i=0

(−1)i∇Xi

(
ω(X0, . . . , X̂i, . . . , Xk)

)
+

∑
0≤i<j≤k

(−1)i+j ω([Xi, Xj], X0, . . . , X̂i, . . . , X̂j, . . . , Xk)

for X0, . . . , Xk ∈ X(M), where X̂ denotes the absence of a vector field X in the
arguments of ω.

The axiom (1.57) expresses the condition of almost hydrodynamical equivalence be-
tween the two connections. One may notice that not all of the axioms are inde-
pendent. For instance, the compatibility between the dual connection and the dual
product follows from the other axioms (see [6]).

Remark 13 The dual connection is defined only at the points where the operator E◦ is
invertible. At these points the condition

(d∇ − d∇∗)(X ◦) = 0, X ∈ X(M), (1.58)

is equivalent to the condition

(d∇ − d∇∗)(X ∗) = 0, X ∈ X(M). (1.59)

This implies
Γ∗kij = Γkij − c∗lji∇lE

k (1.60)

for all suitable indices. Moreover, the flatness of the dual connection follows from the lin-
earity of the Euler vector field (see Theorem 4.4 in [5] for the semisimple case and Lemmas
4.2 and 4.3 in [50] for the general case).

Frobenius manifolds are particular instances of bi-flat F-manifolds. In this specific
case, the connection of the first flat structure is the Levi-Civita connection associ-
ated with the invariant metric and the unit of the second flat structure is provided
by the Euler vector field.

44



Chapter 2

Regular F-manifolds with eventual
identities

This chapter concerns regular F-manifolds with eventual identities and it is based
on the content of a work in preparation with Prof. Ian A. B. Strachan.

Our main aim is to solve the equations (1.43) for an eventual identity on a reg-
ular F-manifold with Euler vector field E. In the semisimple case, in canonical
coordinates eventual identities can be easily proved to be of the form

E =
n∑
i=1

E i(ui) ∂

∂ui
.

Thus, if the multiplication is semisimple, eventual identities are defined by n func-
tions of one variable. As one may expect, the regular non-semisimple case turns
out to be more involved.

We first solve the equations for an eventual identity E in the case corresponding
to a single Jordan block of the operator of multiplication by the Euler vector field,
providing explicit examples. We then examine the dual structure defined via the
multiplication (1.42), constructing a new basis of vector fields with respect to which
the dual product preserves the regular structure of the original product on the F-
manifold. We finally extend these considerations to the general case of multiple
Jordan blocks.

As a consequence, families of Nijenhuis operators are constructed. Other di-
rections which may be pursued starting from the results of the present chapter
involve the construction of classes of examples, possibly fitting the classification
provided in [9], as well as the specialization to the regular case of the construc-
tions from [21] (see also [19]) about the analogues of the first and second structural
connections of a Frobenius manifold in the case of F-manifolds with an eventual
identity. Finally, non-semisimple Frobenius manifolds with an underlying regular
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F-manifold structure may also be constructed, as Chapter 3 will show.

2.1 Eventual identities and dual coordinates

Let (M, ◦, e, E) be a regular F-manifold of dimension n and let m ∈ M be a point
around which the operator E◦ has r Jordan blocks, of sizes m1, . . . ,mr. According
to Theorem 1.6, we denote by{

uj(α)
∣∣α ∈ {1, . . . , r}, j ∈ {1, . . . ,mα}

}
the canonical coordinates realizing (1.44) and (1.45).

2.1.1 The case of a single block

We first study the case corresponding to a single Jordan block of the operator E◦,
namely r = 1. In order to ease the notation, we drop the greek indices.

Eventual identities

Proposition 2.1 A vector field E ∈ X(M) is an eventual identity if and only if

∂lEm =

(l − 1) ∂2Em−l+2 − (l − 2) ∂1Em−l+1 for l ≤ m,

0 for l > m,
(2.1)

for each m ∈ {1, . . . , n}.

Proof: By picking X = ∂j and Y = ∂k, (1.43) becomes

LE(∂j ◦ ∂k)− [E , ∂j] ◦ ∂k − [E , ∂k] ◦ ∂j = [e, E ] ◦ ∂j ◦ ∂k

that is

LE∂j+k−1 − [E , ∂j] ◦ ∂k − [E , ∂k] ◦ ∂j = [∂1, E ] ◦ ∂j+k−1

namely

− ∂j+k−1E + ∂jE ◦ ∂k + ∂kE ◦ ∂j = ∂1E ◦ ∂j+k−1

or, for each i ∈ {1, . . . , n},

− ∂j+k−1E i + ∂jE i−k+1 + ∂kE i−j+1 = ∂1E i−j−k+2. (2.2)

Each of these quantities is intended to vanish for negative or zero indices. Con-
dition (2.2) immediately follows from (2.1). We now show that (2.2) implies (2.1).
Let us fix m ≤ n. First, we show that ∂lEm = 0 for each l > m. We proceed by
induction over m.
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• m=1 By choosing i = j = 1, k = 2 in (2.2), we get ∂2E1 = 0. Let us suppose
∂lE1 = 0 for every l ∈ {2, . . . , l − 1} (for some fixed l ≥ 3). By choosing i = 1,
j = l − 1, k = 2 in (2.2), we get ∂lE1 = 0. Thus ∂lE1 = 0 for each l ≥ 2.

• m=h-1 Let us suppose ∂lEm = 0 for every m ∈ {1, . . . , h − 1} (for some fixed
h ≥ 2) and l > m.

• m=h Let us fix l > h. By choosing i = h, j = l − 1, k = 2 in (2.2), we get

− ∂lEh + ∂l−1Eh−1 + ∂2Eh−l+2 = ∂1Eh−l+1

where ∂l−1Eh−1 = ∂2Eh−l+2 = ∂1Eh−l+1 by inductive hypothesis, so ∂lEh = 0.

We are now left with showing that

∂lEm = (l − 1) ∂2Em−l+2 − (l − 2) ∂1Em−l+1

for each l ≤ m. We proceed by induction over l, starting from l = m.

• l=m We need to prove

∂mEm = (m− 1)∂2E2 − (m− 2)∂1E1. (2.3)

We proceed by induction over m.

• m=2 Condition (2.3) trivially holds for m = 2.

• m=h-1 Let us fix some h ≥ 3 and assume that for each m ∈ {2, . . . , h−1}
we have ∂mEm = (m− 1)∂2E2 − (m− 2)∂1E1.

• m=h By choosing i = h, j = h− 1, k = 2 in (2.2), we get

− ∂hEh + ∂h−1Eh−1 + ∂2E2 = ∂1E1

which by inductive hypothesis yields

∂hEh = ∂h−1Eh−1 + ∂2E2 − ∂1E1 = (h− 1)∂2E2 − (h− 2)∂1E1.

Condition (2.3) is proved.

• l=t+1 Let us suppose

∂lEm = (l − 1) ∂2Em−l+2 − (l − 2) ∂1Em−l+1

for every l ≥ t+ 1, for some fixed t ≥ 2.
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• l=t We show

∂tEm = (t− 1) ∂2Em−t+2 − (t− 2) ∂1Em−t+1.

By choosing i = m+ 1, j = t, k = 2 in (2.2), we get

∂t+1Em+1 − ∂tEm = ∂2Em−t+2 − ∂1Em−t+1 (2.4)

that yields

∂tEm = ∂t+1Em+1 − ∂2Em−t+2 + ∂1Em−t+1 = (t− 1) ∂2Em−t+2 − (t− 2) ∂1Em−t+1

by means of the inductive assumption.

Remark 14 The m-th component of an eventual identity E must only depend on the first
m coordinates.

Proposition 2.1 leads to the following result.

Theorem 2.2 Given a regular F-manifold with (generalized) canonical coordinates
u1, . . . , un where the structure constants of the product and the components of the unit
vector field respectively read cijk = δij+k−1 and ei = δi1, an eventual identity must be of the
form

E =
n∑
i=1

E i(u1, . . . , ui)
∂

∂ui

where the functions {E i}i∈{1,...,n} are solutions to (2.1).

Remark 15 Condition (2.1) gives a compatible system of PDEs, namely

∂i∂jEm = ∂j∂iEm, i, j ∈ {1, . . . , n}, (2.5)

for each m ∈ {1, . . . , n}. In fact, condition (2.1) becomes trivial when the lower index
l equals 1 or 2, which means we only have to prove (2.5) for i, j ≥ 3. Let us fix m ∈
{1, . . . , n}. Without loss of generality, let us assume i, j ≤ m, as for i > m (or equivalently
j > m) both the left and the right-hand side of (2.5) trivially vanish. The quantity

∂i∂jEm = ∂i
(
(j − 1) ∂2Em−j+2 − (j − 2) ∂1Em−j+1

)
= (j − 1) ∂2

(
(i− 1) ∂2Em−i−j+4 − (i− 2) ∂1Em−i−j+3

)
− (j − 2) ∂1

(
(i− 1) ∂2Em−i−j+3 − (i− 2) ∂1Em−i−j+2

)
= (j − 1)(i− 1) ∂2

2Em−i−j+4 − (j − 1)(i− 2) ∂1∂2Em−i−j+3

− (j − 2)(i− 1) ∂1∂2Em−i−j+3 + (j − 2)(i− 2) ∂2
1Em−i−j+2

is symmetric with respect to exchanging the indices i, j, proving (2.5).
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Remark 16 The first components of an eventual identity are of the form

E1 = f1(u1)

E2 = f2(u1, u2)

E3 = (2∂2f2 − f ′1)u3 + f3(u1, u2)

E4 = (3∂2f2 − 2f ′1)u4 + 2(∂2
2f2)(u3)2 + (2∂2f3 − ∂1f2)u3 + f4(u1, u2)

E5 = (4∂2f2 − 3f ′1)u5 + (3∂2f3 − 2∂1f2)u4 + 6(∂2
2f2)u3u4

+
4

3
(∂3

2f2)(u3)3 +
1

2

(
4∂2

2f3 − 4∂1∂2f2 + f ′′1
)
(u3)2

+ (2∂2f4 − ∂1f3)u3 + f5(u1, u2)

for some functions {fi}i∈{1,...,5} of the coordinates u1, u2. In particular, f1 only depends on
u1.

Proposition 2.3 For each m ∈ {1, . . . , n} the m-th component of an eventual identity
E is a polynomial function in the variables {ui}i∈{3,...,n} with coefficients being functions
of the coordinates u1, u2. In particular, E1, . . . , Em only depend on a function f1 of the
coordinate u1 and m− 1 functions {fi}i∈{2,...,m} of the coordinates u1, u2.

Proof: For each m ∈ {1, . . . , n}, let us denote by P3,...,m
1,2 the set of polyno-

mial functions in the variables {ui}i∈{3,...,m} with coefficients being functions of the
coordinates u1, u2. We want to prove that for each m ∈ {1, . . . , n}we have

Em = Pm(u1, u2;u3, . . . , um) + fm(u1, u2) (2.6)

for some function fm of u1, u2 and a function Pm(u1, u2;u3, . . . , um) ∈ P3,...,m
1,2 which

is uniquely determined up to f1, . . . , fm−1. The above example proves (2.6) for
m ≤ 5. Let us assume (2.6) holds for m ≤ M , for some fixed M ≤ n, and show it
holds for m = M . For each l ≥ 3 (without loss of generality l ≤M ) we have

∂lEM
(2.1)
= (l − 1) ∂2EM−l+2 − (l − 2) ∂1EM−l+1

thus, since M − l + 2 ≤M − 1, by induction we get

∂lEM = (l − 1) ∂2P
M−l+2(u1, u2;u3, . . . , uM−l+2) + (l − 1) ∂2fM−l+2(u1, u2)

− (l − 2) ∂1P
M−l+1(u1, u2;u3, . . . , uM−l+1)− (l − 2) ∂1fM−l+1(u1, u2).

In particular ∂lEM ∈ P3,...,M−l+2
1,2 ⊆ P3,...,M

1,2 for each l ≥ 3, thus

EM = PM(u1, u2;u3, . . . , uM) + fM(u1, u2)

for a function fM of u1, u2 and a function PM ∈ P3,...,M
1,2 whose coefficents only

depend on f1, . . . , fM−1.
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Remark 17 Proposition 2.3 implies that an eventual identity can be fully determined
starting from a function f1 of the coordinate u1 and n − 1 functions {fi}i∈{2,...,n} of the
coordinates u1, u2.

Below, we present some examples of eventual identites.

Example 2.4 The Euler vector field

E =
n∑
i=1

ui
∂

∂ui

is an eventual identity. In fact, given E1(u1) = u1 and E2(u2) = u2, condition (2.1) gives
for each i ∈ {3, . . . , n}

E i(u1, . . . , ui) = ui + fi(u
1, . . . , ui−1)

for some function fi(u1, . . . , ui−1). In particular, for each j ∈ {3, . . . , i− 1} we have

∂jfi = ∂jE i = (j − 1)∂2E i−j+2 − (j − 2)∂1E i−j+1.

Since i− j + 2 ≤ i− 1 (and a fortiori i− j + 1 ≤ i− 1) for each j ≥ 3, by induction we
get

∂jfi = (j − 1)∂2u
i−j+2 − (j − 2)∂1u

i−j+1, j ∈ {3, . . . , i− 1}.

Since i − j + 2 ≥ 3 and i − j + 1 ≥ 2 for each j ≤ i − 1, we get ∂jfi = 0 for each
j ∈ {3, . . . , i − 1}, proving the function fi only depends on u1, u2. As expected, a first
example of eventual identity is then provided by the Euler vector field (more generally, up
to additive functions of u1 and u2).

The following examples live in dimension n = 4.

Example 2.5 Let us consider two functions F , G of u1 and a function H of u2. An even-
tual identity E with

E1 = F (u1)

E2 = G(u1) +H(u2)

has higher components of the form

E3 =
(
2H ′(u2)− F ′(u1)

)
u3 + f3(u1, u2)

E4 =
(
3H ′(u2)− 2F ′(u1)

)
u4 + 2(u3)2H ′′(u2)

+
(
2∂2f3(u1, u2)−G′(u1)

)
u3 + f4(u1, u2)

for some functions f3, f4 of u1, u2.
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Example 2.6 Let us consider two functions F , G of u1 and a function H of u2. An even-
tual identity E with

E1 = F (u1)

E2 = G(u1)H(u2)

has higher components of the form

E3 =
(
2G(u1)H ′(u2)− F ′(u1)

)
u3 + f3(u1, u2)

E4 =
(
3G(u1)H ′(u2)− 2F ′(u1)

)
u4 + 2(u3)2G(u1)H ′′(u2)

+
(
2∂2f3(u1, u2)−G′(u1)H(u2)

)
u3 + f4(u1, u2)

for some functions f3, f4 of u1, u2. For instance, for F (u1) = G(u1) = u1 and H(u2) = u2

we get

E3 =
(
2u1 − 1

)
u3 + f3(u1, u2)

E4 =
(
3u1 − 2

)
u4 +

(
2∂2f3(u1, u2)− u2

)
u3 + f4(u1, u2)

for some functions f3, f4 of u1, u2. For F (u1) = u1, G(u1) = (u1)2 and H(u2) = (u2)2 we
get

E3 =
(
4(u1)2 u2 − 1

)
u3 + f3(u1, u2)

E4 =
(
6(u1)2 u2 − 2

)
u4 + 4(u3)2 (u1)2 +

(
2∂2f3(u1, u2)− 2u1 (u2)2

)
u3 + f4(u1, u2)

for some functions f3, f4 of u1, u2.

Example 2.7 An eventual identity E with

E1 = u1

E2 = (u1)2 (u2)3 + u2

has higher components of the form

E3 =
(
6(u1)2(u2)2 + 1

)
u3 + f3(u1, u2)

E4 =
(
9(u1)2(u2)2 + 1

)
u4 + 12(u1)2 u2 (u3)2

+
(
2∂2f3(u1, u2)− 2u1(u2)3

)
u3 + f4(u1, u2)

for some functions f3, f4 of u1, u2.

Example 2.8 An eventual identity E with

E1 = sin(u1)
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E2 = u1 cos(u2) + u2

has higher components of the form

E3 =
(
2− 2u1 sin(u2)− cos(u1)

)
u3 + f3(u1, u2)

E4 =
(
3− 3u1 sin(u2)− 2 cos(u1)

)
u4 − 2u1 cos(u2) (u3)2

+
(
2∂2f3(u1, u2)− cos(u2)

)
u3 + f4(u1, u2)

for some functions f3, f4 of u1, u2.

Proposition 2.9 Let E be an eventual identity. Its inverse is of the form

E−1 =
n∑
i=1

(E−1)i(u1, . . . , ui)
∂

∂ui

where
(E−1)1 =

1

E1

and

(E−1)k+1 = − 1

E1

k∑
s=1

(E−1)k−s+1Es+1 (2.7)

for each k ∈ {1, . . . , n− 1}.

Proof: By spelling out the condition E−1 ◦ E = e in canonical coordinates, we
get

δi1 =
i∑

j=1

(E−1)jE i−j+1 (2.8)

By choosing i = 1 in (2.8) we get

(E−1)1 =
1

E1
.

We prove (2.7) by induction over k.

• k=1 By choosing i = 2 in (2.8) we get

(E−1)2 = − 1

E1
(E−1)1E2.

• k=h-1 Let us suppose

(E−1)k+1 = − 1

E1

k∑
s=1

(E−1)k−s+1Es+1

for every k ∈ {1, . . . , h− 1} (for a fixed h ≥ 2).
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• k=h By choosing i = h+ 1 in (2.8) we get

0 =
h+1∑
j=1

(E−1)jEh−j+2 =
h∑
j=1

(E−1)jEh−j+2 + (E−1)h+1E1

thus

(E−1)h+1 = − 1

E1

h∑
j=1

(E−1)jEh−j+2 = − 1

E1

h∑
s=1

(E−1)k−s+1Es+1.

Remark 18 The inverse of an eventual identity must be an eventual identity as well.

Remark 19 The structure constants of the dual product

X ∗ Y = E−1 ◦X ◦ Y, X ,Y ∈ X(M),

are given by

∼
c
i

jk = (E−1)scistc
t
jk = (E−1)i−j−k+2.

for all suitable indices. The dual product is expressed on the coordinate vector fields as

∂i ∗ ∂j =
∼
c
k

ij ∂k =
n∑

k=i+j−1

(E−1)k−i−j+2 ∂k, i, j ∈ {1, . . . , n}.

In particular, ∂i ∗ ∂j = 0 for i+ j ≥ n+ 2.

Vector fields preserving the regular F-manifold decomposition for the dual
structure

We look for vector fields v1, . . . , vn such that

vi ∗ vj = vi+j−1

for i+ j ≤ n+ 1 and
vi ∗ vj = 0

for i+ j ≥ n+ 2.

Proposition 2.10 By choosing v1 = E we get v1 ∗ vj = vj for each j ∈ {1, . . . , n}.

Proof: This directly follows from E being unit of the product ∗.
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Proposition 2.11 By choosing

vm =
n∑

i=m

(vm)i ∂i

for some functions (vm)m, . . . , (vm)n for each m ∈ {2, . . . , n} we have vi ∗ vj = 0 for
i+ j ≥ n+ 2.

Proof: We have

vi ∗ vj =

( n∑
a=i

(vi)
a∂a

)
∗
( n∑
b=j

(vj)
b∂b

)
=

n∑
a=i

n−a+1∑
b=j

(vi)
a(vj)

b∂a ∗ ∂b

where the second sum only survives for n−a+ 1 ≥ j that is a ≤ n− j+ 1. The first
sum then only survives for n− j + 1 ≥ i that is i+ j ≤ n+ 1. Therefore vi ∗ vj = 0

for i+ j ≥ n+ 2.

Proposition 2.12 By choosing

vi+1 =
n∑

k=i+1

(vi+1)k∂k, i ∈ {1, . . . , n},

with

(vi+1)k =
k−1∑
a=i

k−a+1∑
b=2

(vi)
a(v2)b(E−1)k−a−b+2 (2.9)

for each i ≥ 2 and k ≥ i, we have

vi ∗ vj = vi+j−1

for i+ j ≤ n+ 1.

Proof: We already know that vi ∗ vj = vi+j−1 when i = 1 or j = 1. By imposing
vi ∗ v2 = vi+1 for i ≥ 2 we get

n∑
k=i+1

(vi+1)k∂k =
n∑
a=i

n−a+1∑
b=2

(vi)
a(v2)b∂a ∗ ∂b

=
n∑
a=i

n−a+1∑
b=2

(vi)
a(v2)b

n∑
k=a+b−1

(E−1)k−a−b+2∂k

=
n∑

k=i+1

(k−1∑
a=i

k−a+1∑
b=2

(vi)
a(v2)b(E−1)k−a−b+2

)
∂k

54



thus for each k ∈ {i+ 1, . . . , n}

(vi+1)k =
k−1∑
a=i

k−a+1∑
b=2

(vi)
a(v2)b(E−1)k−a−b+2. (2.10)

We now have to show that this ensures vi ∗ vj = vi+j−1 for i ≥ 2 and j ≥ 3 such that
i+ j ≤ n+ 1. The condition vi ∗ vj = vi+j−1 amounts to

n∑
k=i+j−1

(vi+j−1)k∂k =
n∑
a=i

n−a+1∑
b=j

(vi)
a(vj)

b∂a ∗ ∂b

=
n∑
a=i

n−a+1∑
b=j

(vi)
a(vj)

b

n∑
k=a+b−1

(E−1)k−a−b+2∂k

=
n∑

k=i+j−1

(k−j+1∑
a=i

k−a+1∑
b=j

(vi)
a(vj)

b(E−1)k−a−b+2

)
∂k

that is for each k ∈ {i+ j − 1, . . . , n}

(vi+j−1)k =

k−j+1∑
a=i

k−a+1∑
b=j

(vi)
a(vj)

b(E−1)k−a−b+2.

Let us first observe that vi ∗ vj = vi+1 ∗ vj−1. Let us define

Amij : = (vi ∗ vj)m − (vi+1 ∗ vj−1)m

=

m−j+1∑
a=i

m−a+1∑
b=j

vai v
b
j (E−1)m−a−b+2 −

m−j+2∑
a=i+1

m−a+1∑
b=j−1

vai+1 v
b
j−1 (E−1)m−a−b+2

for each m ≥ i + j − 1. We need to prove that Amij = 0 for each m ≥ i + j − 1. We
proceed by induction over m.

• m=i+j-1 We have

Ai+j−1
ij = vii v

j
j (E−1)1 − vi+1

i+1 v
j−1
j−1 (E−1)1 = 0

as
vjj = vj−1

j−1

a2

E1
, j ∈ {2, . . . , n}. (2.11)

• m=M Let us suppose Amij = 0 for each m ∈ {i + j − 1, . . . ,M} for a given
M ≥ i+ j − 1.

• m=M+1 We show AM+1
ij = 0. We have

AM+1
ij : =

M−j+2∑
a=i

M−a+2∑
b=j

vai v
b
j (E−1)M−a−b+3 −

M−j+3∑
a=i+1

M−a+2∑
b=j−1

vai+1 v
b
j−1 (E−1)M−a−b+3
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(2.7)
= − 1

E1

M−j+2∑
a=i

M−a+2∑
b=j

vai v
b
j

M−a−b+2∑
s=1

(E−1)M−a−b−s+3 Es+1

+
1

E1

M−j+3∑
a=i+1

M−a+2∑
b=j−1

vai+1 v
b
j−1

M−a−b+2∑
s=1

(E−1)M−a−b−s+3 Es+1

= − 1

E1

M−i−j+2∑
s=1

Es+1

[
M−s−j+2∑

a=i

M−a−s+2∑
b=j

vai v
b
j (E−1)M−a−b−s+3

−
M−s−j+3∑
a=i+1

M−a−s+2∑
b=j−1

vai+1 v
b
j−1 (E−1)M−a−b−s+3

]

= − 1

E1

M−i−j+2∑
s=1

Es+1 AM−s+1
ij = 0

as AM−s+1
ij = 0 by inductive hypothesis for each s ≥ 1.

We have then proved that vi ∗vj = vi+1 ∗vj−1. This implies vi ∗vj = vi ∗vj whenever
i+ j = i+ j. In particular, for the choice of j = 2 and i = i+ j − 2 we have

k−j+1∑
a=i

k−a+1∑
b=j

(vi)
a(vj)

b(E−1)k−a−b+2 =
k−1∑

a=i+j−2

k−a+1∑
b=2

(vi+j−2)a(v2)b(E−1)k−a−b+2. (2.12)

We have

vi+j−1 =
n∑

k=i+j−1

(vi+j−1)k∂k

(2.10)
=

n∑
k=i+j−1

k−1∑
a=i+j−2

k−a+1∑
b=2

(vi+j−2)a(v2)b(E−1)k−a−b+2∂k

(2.12)
=

n∑
k=i+j−1

k−j+1∑
a=i

k−a+1∑
b=j

(vi)
a(vj)

b(E−1)k−a−b+2∂k = vi ∗ vj .

This result determines v3, . . . , vn. We already chose v1 = E . There is still arbitrari-
ness in choosing v2. Propositions 2.10, 2.11, 2.12 yield the following result.

Theorem 2.1 By setting

• v1 = E

• v2 =
n∑
i=2

ai ∂i for some functions a2 6= 0, a3, . . . , an
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• vi+1 =
n∑

k=i+1

(vi+1)k ∂k for i ≥ 2 with

(vi+1)k =
k−1∑
a=i

k−a+1∑
b=2

(vi)
a(v2)b(E−1)k−a−b+2, k ≥ i+ 1,

we have
vi ∗ vj = vi+j−1 1{i+j≤n+1}, i, j ∈ {1, . . . , n}.

Coordinates preserving the regular F-manifold decomposition for the dual
structure

We now show that there exists a set of coordinates w1, . . . , wn such that

vi =
∂

∂wi
, i ∈ {1, . . . , n}.

We assume v2 to be an eventual identity. This means that we require v2 to be solu-
tion to (2.1), that is

∂lv
m
2 =

(l − 1) ∂2v
m−l+2
2 − (l − 2) ∂1v

m−l+1
2 for l ≤ m,

0 for l > m,
(2.13)

or

∂lam =

(l − 1) ∂2am−l+2 − (l − 2) ∂1am−l+1 for l ≤ m,

0 for l > m,
(2.14)

for each m ∈ {1, . . . , n}. In particular, for each m ∈ {2, . . . , n} the function am must
only depend on the first m coordinates.

Lemma 2.13 For each j ≥ 3 and J ≥ j we have

vJj = − 1

E1

J−j∑
s=1

vJ−sj Es+1 +
1

E1

J−1∑
s=1

vaj−1v
J−a+1
2 . (2.15)

Proof: For each j ≥ 3 and J ≥ j we have

vJj
(2.9)
=

J−1∑
a=j−1

J−a+1∑
b=2

(vj−1)a(v2)b(E−1)J−a−b+2

=
J−1∑
a=j−1

J−a∑
b=2

(vj−1)a(v2)b(E−1)J−a−b+2 +
J−1∑
a=j−1

(vj−1)a(v2)J−a+1(E−1)1

(2.7)
= − 1

E1

J−1∑
a=j−1

J−a∑
b=2

(vj−1)a(v2)b
J−a−b+1∑

s=1

(E−1)J−a−b−s+2Es+1
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+
1

E1

J−1∑
a=j−1

(vj−1)a(v2)J−a+1

(2.9)
= − 1

E1

J−j∑
s=1

Es+1(vj)
J−s +

1

E1

J−1∑
a=j−1

(vj−1)a(v2)J−a+1.

Lemma 2.14 For each j ≥ 3 and J ≥ j we have

vJj =
a2

E1
vJ−1
j−1 −

1

E1

J−j∑
s=1

(
vJ−sj Es+1 − vJ−s−1

j−1 as+2

)
. (2.16)

Proof: For each j ≥ 3 and J ≥ j we have

vJj
(2.15)
= − 1

E1

J−j∑
s=1

Es+1(vj)
J−s +

1

E1

J−1∑
a=j−1

(vj−1)a(v2)J−a+1

= − 1

E1

J−j∑
s=1

Es+1(vj)
J−s +

1

E1

J−j∑
s=0

(vj−1)J−s−1(v2)s+2

=
a2

E1
(vj−1)J−1 − 1

E1

J−j∑
s=1

Es+1(vj)
J−s +

1

E1

J−j∑
s=1

(vj−1)J−s−1as+2.

Remark 20 For each j ≥ 3 we have

vjj =
a2

E1
vj−1
j−1 =

(a2)2

(E1)2
vj−2
j−2 = · · · = (a2)j−2

(E1)j−2
v2

2 =
(a2)j−1

(E1)j−2
6= 0. (2.17)

The vector fields v1, . . . , vn are then linearly independent.

Proposition 2.15 For each j ∈ {1, . . . , n} and J ≥ j, the function vJj only depends on
the first J − j + 2 coordinates.

Proof: We show ∂kv
J
j = 0 for k ≥ J − j + 3. For j = 1 and j = 2, this trivially

follows from (2.1) and (2.13) respectively. Let us now fix j ≥ 3. We proceed by
induction over J ≥ j.

• J=j For each k ≥ 3 we have

∂kv
j
j

(2.17)
= ∂k

(
(a2)j−1

(E1)j−2

)
= 0.
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• J-1 Let us suppose ∂kvJj = 0 for each k ≥ J − j + 3, for each J ∈ {j, . . . , J − 1}
(for a fixed J ≥ j).

• J Let us fix k ≥ J − j + 3. We have

∂kv
J
j

(2.16)
=

a2

E1
(∂kv

J−1
j−1 )− 1

E1

J−j∑
s=1

(
(∂kv

J−s
j )Es+1

+ vJ−sj (∂kEs+1)− (∂kv
J−s−1
j−1 )as+2 − vJ−s−1

j−1 (∂kas+2)

)
where ∂kvJ−1

j−1 and ∂kv
J−s−1
j−1 vanish by induction over j, ∂kvJ−sj vanishes by

induction over J . By the steps j = 1 and j = 2, the quantities ∂kEs+1 and
∂kas+2 vanish as well for each s ≤ J − j. Then ∂kvJj = 0.

Remark 21 As observed in [20], the product of eventual identities is an eventual identity:

(LE1◦E2◦)(X, Y ) = E1 ◦ (LE2◦)(X, Y ) + E2 ◦ (LE1◦)(X, Y )

= E1 ◦ [e, E2] ◦X ◦ Y + E2 ◦ [e, E1] ◦X ◦ Y
= [e, E1 ◦ E2] ◦X ◦ Y

(as Le◦ = 0) for any X, Y ∈ X(M), for E1 and E2 being eventual identities.

Proposition 2.16 The vector fields {vi}i≥3 are eventual identities.

Proof: Let us fix i ≥ 3. The vector field vi is defined as

vi = v2 ∗ vi−1 = E−1 ◦ v2 ◦ vi−1

Since v2 is assumed to be an eventual identity, vi is by induction an eventual iden-
tity, as product of eventual identities.
Let us now assume [v1, v2] = 0, that is for each m ∈ {2, . . . , n}

∂1am = − 1

E1

m∑
l=2

(
E l ∂lam − al ∂lEm

)
. (2.18)

Remark 22 We assumed two properites: that v2 is an eventual identity and that it
commutes with E . These two requirements impose conditions on the partial derivatives
{∂lam}m∈{2,...,n} for l 6= 2. More precisely, the condition of v2 being an eventual identity
amounts to (2.14)

∂lam =

(l − 1) ∂2am−l+2 − (l − 2) ∂1am−l+1 for l ≤ m

0 for l > m
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thus for each m ∈ {3, . . . , n} it fixes the quantities {∂lam}l∈{3,...,m} in terms of the quanti-
ties {∂2aj, ∂1aj}j∈{2,...,m−1}. The condition [v1, v2] = 0 amounts to (2.18)

∂1am = − 1

E1

m∑
l=2

(
E l ∂lam − al ∂lEm

)
(2.1)
=

(2.14)
− 1

E1

m∑
l=2

(
(l − 1)

(
E l ∂2am−l+2 − al ∂2Em−l+2

)
− (l − 2)

(
E l ∂1am−l+1 − al ∂1Em−l+1

))
thus for each m ∈ {2, . . . , n} it fixes the quantity ∂1am in terms of the quantities
{∂2aj, ∂2E j}j∈{2,...,m} and {∂1aj, ∂1E j}j∈{1,...,m−1} where a1 = 0.

In order to assume v2 both to be an eventual identity and to commute with v1 = E ,
then, one must verify that for each m ∈ {2, . . . , n} the conditions (2.14) and

∂1am = − 1

E1

m∑
t=2

(
E t ∂tam − at ∂tEm

)
(2.19)

define a compatible system of PDEs. Since we already checked the compatibility conditions
for the system defining an eventual identity ((2.5) for (2.1), where (2.1) rewrites as (2.14)
for the eventual identity v2), we only need to prove the condition ∂1∂lam = ∂l∂1am for each
l ∈ {2, . . . ,m} (for l > m the condition becomes trivial) for each m ∈ {2, . . . , n}.

Let us start from considering m = 2. Since (2.14) becomes an empty condition, the
only equation for a2 is

∂1a2 = − 1

E1

(
E2 ∂2a2 − a2 ∂2E2

)
that is

E1∂1a2 + E2 ∂2a2 − a2 ∂2E2 = 0. (2.20)

Since this is the only equation for a2, no compatibility condition is required. In other words,
we automatically write

∂1∂2a2 = ∂2∂1a2.

We will now show how (2.20) is the only non-trivial relation appearing among the com-
patibility conditions for the above system.

Let us now consider m = 3. We need to show that ∂1∂la3 = ∂l∂1a3 for l ∈ {2, 3}. Let
us start from l = 3. We have

∂1∂3a3 = ∂1(2∂2a2) = 2∂2∂1a2 = − 2

E1
∂2

(
E2 ∂2a2 − a2 ∂2E2

)
= − 2

E1

(
E2 ∂2

2a2 − a2 ∂
2
2E2
)
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and

∂3∂1a3 = − 1

E1

3∑
t=2

∂3

(
E t ∂ta3 − at ∂tE3

)
= − 1

E1

(
E2 ∂3∂2a3 − a2 ∂3∂2E3

)
= − 2

E1

(
E2 ∂2

2a2 − a2 ∂
2
2E2
)

proving ∂1∂3a3 = ∂3∂1a3. Let us now consider l = 2. In order to prove the compatibility
condition ∂1∂2a3 = ∂2∂1a3, let us rewrite (2.14) for m = 3, namely ∂3a3 = 2 ∂2a2 for
a3(u1, u2, u3), as a3 = 2 (∂2a2)u3 +g3(u1, u2) for some function g3 of u1, u2. In particular,
let g3 vanish. We have

∂1∂2a3 = ∂1(2 (∂2
2a2)u3) = 2 (∂1∂

2
2a2)u3

and

∂2∂1a3 =− 1

E1

3∑
t=2

∂2

(
E t ∂ta3 − at ∂tE3

)
=− 1

E1

(
∂2E2 ∂2a3 + E2 ∂2

2a3 + ∂2E3 ∂3a3 + E3 ∂2∂3a3

− ∂2a
2 ∂2E3 − a2 ∂2

2E3 − ∂2a
3 ∂3E3 − a3 ∂2∂3E3

)
where a3 = 2 (∂2a2)u3 and E3 = (2 ∂2E2 − ∂1E1)u3 + f3(u1, u2) for some function f3 of
u1, u2. In particular, let f3 vanish. We get

∂2∂1a3 =− 2u3

E1

(
∂2E2 ∂2

2a2 + E2 ∂3
2a2 − ∂2

2E2 ∂2a2 − a2 ∂
3
2E2
)

which, by taking into account that applying ∂2 twice to (2.20) gives

E1∂1∂
2
2a2 + ∂2E2 ∂2

2a2 + E2 ∂3
2a2 − ∂2a2 ∂

2
2E2 − a2 ∂

3
2E2 = 0, (2.21)

becomes

∂2∂1a3 =2u3
(
∂1∂

2
2a2

)
= ∂1∂2a3.

We want to prove by induction over m that ∂1∂lam = ∂l∂1am for l ∈ {2, . . . ,m},
starting from the above case of m = 3. Let us then fix m ∈ {3, . . . , n} and assume

∂1∂lak = ∂l∂1ak, l ∈ {2, . . . , k}, (2.22)

for each k ∈ {3, . . . ,m − 1}. We are now going to show that ∂1∂lam = ∂l∂1am for each
l ∈ {2, . . . ,m}. In order to prove this, we use an inner induction over the difference m− l,
starting from m− l = 0. Let us then consider l = m. We have

∂1∂mam =∂1

(
(m− 1)∂2a2

)
= (m− 1)∂1∂2a2 = −m− 1

E1
∂2

(
E2 ∂2a2 − a2 ∂2E2

)
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=− m− 1

E1

(
E2 ∂2

2a2 − a2 ∂
2
2E2
)

and

∂m∂1am =− 1

E1

m∑
t=2

∂m
(
E t ∂tam − at ∂tEm

)
= − 1

E1

m∑
t=2

(
E t ∂m∂tam − at ∂m∂tEm

)
=− 1

E1

m∑
t=2

(
E t ∂t((m− 1)∂2a2)− at ∂t((m− 1)∂2E2 − (m− 2)∂1E1)

)
=− m− 1

E1

(
E2 ∂2

2a2 − a2 ∂
2
2E2
)

= ∂1∂mam.

Let us fix s ∈ {1, . . . ,m − 3} and let us inductively assume ∂1∂lam = ∂l∂1am for each
l ∈ {m− s+ 1, . . . ,m}. We need to show that ∂1∂lam = ∂l∂1am for l = m− s, which in
turn will imply ∂1∂lam = ∂l∂1am for each l ∈ {3, . . . ,m}. We have

∂1∂lam =∂1

(
(l − 1) ∂2as+2 − (l − 2) ∂1as+1

)
where ∂1∂2as+2 = ∂2∂1as+2 since s+ 2 ≤ m− 1, thus

∂1∂lam =− l − 1

E1

s+2∑
t=2

∂2

(
E t ∂tas+2 − at ∂tEs+2

)
− (l − 2) ∂2

1as+1

=− l − 1

E1

s+2∑
t=2

(
∂2E t ∂tas+2 − ∂2at ∂tEs+2

)
− l − 1

E1

s+2∑
t=2

(
E t ∂2∂tas+2 − at ∂2∂tEs+2

)
− (l − 2) ∂2

1as+1.

On the other hand

∂l∂1am =− 1

E1

m∑
t=2

∂l
(
E t ∂tam − at ∂tEm

)
=− 1

E1

m∑
t=l

(
∂lE t ∂tam − ∂lat ∂tEm

)
− l − 1

E1

s+2∑
t=2

(
E t ∂t∂2as+2 − at ∂t∂2Es+2

)
+
l − 2

E1

s+1∑
t=2

(
E t ∂t∂1as+1 − at ∂t∂1Es+1

)
.

Then

−∂1∂lam + ∂l∂1am =
l − 1

E1

s+2∑
t=2

(
∂2E t ∂tas+2 − ∂2at ∂tEs+2

)
+ (l − 2) ∂2

1as+1

− 1

E1

m∑
t=l

(
∂lE t ∂tam − ∂lat ∂tEm

)
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+
l − 2

E1

s+1∑
t=2

(
E t ∂t∂1as+1 − at ∂t∂1Es+1

)
where

∂2
1as+1 =∂1

(
− 1

E1

s+1∑
t=2

(
E t ∂tas+1 − at ∂tEs+1

))

=
∂1E1

(E1)2

s+1∑
t=2

(
E t ∂tas+1 − at ∂tEs+1

)
− 1

E1

s+1∑
t=2

(
∂1E t ∂tas+1

+ E t ∂1∂tas+1 − ∂1at ∂tEs+1 − at ∂1∂tEs+1
)

with ∂1∂tas+1 = ∂t∂1as+1 for each t ≥ 2. We get

− ∂1∂lam + ∂l∂1am =
l − 1

E1

s+2∑
t=2

(
∂2E t ∂tas+2 − ∂2at ∂tEs+2

)
+ (l − 2)

∂1E1

(E1)2

s+1∑
t=2

(
E t ∂tas+1 − at ∂tEs+1

)
− l − 2

E1

s+1∑
t=2

(
∂1E t ∂tas+1 − ∂1at ∂tEs+1

)
− 1

E1

m∑
t=l

(
∂lE t ∂tam − ∂lat ∂tEm

)
=
l − 1

E1

s+2∑
t=2

(
∂2E t

(
(t− 1)∂2as−t+4 − (t− 2)∂1as−t+3

)
− ∂2at

(
(t− 1)∂2Es−t+4 − (t− 2)∂1Es−t+3

))
+ (l − 2)

∂1E1

(E1)2

s+1∑
t=2

(
E t ∂tas+1 − at ∂tEs+1

)
− l − 2

E1

s+1∑
t=2

(
∂1E t

(
(t− 1)∂2as−t+3 − (t− 2)∂1as−t+2

)
− ∂1at

(
(t− 1)∂2Es−t+3 − (t− 2)∂1Es−t+2

))
− 1

E1

m∑
t=l

(
(l − 1)∂2E t−l+2 − (l − 2)∂1E t−l+1

)(
(t− 1)∂2am−t+2 − (t− 2)∂1am−t+1

)
+

1

E1

m∑
t=l

(
(l − 1)∂2at−l+2 − (l − 2)∂1at−l+1

)(
(t− 1)∂2Em−t+2 − (t− 2)∂1Em−t+1

)
which, by means of suitable changes of variables (we want to collect terms of the form ∂2Eh

and ∂1Eh−1), becomes

− ∂1∂lam + ∂l∂1am = (l − 2)
∂1E1

(E1)2

s+1∑
t=2

(
E t ∂tas+1 − at ∂tEs+1

)
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+
l − 1

E1

s+2∑
h=2

(
∂2Eh

(
(h− 1)∂2as−h+4 − (h− 2)∂1as−h+3

))

− l − 1

E1

s+2∑
h=2

(
∂2as−h+4

(
(s− h+ 3)∂2Eh − (s− h+ 2)∂1Eh−1

))

− l − 2

E1

s+2∑
h=3

(
∂1Eh−1

(
(h− 2)∂2as−h+4 − (h− 3)∂1as−h+3

))

+
l − 2

E1

s+1∑
h=2

(
∂1as−h+3

(
(s− h+ 2)∂2Eh − (s− h+ 1)∂1Eh−1

))

− 1

E1

s+2∑
h=2

(
(l − 1)∂2Eh − (l − 2)∂1Eh−1

)(
(h+ l − 3)∂2as−h+4 − (h+ l − 4)∂1as−h+3

)
+

1

E1

s+2∑
h=2

(
(l − 1)∂2as−h+4 − (l − 2)∂1as−h+3

)(
(m− h+ 1)∂2Eh − (m− h)∂1Eh−1

)
where the fifth sum (originally over h ≤ s + 1) can be extended to h ≤ s + 2 (as the
contribute is null for h = s+ 2) and where the fourth sum (originally starting from h = 3)
can be made into starting from h = 2, up to properly add the corresponding term

l − 2

E1
∂1E1

(
∂1as+1

)
= − l − 2

(E1)2
∂1E1

s+1∑
t=2

(
E t ∂tas+1 − at ∂tEs+1

)
which cancels out with the first sum. This yields

− ∂1∂lam + ∂l∂1am

=
l − 1

E1

s+2∑
h=2

(
∂2Eh

(
(h− 1)∂2as−h+4 − (h− 2)∂1as−h+3

))

− l − 1

E1

s+2∑
h=2

(
∂2as−h+4

(
(s− h+ 3)∂2Eh − (s− h+ 2)∂1Eh−1

))

− l − 2

E1

s+2∑
h=2

(
∂1Eh−1

(
(h− 2)∂2as−h+4 − (h− 3)∂1as−h+3

))

+
l − 2

E1

s+2∑
h=2

(
∂1as−h+3

(
(s− h+ 2)∂2Eh − (s− h+ 1)∂1Eh−1

))

− 1

E1

s+2∑
h=2

(
(l − 1)∂2Eh − (l − 2)∂1Eh−1

)(
(h+ l − 3)∂2as−h+4 − (h+ l − 4)∂1as−h+3

)
+

1

E1

s+2∑
h=2

(
(l − 1)∂2as−h+4 − (l − 2)∂1as−h+3

)(
(m− h+ 1)∂2Eh − (m− h)∂1Eh−1

)
.
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By collecting ∂2Eh and ∂1Eh−1 for h ∈ {2, . . . , s + 2} we get −∂1∂lam + ∂l∂1am = 0.
Therefore we proved ∂1∂lam = ∂l∂1am for each l ∈ {3, . . . ,m}.

In order to prove that the same relation holds for l = 2 as well, we consider the following
result.

For each k ∈ {3, . . . , n}, let us denote by P̂k the set of polynomials in the variables
u3, . . . , uk with coefficients being polynomials in the derivatives (up to some positive inte-
ger order) of a2 with respect to u1, u2.

Lemma 2.17 For eachm ∈ {3, . . . , n} and k ∈ {3, . . . ,m} the function am can be written
as

am(u1, . . . , um) = P (k)
m (u1, . . . , um) + C(m−k+2)

m (u1, . . . , um−k+2) (2.23)

for some P (k)
m ∈ P̂m and some function C(m−k+2)

m of u1, . . . , um−k+2.

Proof: For m = 3, by (2.14) we have a3 = 2 ∂2a2 u
3, immediately proving (2.23) for

P
(3)
3 (u1, u2, u3) = 2 ∂2a2 u

3

and some function C
(2)
3 of u1, u2. Let us fix m ∈ {4, . . . , n} and assume that for each

h ∈ {3, . . . ,m − 1} and k ∈ {3, . . . , h} there exist some P (k)
h ∈ P̂h and some function

C
(h−k+2)
h of u1, . . . , uh−k+2 such that

ah(u
1, . . . , uh) = P

(k)
h (u1, . . . , uh) + C

(h−k+2)
h (u1, . . . , uh−k+2). (2.24)

We have to show (2.23) for each k ∈ {3, . . . ,m}. We proceed by induction over k, starting
from k = 3. By (2.14) we have

∂mam = (m− 1) ∂2a2

thus
am = (m− 1) ∂2a2 u

m + Am(u1, . . . , um−1)

for some function Am of u1, . . . , um−1. This proves (2.23) for k = 3, with

P (3)
m (u1, . . . , um) = (m− 1) ∂2a2 u

m

and
C(m−1)
m (u1, . . . , um−1) = Am(u1, . . . , um−1).

Let us fix k ∈ {4, . . . ,m} and assume that for each h ∈ {3, . . . , k − 1} there exist some
P

(h)
m ∈ P̂m and some function C(m−h+2)

m of u1, . . . , um−h+2 such that

am(u1, . . . , um) = P (h)
m (u1, . . . , um) + C(m−h+2)

m (u1, . . . , um−h+2). (2.25)
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By choosing h = k − 1 in (2.25) we get

am(u1, . . . , um) = P (k−1)
m (u1, . . . , um) + C(m−k+3)

m (u1, . . . , um−k+3) (2.26)

for some P (k−1)
m ∈ P̂m and some function C

(m−k+3)
m of u1, . . . , um−k+3. By combining

(2.26) with (2.14), we have

∂m−k+3C
(m−k+3)
m = ∂m−k+3am − ∂m−k+3P

(k−1)
m

= (m− k + 2)∂2ak−1 − (m− k + 1)∂1ak−2 − ∂m−k+3P
(k−1)
m ∈ P̂m

as ak−1, ak−2, P
(k−1)
m ∈ P̂m by inductive assumption. Then

C(m−k+3)
m (u1, . . . , um−k+3) = Q(m−k+3)

m (u1, . . . , um) +B(m−k+2)
m (u1, . . . , um−k+2)

for some Q(m−k+3)
m ∈ P̂m and some function B(m−k+2)

m of u1, . . . , um−k+2. Therefore we get

am(u1, . . . , um) = P (k)
m (u1, . . . , um) + C(m−k+2)

m (u1, . . . , um−k+2)

for
P (k)
m (u1, . . . , um) = P (k−1)

m (u1, . . . , um) +Q(m−k+3)
m (u1, . . . , um) ∈ P̂m

and
C(m−k+2)
m (u1, . . . , um−k+2) = B(m−k+2)

m (u1, . . . , um−k+2)

proving (2.23).

By choosing k = m in (2.23), for each m ∈ {3, . . . , n} we get

am(u1, . . . , um) = P (m)
m (u1, . . . , um) + C(2)

m (u1, u2). (2.27)

Up to an additive function of u1, u2, then am ∈ P̂m and, as a consequence,

∂1∂2am = ∂2∂1am

for each m ∈ {3, . . . , n}.

Below we present some examples of how, given an eventual identity E whose com-
ponents do not include additive functions of u1, u2, a second eventual identity v2

commuting with E can be found. In canonical coordinates v2 will be written as

v2 =
n∑
i=2

ai(u
1, . . . , ui) ∂i

for some functions a2, . . . , an. The function a2 is determined as a solution to (2.20)
and higher components a3, . . . , an are uniquely constructed by means of (2.14). In
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particular, being v2 an eventual identity, up to additive functions of u1, u2, its first
components read

a2 = a2(u1, u2)

a3 = 2(∂2a2)u3

a4 = 3(∂2a2)u4 + 2(∂2
2a2)(u3)2 − (∂1a2)u3

a5 = 4(∂2a2)u5 − 2(∂1a2)u4 + 6(∂2
2a2)u3u4 +

4

3
(∂3

2a2)(u3)3 − 2
(
∂1∂2a2

)
(u3)2.

Example 2.18 When E is the Euler vector field, namely its components are E i(ui) = ui

for each i ∈ {1, . . . , n}, a solution to (2.20) is

a2 =u1 ϕ

(
u2

u1

)
for some function ϕ of the ratio ξ = u2

u1
. Up to additive functions of u1, u2, the first higher

components of v2 are given by

a3 =2u3 ϕ′(ξ)

a4 =3u4 ϕ′(ξ) + 2
(u3)2

u1
ϕ′′(ξ) +

u2u3

u1
ϕ′(ξ)− u3 ϕ(ξ).

The following examples live in dimension n = 4.

Example 2.19 Let us set

E1 = u1

E2 = u1 u2

so that higher components of the eventual identity E read

E3 =
(
2u1 − 1

)
u3

E4 =
(
3u1 − 2

)
u4 − u2u3.

A solution to (2.20) is

a2 =eu
1

ϕ
(
u2 e−u

1)
for some function ϕ of ξ = u2 e−u

1 . Up to additive functions of u1, u2, the first higher
components of v2 are given by

a3 =2u3 ϕ′(ξ)

a4 =(3u4 + u2u3)ϕ′(ξ) + 2 (u3)2e−u
1

ϕ′′(ξ)− u3 ϕ(ξ) eu
1

.
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Example 2.20 Let us set

E1 = sin(u1)

E2 = u2

so that the higher components of the eventual identity E read

E3 =
(
2− cos(u1)

)
u3

E4 =
(
3− 2 cos(u1)

)
u4.

A solution to (2.20) is

a2 =
(

csc(u1)− cot(u1)
)
ϕ

(
u2

csc(u1)− cot(u1)

)
for some function ϕ of

ξ =
u2

csc(u1)− cot(u1)
=

u2 sin(u1)

1− cos(u1)
.

Up to additive functions of u1, u2, the higher components of v2 are given by

a3 =2u3 ϕ′(ξ)

a4 =
1

sin(u1)2

((
u2u3 sin(u1) + 3(sin(u1)2)u4

)
ϕ′(ξ)

+ 2
(
(u3)2 sin(u1) (1 + cos(u1))

)
ϕ′′(ξ) +

(
cos(u1)− 1

)
u3 ϕ(ξ)

)
.

Proposition 2.21 For each j ≥ 3 we have [v1, vj] = 0.

Proof: Let us fix j ≥ 3. We have

[v1, vj] = LEvj = LE
(
E−1 ◦ v2 ◦ vj−1

)
= (LE◦)(E−1, v2 ◦ vj−1) + [E , E−1] ◦ v2 ◦ vj−1

+ E−1 ◦
(

(LE◦)(v2, vj−1) + [E , v2] ◦ vj−1 + v2 ◦ [E , vj−1]

)
where [E , v2] = [v1, v2] = 0 by assumption and [E , vj−1] = [v1, vj−1] = 0 by induction.
Since E is an eventual identity, we also have

(LE◦)(E−1, v2 ◦ vj−1) = [e, E ] ◦ E−1 ◦ v2 ◦ vj−1

and
(LE◦)(v2, vj−1) = [e, E ] ◦ v2 ◦ vj−1.
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We get

[v1, vj] = 2[e, E ] ◦ E−1 ◦ v2 ◦ vj−1 + [E , E−1] ◦ v2 ◦ vj−1

where

[E , E−1] = −2E−1 ◦ [e, E ] (2.28)

as shown in [20]. This proves [v1, vj] = 0.

Proposition 2.22 For each i ∈ {1, . . . , n} we have

[vi, E−1] = −2E−1 ◦ [e, vi]. (2.29)

Proof: For i = 1 this amounts to (2.28). Let us fix i ≥ 2. The quantity Lvie can
either be written as

Lvie = Lvi(E ◦ E−1) = (Lvi◦)(E , E−1) + [vi, E ] ◦ E−1 + E ◦ [vi, E−1]

= [e, vi] ◦ E ◦ E−1 + [vi, E ] ◦ E−1 + E ◦ [vi, E−1]

or as

Lvie = [vi, e] = −[e, vi].

We get

E ◦ [vi, E−1] = −2[e, vi]− [vi, E ] ◦ E−1

where [vi, E ] = [vi, v1] = 0, which proves (2.29).

Proposition 2.23 For each j ∈ {2, . . . , n} we have

[v2, vj] = 0. (2.30)

Proof: We proceed by induction over j, starting from the trivial case j = 2. Let
us fix j ≥ 3. We have

[v2, vj] = Lv2vj = Lv2(E−1 ◦ v2 ◦ vj−1)

= (Lv2◦)(E−1, v2 ◦ vj−1) + [v2, E−1] ◦ v2 ◦ vj−1

+ E−1 ◦
(
(Lv2◦)(v2, vj−1) + [v2, v2] ◦ vj−1 + v2 ◦ [v2, vj−1]

)
where [v2, v2] = 0 trivially and [v2, vj−1] = 0 by induction. Since v2 is assumed to be
an eventual identity, we get

[v2, vj] = [e, v2] ◦ E−1 ◦ v2 ◦ vj−1 + [v2, E−1] ◦ v2 ◦ vj−1 + E−1 ◦ [e, v2] ◦ v2 ◦ vj−1

= 2[e, v2] ◦ E−1 ◦ v2 ◦ vj−1 + [v2, E−1] ◦ v2 ◦ vj−1
(2.29)
= 0.
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Proposition 2.24 For each i, j ∈ {2, . . . , n} we have

[vi, vj] = 0. (2.31)

Proof: Let us fix i ≥ 2. We proceed by induction over j, starting from the case
j = 2 which holds true by (2.30). Let us then consider j ≥ 3. We have

[vi, vj] = Lvivj = Lvi(E−1 ◦ v2 ◦ vj−1)

= (Lvi◦)(E−1, v2 ◦ vj−1) + [vi, E−1] ◦ v2 ◦ vj−1

+ E−1 ◦
(
(Lvi◦)(v2, vj−1) + [vi, v2] ◦ vj−1 + v2 ◦ [vi, vj−1]

)
where [vi, v2] = 0 by (2.30), [vi, vj−1] = 0 by induction and [vi, E−1] = −2E−1 ◦ [e, vi]

by (2.29). Since vi is an eventual identity, we get

[vi, vj] = [e, vi] ◦ E−1 ◦ v2 ◦ vj−1 − 2E−1 ◦ [e, vi] ◦ v2 ◦ vj−1

+ E−1 ◦ [e, vi] ◦ v2 ◦ vj−1 = 0.

We have then proved the following.

Theorem 2.2 The vector fields {vi}i∈{1,...,n} pairwise commute.

Corollary 2.25 There exist coordinates w1, . . . , wn such that

vi =
∂

∂wi
, i ∈ {1, . . . , n}.

2.1.2 The case of multiple Jordan blocks

Let us now consider the more general case where r ≥ 1. Condition (1.43) reads

− δβγ∂(j+k−1)(β)E i(α) + δαγ ∂j(β)E (i−k+1)(α) + δαβ∂k(γ)E (i−j+1)(α)

= δαβ δ
α
γ

r∑
σ=1

∂1(σ)E (i−j−k+2)(α) (2.32)

for each choice of α, β, γ ∈ {1, . . . , r} and for each i ∈ {1, . . . ,mα}, j ∈ {1, . . . ,mβ},
k ∈ {1, . . . ,mγ}. If β = γ in (2.32) we get

− ∂(j+k−1)(β)E i(α) + δαβ∂j(β)E (i−k+1)(α) + δαβ∂k(β)E (i−j+1)(α)

= δαβ

r∑
σ=1

∂1(σ)E (i−j−k+2)(α)

which yields

∂(j+k−1)(β)E i(α) = 0
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for α 6= β (implying that E i(α) only depends on u1(α), . . . , umα(α)) and

− ∂(j+k−1)(α)E i(α) + ∂j(α)E (i−k+1)(α) + ∂k(α)E (i−j+1)(α) = ∂1(α)E (i−j−k+2)(α) (2.33)

for α = β. If β 6= γ in (2.32) we get

δαγ ∂j(β)E (i−k+1)(α) + δαβ∂k(γ)E (i−j+1)(α) = 0

which trivially holds. An eventual identity must then be of the form

E =
r∑

α=1

mα∑
i=1

E i(α)(u1(α), . . . , umα(α))
∂

∂ui(α)

where the functions E i(α)(u1(α), . . . , umα(α)) are solutions to (2.33). Since for ev-
ery α ∈ {1, . . . , r} condition (2.33) is analogous to (2.2) and the functions
{E i(α)}i∈{1,...,mα} only depend on the coordinates u1, . . . , umα , the results about even-
tual identites from the previous section naturally extend to the general case where
r ≥ 1.

Theorem 2.26 Given a regular F-manifold with (generalized) canonical coordinates
{u1(α), . . . , umα(α)}α∈{1,...,r} where the structure constants of the product and the compo-
nents of the unit vector field respectively read ci(α)

j(β)k(γ) = δαβ δ
α
γ δ

i
j+k−1 and ei(α) = δi1, an

eventual identity must be of the form

E =
r∑

α=1

mα∑
i=1

E i(α)(u1(α), . . . , umα(α))
∂

∂ui(α)

where for each α ∈ {1, . . . , r} the functions {E i(α)}i∈{1,...,mα} are solutions to

∂l(α)Em(α) =

(l − 1) ∂2(α)E (m−l+2)(α) − (l − 2) ∂1(α)E (m−l+1)(α) for l ≤ m,

0 for l > m,

(2.34)
for each m ∈ {1, . . . ,mα}.

Remark 23 Condition (2.34) gives a compatible system of PDEs, namely

∂i(α)∂j(β)Em(γ) = ∂j(β)∂i(α)Em(γ), i ∈ {1, . . . ,mα}, j ∈ {1, . . . ,mβ}, α, β ∈ {1, . . . , r},
(2.35)

for each γ ∈ {1, . . . , r} and m ∈ {1, . . . ,mγ}. In fact, both the sides of such condition
trivially vanish as soon as at least two of the indices α, β, γ are different (as each of the
functions

{
E i(α)

}
i∈{1,...,mα}, α∈{1,...,r}

only depends on the coordinates associated to the cor-
responding block). The only non-trivial case is then recovered when all of the greek indices
coincide, a case in which the proof of (2.5) can be adapted to prove (2.35).
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Proposition 2.27 Let us fix α ∈ {1, . . . , r}. For each m ∈ {1, . . . ,mα} the m(α)-
th component of an eventual identity E is a polynomial function in the variables
{ui(α)}i∈{3,...,mα} with coefficients being functions of the coordinates u1(α), u2(α). In par-
ticular, E1(α), . . . , Em(α) only depend on a function f1(α) of the coordinate u1(α) and m− 1

functions {fi(α)}i∈{2,...,mα} of the coordinates u1(α), u2(α).

Proof: The argument for the case of a single Jordan block clearly extends to
the more general case.

Remark 24 Proposition 2.27 implies that an eventual identity can be fully determined
starting from r functions

{
f1(α)(u

1(α))
}
∈{1,...,r} of one variable and n − r functions{

fi(α)(u
1(α), u2(α))

}
i∈{2,...,mα}, α∈{1,...,r}

of two variables.

Example 2.28 The Euler vector field

E =
n∑
i=1

ui
∂

∂ui

is an eventual identity. In fact, fixed α ∈ {1, . . . , r} (without loss of generality, we consider
α such that mα ≥ 3), given E1(α)(u1(α)) = u1(α) and E2(α)(u2(α)) = u2(α), condition (2.34)
gives for each i ∈ {3, . . . ,mα}

E i(α)(u1(α), . . . , ui(α)) = ui(α) + fi(α)(u
1(α), . . . , u(i−1)(α))

for some function fi(α)(u
1(α), . . . , u(i−1)(α)). Analogoulsy to the case of a single Jordan

block, the function fi(α) actually depends only on u1(α), u2(α). As expected, a first example
of eventual identity is then provided by the Euler vector field.

A less trivial example is provided as follows, which we suggest to compare with
the examples discussed in the case of a single Jordan block.

Example 2.29 Let us consider the case of dimension n = 7 with two Jordan blocks of sizes
4 and 3 respectively. We have r = 2 and

u1(1) = u1, u2(1) = u2, u3(1) = u3, u4(1) = u4,

u1(2) = u5, u2(2) = u6, u3(2) = u7.

Let E be an eventual identity with

E1 = u1

E2 = (u1)2 (u2)3 + u2
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and

E5 = sin(u5)

E6 = u5 cos(u6) + u6.

The remaining components of E must be of the form

E3 =
(
6(u1)2(u2)2 + 1

)
u3 + f3(u1, u2)

E4 =
(
9(u1)2(u2)2 + 1

)
u4 + 12(u1)2 u2 (u3)2

+
(
2∂2f3(u1, u2)− 2u1(u2)3

)
u3 + f4(u1, u2)

for some functions f3, f4 of u1, u2 and

E7 =
(
2− 2u5 sin(u6)− cos(u5)

)
u7 + f7(u5, u6)

for some function f7 of u5, u6.

Theorem 2.3 Let E be an eventual identity. Its inverse is of the form

E−1 =
r∑

α=1

mα∑
i=1

(E−1)i(α)(u1(α), . . . , ui(α))
∂

∂ui(α)

where
(E−1)1(α) =

1

E1(α)

and

(E−1)(k+1)(α) = − 1

E1(α)

k∑
s=1

(E−1)(k−s+1)(α)E (s+1)(α)

for each α ∈ {1, . . . , r} and k ∈ {1, . . . ,mα − 1}.

Remark 25 The structure constants of the dual product

X ∗ Y = E−1 ◦X ◦ Y, X ,Y ∈ X(M),

are given by

∼
c
i(α)

j(β)k(γ) = (E−1)s(σ)c
i(α)
s(σ)t(τ)c

t(τ)
j(β)k(γ) = δαβ δ

α
γ (E−1)(i−j−k+2)(α)

for all suitable indices. The dual product is expressed on the coordinate vector fields as

∂i(α) ∗ ∂j(β) =
∼
c
k(γ)

i(α)j(β)∂k(γ) = δαβ

n∑
k=i+j−1

(E−1)(k−i−j+2)(α)∂k(α)

for all suitable indices. In particular, ∂i(α) ∗ ∂j(β) = 0 for α 6= β and ∂i(α) ∗ ∂j(α) = 0 for
i+ j ≥ mα + 2.
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Analogously to the case of the previous section, we introduce vector fields
{v1(α), . . . , vmα(α)}α∈{1,...,r} such that

vi(α) ∗ vj(β) = δαβ v(i+j−1)(α) 1{i+j≤mα+1}

for each α, β ∈ {1, . . . , r} and i ∈ {1, . . . ,mα}, j ∈ {1, . . . ,mβ}.

Theorem 2.4 By setting

• v1(α) =
mα∑
i=1

E i(α)∂i(α)

• v2(α) =
r∑

α=1

mα∑
i=2

ai(α) ∂i(α) for some functions a2(α) 6= 0, a3(α), . . . , amα(α)

• v(i+1)(α) =
r∑

α=1

mα∑
k=i+1

(v(i+1)(α))
k(α) ∂k(α) for i ≥ 2 with

(v(i+1)(α))
k(α) =

k−1∑
a=i

k−a+1∑
b=2

(vi(α))
a(α)(v2(α))

b(α)(E−1)(k−a−b+2)(α), k ≥ i+ 1,

for each α ∈ {1, . . . , r}, we have

vi(α) ∗ vj(β) = δαβ v(i+j−1)(α) 1{i+j≤mα+1}

for each α, β ∈ {1, . . . , r} and i ∈ {1, . . . ,mα}, j ∈ {1, . . . ,mβ}.

Proof: The proof for the case r = 1 can be adapted to the general case where
r ≥ 1, as for each α ∈ {1, . . . , r} the functions {E i(α)}i∈{1,...,mα} and {ai(α)}i∈{2,...,mα}
only depend on the coordinates u1(α), . . . , umα(α).
In particular, we assume v2(α) to be solution to (2.34) for each α ∈ {1, . . . , r}. In
other words, we are assuming

r∑
α=1

mα∑
i=1

ai(α)
∂

∂ui(α)

to be an eventual identity.

Remark 26 Analogous formulas to (2.15) and (2.16) apply here as well. Precisely, for
each α ∈ {1, . . . , r} we have

v
J(α)
j(α) = − 1

E1(α)

J−j∑
s=1

v
(J−s)(α)
j(α) E (s+1)(α) +

1

E1(α)

J−1∑
s=1

v
a(α)
(j−1)(α)v

(J−a+1)(α)
2(α) (2.36)
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for each j ≥ 3 and J ≥ j and

v
J(α)
j(α) =

a2(α)

E1(α)
v

(J−1)(α)
(j−1)(α) −

1

E1(α)

J−j∑
s=1

(
v

(J−s)(α)
j(α) E (s+1)(α) − v(J−s−1)(α)

(j−1)(α) a(s+2)(α)

)
(2.37)

for each j ≥ 3 and J ≥ j. In particular, for each j ≥ 3 we have

v
j(α)
j(α) =

a2(α)

E1(α)
v

(j−1)(α)
(j−1)(α) =

(a2(α))
(j−1)(α)

(E1(α))(j−2)(α)
6= 0. (2.38)

The vector fields v1, . . . , vn are then linearly independent.

The same considerations about the independence on coordinates which correspont
to different blocks lead to the following.

Proposition 2.30 For each α ∈ {1, . . . , r} the vector fields {vi(α)}i≥3 are solutions to
(2.34), namely

r∑
α=1

mα∑
I=i

v
I(α)
i(α)

∂

∂uI(α)

is an eventual identity for each i ≥ 3. In particular, for each j ∈ {1, . . . ,mα} and J ≥ j

the function vJ(α)
j(α) only depends on the coordinates u1(α), . . . , u(J−j+2)(α).

Let us assume [v1(α), v2(α)] = 0 for each α ∈ {1, . . . , r}, that is for m ∈ {2, . . . ,mα}

∂1am(α) = − 1

E1(α)

m∑
l=2

(
E l(α) ∂l(α)am(α) − al(α) ∂l(α)Em(α)

)
. (2.39)

Analogously to the case of a single Jordan block, the request for v2 to both be an
eventual identity and to commute with v1 = E gives rise to a compatible system of
PDEs for the components of v2.

Theorem 2.5 The vector fields {vi(α)}i∈{1,...,mα}, α∈{1,...,r} pairwise commute.

Proof: For each α ∈ {1, . . . , r}, the results about the commutativity of the vec-
tor fields {vi(α)}i∈{1,...,mα} extend as well, thus the vector fields {vi(α)}i∈{1,...,mα} pair-
wise commute. Since [vi(α), vj(β)] trivially vanishes for α 6= β, the result is proved.

Corollary 2.31 There exist coordinates {w1(α), . . . , wmα(α)}α∈{1,...,r} such that

vi(α) =
∂

∂wi(α)

for each α ∈ {1, . . . , r} and i ∈ {1, . . . ,mα}.
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2.1.3 Applications to Nijenhuis geometry

Among the directions toward which the results of this chapter may be extended,
one way concerns Nijenhuis operators (we refer to Chapter 4 for further details),
characterized by the property of having vanishing Nijenhuis torsion (see (4.17)).
Other recent studies in Nijenhuis geometry were conducted in [3, 9].

It was proved in [20] that for any F-manifold with eventual identity E the en-
domorphism E◦ is an Nijenhuis operator. In the semisimple case this is just a di-
agonal endomorphism, but for the eventual identities constructed in this chapter,
the Nijenhuis operator takes the block-diagonal form where each block assumes
the form

Lα =


E1(α) 0 0 . . . 0 0

E2(α) E1(α) 0 . . . 0 0
...

...
... . . . ...

...
E (mα−1)(α) E (mα−2)(α) E (mα−3)(α) . . . E1(α) 0

Emα(α) E (mα−1)(α) E (mα−2)(α) . . . E2(α) E1(α)

 .
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Chapter 3

Regular Frobenius manifolds

This chapter is dedicated to regular non-semisimple Frobenius manifolds and it is
based on [65]. We recover formulas for a generic dimension, before focusing on
dimensions 2, 3 and 4. We give a complete classification in the case corresponding
to a single Jordan block in the Jordan canonical form of the operator of multiplica-
tion by the Euler vector field. In the cases associated with multiple Jordan blocks,
we reduce the classification problem to systems of partial differential equations: a
third-order ODE in the three-dimensional case and to a system of third-order PDEs
in the four-dimensional cases. In all of the cases, we provide explicit examples of
Frobenius potentials.

Further details about the four-dimensional regular non-semisimple cases corre-
sponding to a Jordan canonical form of the operator of multiplication by the Euler
vector field having at least one Jordan block of size 2 are contained in Appendix A.

Since given a Frobenius manifold (M, η, ◦, e, E) the contravariant metrics η−1

and Lη−1, with L = E◦, define a flat pencil of metrics, a by-product of our results
is a list of non-semisisimple flat pencils of metrics that define the bi-Hamiltonian
structures of the principal hierarchies of the associated Frobenius manifolds. The
study of this class of bi-Hamiltonian structures and of their bi-Hamiltonian de-
formations in the non-semisimple case is at a preliminary stage. One of the few
available results is [23].

3.1 Generic dimension

Let (M, η, ◦, e, E) be a regular Frobenius manifold of dimension n. Let r be the
number of Jordan blocks of L and let m1, . . . ,mr be their sizes. According to Theo-
rem 1.6, we denote by{

uj(α)
∣∣α ∈ {1, . . . , r}, j ∈ {1, . . . ,mα}

}
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the canonical coordinates realizing (1.44) and (1.45). Therefore the product has the
following form:

∂i(α) ◦ ∂j(β) =

δαβ ∂(i+j−1)(α), i+ j ≤ mα + 1,

0, i+ j ≥ mα + 2,
(3.1)

for all i ∈ {1, . . . ,mα}, j ∈ {1, . . . ,mβ} for each α, β ∈ {1, . . . , r}. The unit vector
field takes the form

e =
r∑

α=1

∂1(α) (3.2)

and the Euler vector field becomes

E =
n∑
s=1

us ∂s . (3.3)

The operator L = E ◦ is given by

L = L
i(α)
j(β) ∂i(α) ⊗ duj(β) (3.4)

where

L
i(α)
j(β) =

δαβ u(i−j+1)(α), i ≥ j,

0, i < j,
(3.5)

for α, β ∈ {1, . . . , r} and i ∈ {1, . . . ,mα}, j ∈ {1, . . . ,mβ}. In fact, for any given
α, β ∈ {1, . . . , r} and i ∈ {1, . . . ,mα}, j ∈ {1, . . . ,mβ}we have

L
i(α)
j(β) =

(
E ◦ ∂j(β)

)i(α)
= uk(γ)

(
∂k(γ) ◦ ∂j(β)

)i(α)

=

uk(γ) δβγ
(
∂(j+k−1)(β)

)i(α)
, 1 ≤ k ≤ mβ − j + 1,

0, otherwise,

=

uk(β) δαβ δ
i
j+k−1, 1 ≤ i− j + 1,

0, otherwise,

=

δαβ u(i−j+1)(α), i ≥ j,

0, i < j.

Remark 27 Due to the regularity condition, we are implicitly assuming that u2(α) 6= 0

for each α ∈ {1, . . . , r} and u1(α) 6= u1(β) if α 6= β for each α, β ∈ {1, . . . , r}.

In order for the data (η, ◦, e, E) to define an actual Frobenius manifold, we have to
impose all of the axioms entering Definition 1.1. In particular, we want to study

78



conditions (1.3)–(1.9) in canonical coordinates. As stated in [18], condition (1.3)
implies that the metric η is represented by a block diagonal matrix, each block of
which is an upper triangular Hankel matrix (for instance, in the case of a single
Jordan block see (3.27)). Precisely,

η = δαβ η(i+j−1)(α) du
i(α) ⊗ duj(β) (3.6)

for some functions
{
η(i)(α) | 1 ≤ α ≤ r, 1 ≤ i ≤ mα

}
and η(i)(α) = 0 for i ≥ mα + 1.

In fact, condition (1.3) spells out as

ηi(α)s(σ) δ
σ
βδ

σ
γ δ

s
j+k−1 =ηj(β)s(σ) δ

σ
αδ

σ
γ δ

s
i+k−1 (3.7)

for each α, β, γ ∈ {1, . . . , r} and i ∈ {1, . . . ,mα}, j ∈ {1, . . . ,mβ}, k ∈ {1, . . . ,mγ}.
By picking α 6= β = γ in (3.7), we see how the components of the metric vanish
when corresponding to different Jordan blocks of L. By picking α = β = γ in (3.7),
we get

ηi(α)(j+k−1)(α) =ηj(α)(i+k−1)(α)

for suitable i, j, k ∈ {1, . . . ,mα}, proving (3.6). Moreover, condition (1.7) implies
the existence of a metric potential H such that

ηi(α) = ∂i(α)H (3.8)

for all i ∈ {1, . . . ,mα} for each α ∈ {1, . . . , r}. In fact, condition (1.7) spells out as

r∑
σ=1

Γ
k(γ)
i(α)1(σ) =0 (3.9)

that amounts to

r∑
σ=1

mγ∑
s=1

ηk(γ)s(γ)
(
∂i(α)ηs(γ)1(σ) + ∂1(σ)ηi(α)s(γ) − ∂s(γ)ηi(α)1(σ)

)
=

mγ∑
s=1

ηk(γ)s(γ)
(
∂i(α)ηs(γ)1(σ) − ∂s(γ)ηi(α)1(α)

)
+

mγ∑
s=1

ηk(γ)s(γ)

r∑
σ=1

∂1(σ)ηi(α)s(γ)

(1.9)
=

mγ∑
s=1

ηk(γ)s(γ)
(
∂i(α)ηs(γ) − ∂s(γ)ηi(α)

)
= 0 (3.10)

for each α, γ ∈ {1, . . . , r} and i ∈ {1, . . . ,mα}, k ∈ {1, . . . ,mγ}. By picking k = mγ

in (3.10) we get

ηmγ(γ)1(γ)
(
∂i(α)η1(γ) − ∂1(γ)ηi(α)

)
= 0

79



implying ∂i(α)η1(γ) = ∂1(γ)ηi(α). Let us fix t ∈ {2, . . . ,mγ} and inductively assume
that ∂i(α)ηs(γ) = ∂s(γ)ηi(α) for each 1 ≤ s ≤ t− 1. By picking k = mγ − t+ 1 in (3.10)
we get

t∑
s=1

η(mγ−t+1)(γ)s(γ)
(
∂i(α)ηs(γ) − ∂s(γ)ηi(α)

)
= 0.

By means of the inductive assumption, only the term for s = t survives, giving
∂i(α)ηt(γ) = ∂t(γ)ηi(α) and therefore proving

∂i(α)ηk(γ) = ∂k(γ)ηi(α)

for each α, γ ∈ {1, . . . , r} and i ∈ {1, . . . ,mα}, k ∈ {1, . . . ,mγ}. There must then
exist a potential H realizing condition (3.8).

Since we consider non-semisimple Frobenius manifolds, there must exist at least
one Jordan block of size greater or equal than 2. Without loss of generality we then
assume that the size of the first Jordan block is greater than 1. By dropping this
assumption, analogous results will hold, where different coordinates will play the
roles here played by u1, u2.

If we take into account that the metric must be homogeneous with respect to
the Euler vector field and constant with respect to the unity vector field, a further
expression for the terms η(i)(α) can be recovered.

Theorem 3.1 The functions ηi appearing in (3.6) can be written as

ηi = (u2)−d Fi, i ∈ {1, . . . , n}, (3.11)

for some functions F1, . . . , Fn of the variables

zj =

uj+2 − u1
r∑

α=2

δj+2
1(α)

u2
, j ∈ {1, . . . , n− 2}, (3.12)

such that

F1 = −
r∑

α=2

∂z1(α)−2f + C1, (3.13)

F2 = −zj ∂zjf − (d− 1) f + C2, (3.14)

Fj = ∂zj−2f, j ∈ {3, . . . , n}, (3.15)

for some function f of z1, . . . , zn−2 and constants C1, C2. In particular, the quantity
r∑

α=1

F1(α) = C1 (3.16)

is a constant that vanishes whenever d 6= 0.
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Proof: By imposing (1.9) we get

r∑
α=1

∂1(α)ηi = Leηi = 0

for i ∈ {1, . . . , n}. It follows that each ηi can be written as

ηi = ϕi

(
u2, u3 − u1

r∑
α=2

δ3
1(α), . . . , u

n − u1

r∑
α=2

δn1(α)

)
(3.17)

for some function ϕi of n − 1 variables. By the homogeneity condition (1.8), it can
be rewritten as in (3.11) for some function Fi of the variables defined in (3.12).

The flatness of e with respect to∇ implies that d
(
η(e, ·)

)
= 0 (see [18]), that is

∂j(β)ηi(α) du
j(β) ∧ dui(α) = 0

thus
∂j(β)ηi(α) − ∂i(α)ηj(β) = 0 (3.18)

for all i ∈ {1, . . . ,mα}, j ∈ {1, . . . ,mβ} and α, β ∈ {1, . . . , r}. In particular, for
i(α), j(β) ∈ {3, . . . , n}we get

∂zj(β)−2Fi(α) = ∂zi(α)−2Fj(β).

There must then exist a function f of the variables z1, . . . , zn−2 realizing (3.15). By
fixing j(β) = 2 and i(α) ∈ {3, . . . , n} in (3.18) we obtain the following relation:

∂i(α)

(
(u2)−d F2

)
= ∂2

(
(u2)−d Fi(α)

)
which amounts to

(u2)−1 ∂zi(α)−2F2 = −d (u2)−1 Fi(α) + ∂2Fi(α)

and, by the chain rule and (3.12),

∂zi(α)−2F2 = −dFi(α) −
n−2∑
j=1

zj ∂zjFi(α).

By taking into account (3.15) we get

∂zi(α)−2F2 = −d ∂zi(α)−2f −
n−2∑
j=1

zj ∂zj∂zi(α)−2f.

Then for each i ∈ {1, . . . , n− 2}

∂ziF2 = −d ∂zif − zj ∂zj∂zif
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that is

∂zi

[
F2 − (1− d) f + zj ∂zjf

]
= 0.

Therefore the quantity F2 − (1 − d) f + zj ∂zjf equals some constant C2, proving
(3.14).

By taking i(α) = 1(α), j(β) ∈ {3, . . . , n} in (3.18) and summing over all the
indices α ∈ {1, . . . , r}, we get

r∑
α=1

∂j(β)η1(α) =
r∑

α=1

∂1(α)ηj(β)

that is

(u2)−d ∂j(β)

(
r∑

α=1

F1(α)

)
= Leηj(β)

thus

∂zj(β)−2

(
r∑

α=1

F1(α)

)
= 0.

This means that

∂zj

(
r∑

α=1

F1(α)

)
= 0

for all j ∈ {1, . . . , n− 2}, proving that
r∑

α=1

F1(α) must be equal to some constant C1.

Condition (3.13) follows.
On the other hand, by taking i(α) = 1(α), j(β) = 2 in (3.18) and summing over

all α ∈ {1, . . . , r}we get

∂2

(
r∑

α=1

(u2)−d F1(α)

)
= 0

which, since
r∑

α=1

F1(α) = C1, amounts to

∂2

(
(u2)−dC1

)
= 0.

This implies dC1 = 0, meaning that the constant C1 must vanish whenever d 6= 0.

Proposition 3.1 Up to constants, the function f appearing in (3.13), (3.14), (3.15) is
related to the metric potential H by the following formula:

H = (u2)1−d f + C2 ϕ(u2) + C1 u
1 (3.19)

where

ϕ(u2) =


(u2)1−d

1−d , if d 6= 1,

lnu2, if d = 1.
(3.20)
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Proof: By (3.8) and (3.11) we have

∂iH = (u2)−d Fi
(
z1, . . . , zn−2

)
(3.21)

for each i ∈ {1, . . . , n}. For i ≥ 3 we get

∂iH = (u2)−d ∂zi−2f

that is
∂zi−2H = (u2)1−d ∂zi−2f

or
∂zi−2

(
H − (u2)1−d f

)
= 0.

It follows that
H = (u2)1−d f +K(u1, u2) (3.22)

for some function K(u1, u2). For i = 2 in (3.21) we get

∂2H = (u2)−d
(
− zj ∂zjf − (d− 1) f + C2

)
that is, by the chain rule and (3.12),

(u2)−d
(
(1− d) f − zj ∂zjf

)
+ ∂2K = (u2)−d

(
− zj ∂zjf − (d− 1) f + C2

)
yielding

∂2K(u1, u2) = C2 (u2)−d.

Then

K(u1, u2) =

C2
(u2)1−d

1−d + k(u1), if d 6= 1,

C2 lnu2 + k(u1), if d = 1.
(3.23)

for some function k(u1). By putting together (3.22) and (3.23) one gets

H = (u2)1−d f + C2 ϕ(u2) + k(u1)

for

ϕ(u2) =


(u2)1−d

1−d , if d 6= 1,

lnu2, if d = 1.
(3.24)

For i = 1 in (3.21) we finally get

∂1H = (u2)−d F1

that is, by the chain rule and (3.12),

− (u2)−d
r∑

α=2

∂z1(α)−2f + ∂1k(u1) = −(u2)−d
r∑

α=2

∂z1(α)−2f + (u2)−dC1.
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Thus

∂1k(u1) = (u2)−dC1 =

{
0 if d 6= 0

C1 if d = 0

}
= C1

implying

k(u1) = C1 u
1 + C3

for some constant C3. We conclude that

H = (u2)1−d f + C2 ϕ(u2) + C1 u
1 + C3

for ϕ(u2) as in (3.24).

3.2 The case of a single Jordan block: explicit results
up to dimension 4

In this section we classify regular non-semisimple Frobenius manifold structures
up to dimension 4 in the case where the operator L has a single Jordan block. Due
to the results of the previous section in the specific case where L has a single Jordan
block of size n the unit vector field becomes e = ∂1 and in canonical coordinates
we have

∂i ◦ ∂j =

∂i+j−1, i+ j ≤ n+ 1,

0, i+ j ≥ n+ 2,
(3.25)

for all i, j ∈ {1, . . . , n} and ui = ui(1) for each i ∈ {1, . . . , n}. The operator L is
described by the following lower triangular Toeplitz matrix:

L =



u1 0 0 . . . 0 0

u2 u1 0 . . . 0 0

u3 u2 u1 . . . 0 0
...

...
... . . . ...

...
un−1 un−2 un−3 . . . u1 0

un un−1 un−2 . . . u2 u1


. (3.26)

The metric is represented by an upper triangular Hankel matrix that only depends
on the coordinate u2 and on n functions F1, . . . , Fn of the variables

zi =
ui+2

u2
, i ∈ {1, . . . , n− 2}.
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It takes the following form:

η = (u2)−d



F1 F2 F3 . . . Fn−1 Fn
F2 F3 F4 . . . Fn 0

F3 F4 F5 . . . 0 0
...

...
... . . . ...

...
Fn−1 Fn 0 . . . 0 0

Fn 0 0 . . . 0 0


. (3.27)

In particular, F1 is equal to a constant C1 that vanishes whenever d 6= 0 and the
other Fis are expressed in terms of a function f(z1, . . . , zn−2) by

F2 = −zi ∂zif − (d− 1) f + C2, (3.28)

Fj = ∂zj−2f, j ∈ {3, . . . , n}, (3.29)

for some constant C2.

3.2.1 Dimension n = 2

Let M be a two-dimensional Frobenius manifold with product ◦, metric η, unit
vector field e and Euler vector field E. Let us require M to be regular and the
operator L = E ◦ to have a single Jordan block near a point m ∈ M . The unit and
the Euler vector fields read respectively e = ∂1 and E = u1∂1 + u2∂2. It follows
directly from (3.27) that the metric has the form

η = (u2)−d

[
C1 C2

C2 0

]
(3.30)

for some constant C1 which vanishes whenever d 6= 0 and for some non-zero con-
stant C2.

We are able to recover flat coordinates and an explicit expression for the Frobenius
prepotential, as pointed out in the following result.

Theorem 3.2 Flat coordinates coincide with the canonical ones when d = 0. Otherwise,
they are given by

x1(u1, u2) = u1

x2(u1, u2) =
(u2)1−d

1− d

when d 6= 1 and by

x1(u1, u2) = u1
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x2(u1, u2) = lnu2

when d = 1. In all the cases, the prepotential is given by

F (x1, x2) =
C1

6
(x1)3 +

C2

2
(x1)2 x2 (3.31)

up to second-order polynomial terms. In flat coordinates the unit and the Euler vector

fields are respectively given by e =
∼
∂1 and

E =

x1
∼
∂1 +

∼
∂2, if d = 1,

x1
∼
∂1 + x2(1− d)

∼
∂2, if d 6= 1.

Proof: If d = 0 then the metric in (3.30) is constant, thus flat coordinates coin-
cide with the canonical ones. Let us now fix d 6= 0. In this case the flat coordinates
are

x1(u1, u2) = u1

x2(u1, u2) =
(u2)1−d

1− d

when d 6= 1 and

x1(u1, u2) = u1

x2(u1, u2) = lnu2

when d = 1. In both cases, in flat coordinates the metric becomes

η̃ =

[
C1 C2

C2 0

]

and the structure constants equal the ones in canonical coordinates:

c̃kij = ckij, i, j, k ∈ {1, 2}.

It follows that up to second-order polynomial terms the Frobenius prepotential F
is of the form

F (x1, x2) =
C1

6
(x1)3 +

C2

2
(x1)2 x2

and that in flat coordinates the unit and the Euler vector fields become of the form
stated above.
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3.2.2 Dimension n = 3

Let M be a three-dimensional Frobenius manifold with product ◦, metric η, unit
vector field e and Euler vector field E. Let us require M to be regular and the
operator L = E ◦ to have a single Jordan block near a point m ∈ M . The unit and
the Euler vector fields read respectively e = ∂1 and E = u1∂1 + u2∂2 + u3∂3. We
already know from (3.27) that the metric is of the form

η = (u2)−d

F1(u
3

u2
) F2(u

3

u2
) F3(u

3

u2
)

F2(u
3

u2
) F3(u

3

u2
) 0

F3(u
3

u2
) 0 0

 (3.32)

for some functions F1, F2, F3 and that F1 is equal to a constant C1 that vanishes
whenever d 6= 0. It turns out from the zero-curvature conditions that the functions
F2, F3 must be solutions to the following system of ODEsF ′2 + z F ′3 + dF3 = 0

2F3 F
′′
3 − 3 (F ′3)2 = 0.

(3.33)

In fact, let us introduce the variable z = u3

u2
. We have already seen that there exists

a function f(z) such that

F2(z) = −z f ′(z)− (d− 1) f(z) + C2,

F3(z) = f ′(z),

for some constant C2. It follows that

F ′2 + z F ′3 + dF3 = 0.

Moreover, by requiring that R1
232 = 0 one obtains the Liouville-type differential

equation
2F3 F

′′
3 − 3 (F ′3)2 = 0.

This suffices to make all of the conditions in (1.3), (1.5), (1.7), (1.8), (1.9), (1.4) hold
without imposing more. So far, what we know about the functions F1, F2, F3 is
that F1 equals some constant C1 and that F2, F3 are solutions to the system (3.33).
Two expressions for the function f appering in (3.28), (3.29) are then possible, as
shown below.

Theorem 3.3 The function f realizing (3.28), (3.29) is either provided by

f(z) = C3 z + C4 (3.34)
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for some constants C3, C4 or by

f(z) = − C4

z + C3

+ C5 (3.35)

for some constants C3, C4, C5.

Proof: The first condition in (3.33) amounts to (3.28) and (3.29), while the
second one can be rewritten as

2 f ′(z) f ′′′(z)− 3 (f ′′(z))2 = 0. (3.36)

If we assume f ′′(z) 6= 0 then the solutions to equation (3.36) can be written in the
form of (3.35), while (3.34) is recovered by considering solutions corresponding to
f ′′(z) = 0.
Summarizing, two cases may occur: either

F1(z) = C1

F2(z) = −C3 d z + C2

F3(z) = C3

(3.37)

for some constant C1 that vanishes for d 6= 0 and some constants C2, C3 or
F1(z) = C1

F2(z) = C3 C4

(z+C3)2
− (2−d)C4

z+C3
+ C2

F3(z) = C4

(z+C3)2

(3.38)

for some constant C1 that vanishes for d 6= 0 and some constants C2, C3, C4.

Proposition 3.2 In the case of (3.37) flat coordinates are given by

x1(u1, u2, u3) = u1

x2(u1, u2, u3) = (u2)−d u3 +
C2(u2)1−d

C3(1− d)

x3(u1, u2, u3) =
2

2− d
(u2)

2−d
2

when d /∈ {0, 1, 2}, by

x1(u1, u2, u3) = u1

x2(u1, u2, u3) =
u3

(u2)2
− C2

C3 u2

x3(u1, u2, u3) = lnu2
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when d = 2, by

x1(u1, u2, u3) = u1

x2(u1, u2, u3) =
u3

u2
+
C2

C3

lnu2

x3(u1, u2, u3) = 2
√
u2

when d = 1 and, trivially, by

x1(u1, u2, u3) = u1

x2(u1, u2, u3) = u2

x3(u1, u2, u3) = u3

when d = 0.

The proof is a straightforward computation.

Proposition 3.3 Let x1, x2, x3 denote flat coordinates. Up to second-order polynomial
terms, in the case of (3.37) the prepotential is given by

F (x1, x2, x3) =
C3

2
(x1)2 x2 +

C3

2
x1 (x3)2 (3.39)

when d 6= 0 and by

F (x1, x2, x3) =
C1

6
(x1)3 +

C2

2
(x1)2 x2 +

C3

2
(x1)2 x3 +

C3

2
x1 (x2)2 (3.40)

when d = 0 (in this latter case flat coordinates coincide with the canonical ones). If d 6= 0

then in flat coordinates the multiplication is written as

∂̃1 ◦ ∂̃1 = ∂̃1

∂̃1 ◦ ∂̃2 = ∂̃2

∂̃1 ◦ ∂̃3 = ∂̃3

∂̃2 ◦ ∂̃2 = 0

∂̃2 ◦ ∂̃3 = 0

∂̃3 ◦ ∂̃3 = ∂̃2

and the Euler vector field reads

E = x1 ∂̃1 + (1− d)x2 ∂̃2 +
2− d

2
x3 ∂̃3

if d /∈ {0, 1, 2},

E = x1 ∂̃1 +
C2

C3

∂̃2 +
1

2
x3 ∂̃3
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if d = 1 and

E = x1 ∂̃1 − x2 ∂̃2 + ∂̃3

if d = 2. In flat coordinates the unit vector field is e = ∂̃1 for each value of d.

The proof is a straightforward computation.

Analogous results can be achieved for the case of (3.38), as presented below.

Proposition 3.4 In the case of (3.38) flat coordinates and the Euler vector field are respec-
tively given by

x1(u1, u2, u3) = u1 +
C2C3(u2)2 + C2 u

2u3 − C4(u2)2

C1 (C3 u2 + u3)

x2(u1, u2, u3) =
[(
− C2C3

√
C1C4 − C4(C1 − C4

+ C2C3)
)
(u2)

2C4−
√
C1C4

C4

− C2 u
3(u2)

C4−
√
C1C4

C4 (C4

+
√
C1C4)]

1

C4(C1 − C4) (C3 u2 + u3)

x3(u1, u2, u3) =
[(
C2C3

√
C1C4 − C4(C1 − C4

+ C2C3)
)
(u2)

2C4+
√
C1C4

C4

− C2 u
3(u2)

C4+
√
C1C4

C4 (C4

−
√
C1C4)]

1

C4(C1 − C4) (C3 u2 + u3)

E = x1 ∂̃1 + b x2 ∂̃2 + c x3 ∂̃3

where

b =
(C2C3 + C1)(C4)

3
2 − C1C2C3

√
C4 + (C4)2

√
C1

C4 (C2C3

√
C1 + C2C3

√
C4 + C1

√
C4 − C4

√
C4)

+
−(C1)

3
2C4 − (C4)

5
2

C4 (C2C3

√
C1 + C2C3

√
C4 + C1

√
C4 − C4

√
C4)

c =

√
C4 (C1 − C4)

√
C1C4 − (C4)

3
2

when d = 0, C1 6= 0 and C1 6= C4, by

x1(u1, u2, u3) = u1 +
(u2)2(lnu2)2

2 (C3 u2 + u3)
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+
C2 u

2
(
2 lnu2 − (lnu2)2 − 2

)
2C4

x2(u1, u2, u3) = −(u2)2 lnu2

C3 u2 + u3
+
C2 u

2
(

lnu2 − 1
)

C4

x3(u1, u2, u3) = − (u2)2

C3 u2 + u3
+
C2 u

2

C4

E = (x1 − x2) ∂̃1 + (x2 + x3) ∂̃2 + x3 ∂̃3

when d = 0 and C1 = 0, by

x1(u1, u2, u3) = u1 − (u2)2

C3 u2 + u3
+
C2 u

2

C4

x2(u1, u2, u3) = − (u2)3

2
(
C3 u2 + u3

) +
C2 (u2)2

4C4

x3(u1, u2, u3) = − u2

C3 u2 + u3
+
C2 lnu2

C4

E = x1 ∂̃1 + 2x2 ∂̃2 +
C2

C4

∂̃3

when d = 0 and C1 = C4, by

x1(u1, u2, u3) = u1 +
2(u2)2

(
C4 − C2C3

)
C4(d)2(C3 u2 + u3)

x2(u1, u2, u3) =

(
C2C3 − C4 (1− d)

)
(u2)2−d

C4 (1− d)
(
C3 u2 + u3

)
+

C2 u
3(u2)1−d

C4 (1− d)
(
C3 u2 + u3

)
x3(u1, u2, u3) =

2C2 u
3(u2)

2−d
2

C4 (2− d)
(
C3 u2 + u3

)
+
−
(
C4(2− d)− 2C2C3

)
(u2)

4−d
2

C4 (2− d)
(
C3 u2 + u3

)
E = x1 ∂̃1−

d− 2

2
x2 ∂̃2 − (d− 1)x3 ∂̃3

when d /∈ {0, 1, 2} and C3 6= 0, by

x1(u1, u2, u3) = u1 +
2
(
− C2 u

2 u3 + C4(u2)2
)

C4 (d)2 u3

x2(u1, u2, u3) =
2C2 u

3(u2)
2−d
2 − C4 (2− d)(u2)

4−d
2

C4 (2− d)u3

x3(u1, u2, u3) =
C2 u

3(u2)1−d − C4 (1− d)(u2)2−d

C4 (1− d)u3
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E = x1 ∂̃1−
d− 2

2
x2 ∂̃2 − (d− 1)x3 ∂̃3

when d /∈ {0, 1, 2} and C3 = 0, by

x1(u1, u2, u3) = u1 +
2(u2)2

C3 u2 + u3
− 2C2 u

2

C4

x2(u1, u2, u3) = − u2

C3 u2 + u3
+
C2 lnu2

C4

x3(u1, u2, u3) = − (u2)
3
2

C3 u2 + u3
+

2C2

√
u2

C4

E = x1 ∂̃1 −
d− 2

2
x2 ∂̃2 +

(
C2

C4

− (d− 1)x3

)
∂̃3

when d = 1, by

x1(u1, u2, u3) = u1 +
(u2)2

2
(
C3 u2 + u3

) − C2 u
2

2C4

x2(u1, u2, u3) = − u2

C3 u2 + u3
+
C2 lnu2

C4

x3(u1, u2, u3) = − 1

C3 u2 + u3
− C2

C4 u2

E = x1 ∂̃1 +

(
C2

C4

− d− 2

2
x2

)
∂̃2 − (d− 1)x3 ∂̃3

when d = 2. In each of these cases the unit vector field reads e = ∂̃1.

Here are explicit expressions for the Frobenius potential in some selected cases.

Example 3.5 Let us fix d = 0, C1 = C4 and C2 = 0. In flat coordinates the metric
becomes

η̃ =

C4 0 0

0 0 −C4

0 −C4 0

 ,
the multiplication is given by

∂̃1 ◦ ∂̃1 = ∂̃1

∂̃1 ◦ ∂̃2 = ∂̃2

∂̃1 ◦ ∂̃3 = ∂̃3

∂̃2 ◦ ∂̃2 = −3
√

2

4

√
x3

x2
∂̃2 +

√
2

4

(
x3

x2

) 3
2

∂̃3

∂̃2 ◦ ∂̃3 = −∂̃1 −
3
√

2

4

√
x2

x3
∂̃2 −

3
√

2

4

√
x3

x2
∂̃3
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∂̃3 ◦ ∂̃3 =

√
2

4

(
x2

x3

) 3
2

∂̃2 −
3
√

2

4

√
x2

x3
∂̃3

and the prepotential reads

F (x1, x2, x3) =
2
√

2

3
C4 (x2)

3
2 (x3)

3
2 +

C4

6
(x1)3 − C4 x

1 x2 x3

up to second-order polynomial terms. In flat coordinates the unit and the Euler vector
fields are respectively written as

e = ∂̃1

and
E = x1 ∂̃1 + 2x2 ∂̃2.

Example 3.6 Let us fix d = 2 and C2 = 0. In flat coordinates the metric becomes

η̃ =

 0 0 C4

0 C4 0

C4 0 0

 ,
the multiplication is given by

∂̃1 ◦ ∂̃1 = ∂̃1

∂̃1 ◦ ∂̃2 = ∂̃2

∂̃1 ◦ ∂̃3 = ∂̃3

∂̃2 ◦ ∂̃2 = −3

2

(
x2

x3

)2

∂̃1 + 3
x2

x3
∂̃2 + ∂̃3

∂̃2 ◦ ∂̃3 =

(
x2

x3

)3

∂̃1 −
3

2

(
x2

x3

)2

∂̃2

∂̃3 ◦ ∂̃3 = −3

4

(
x2

x3

)4

∂̃1 +

(
x2

x3

)3

∂̃2

and the prepotential reads

F (x1, x2, x3) =
C4

2
(x1)2 x3 +

C4

2
x1 (x2)2 +

C4

8

(x2)4

x3
(3.41)

up to second-order polynomial terms. In flat coordinates the unit and the Euler vector
fields are respectively written as

e = ∂̃1

and
E = x1 ∂̃1 − x3 ∂̃3.
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Example 3.7 Let us fix d = 2 and C2 = 1. In flat coordinates the metric becomes

η̃ =

 0 0 C4

0 C4 0

C4 0 0

 ,
the multiplication is given by

∂̃1 ◦ ∂̃1 = ∂̃1

∂̃1 ◦ ∂̃2 = ∂̃2

∂̃1 ◦ ∂̃3 = ∂̃3

∂̃2 ◦ ∂̃2 = − 3

2(C4)2(x3)2
W
(
C4 x

3 eC4 x2−1
)2
∂̃1

+
3

C4x3
W
(
C4 x

3 eC4 x2−1
)
∂̃2 + ∂̃3

∂̃2 ◦ ∂̃3 =
1

(C4)3(x3)3
W
(
C4 x

3 eC4 x2−1
)3
∂̃1

− 3

2(C4)2(x3)2
W
(
C4 x

3 eC4 x2−1
)2
∂̃2

∂̃3 ◦ ∂̃3 = − 3

4(C4)4(x3)4
W
(
C4 x

3 eC4 x2−1
)4
∂̃1

+
1

(C4)3(x3)3
W
(
C4 x

3 eC4 x2−1
)3
∂̃2

and the prepotential reads

F (x1, x2, x3) =
1

24(C4)3x3

(
3W

(
C4 x

3 eC4 x2−1
)4

+ 22W
(
C4 x

3 eC4 x2−1
)3

+ 63W
(
C4 x

3 eC4 x2−1
)2

+ 72W
(
C4 x

3 eC4 x2−1
))

+
C4

2
(x1)2 x3 +

C4

2
x1 (x2)2

up to second-order polynomial terms, whereW denotes the principal branch of the Lambert
W function, defined as the multivalued inverse of the function w 7→ wew (see [15] and
references therein). In flat coordinates the unit and the Euler vector fields are respectively
written as

e = ∂̃1

and

E = x1 ∂̃1 +
1

C4

∂̃2 − x3 ∂̃3.
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3.2.3 Dimension n = 4

Let M be a four-dimensional Frobenius manifold with product ◦, metric η, unit
vector field e and Euler vector field E. Let us require M to be regular and the
operator L = E ◦ to have a single Jordan block near a point m ∈ M . The unit and
the Euler vector fields read respectively e = ∂1 and E = u1∂1 + u2∂2 + u3∂3 + u4∂4.
We already know from (3.27) that the metric is of the form

η = (u2)−d


F1(u

3

u2
, u

4

u2
) F2(u

3

u2
, u

4

u2
) F3(u

3

u2
, u

4

u2
) F4(u

3

u2
, u

4

u2
)

F2(u
3

u2
, u

4

u2
) F3(u

3

u2
, u

4

u2
) F4(u

3

u2
, u

4

u2
) 0

F3(u
3

u2
, u

4

u2
) F4(u

3

u2
, u

4

u2
) 0 0

F4(u
3

u2
, u

4

u2
) 0 0 0

 (3.42)

for some functions F1, F2, F3, F4 of the variables z = u3

u2
, w = u4

u2
. In particular, F1 is

equal to a constant C1 which vanishes whenever d 6= 0 and from (3.28) and (3.29)
we know that F2, F3, F4 can be expressed as

F2(z, w) = −z ∂zf(z, w)− w ∂wf(z, w)− (d− 1) f(z, w) + C2 (3.43)

F3(z, w) = ∂zf(z, w) (3.44)

F4(z, w) = ∂wf(z, w) (3.45)

for some function f(z, w) and some constant C2. By the flatness conditions, two
expressions for f are possible, as shown below. This fully classifies regular four-
dimensional Frobenius manifolds whose operator L = E ◦ has a single Jordan
block.

Theorem 3.4 The function f realizing (3.28), (3.29) is either provided by

f(z, w) = C3w e
C4 z + h(z) (3.46)

for some constants C3, C4 and some functiton h(z) which is solution to

h′′′(z)− 2C4 h
′′(z) + C2

4 h
′(z) + 2C3C4 e

C4 z = 0 (3.47)

or by

f(z, w) = C3 −
A(z)

2B(z) + w
(3.48)

for some constant C3 and solutions A(z), B(z) to the following system of ODEs:

A′′A− (A′)2 + 2
(
C2 + (1− d)C3

)
A = 0 (3.49)

AB′′′ − A′
(
B′′ + 1

)
+ 2

(
C2 + (1− d)C3

)(
B′ + z

)
+ C1 = 0. (3.50)
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Proof: By requiring that R1
243 = 0 we get

2 ∂wf ∂
3
wf − 3(∂2

wf)2 = 0. (3.51)

Let us distinguish two cases: ∂2
wf 6= 0 and ∂2

wf = 0. In the first case we obtain

f(z, w) = C(z)− A(z)

2B(z) + w
(3.52)

for some functions A(z), B(z), C(z) while in the second one we obtain

f(z, w) = w h1(z) + h2(z) (3.53)

for some functions h1(z), h2(z).
If f is as in (3.52) then condition R3

343 = 0 implies that the function C(z) must
be equal to a constant C3. Conditions R3

234 = 0 and R2
322 = 0 yields respectively

A′′A− (A′)2 + 2
(
C2 + (1− d)C3

)
A = 0

and
AB′′′ − A′

(
B′′ + 1

)
+ 2

(
C2 + (1− d)C3

)(
B′ + z

)
+ C1 = 0.

All the other conditions in (1.3), (1.5), (1.7), (1.8), (1.9), (1.4) hold without imposing
more.

If, on the other hand, f is as in (3.53), condition R3
234 = 0 implies that

h1(z)h′′1(z)− (h′1(z))2 = 0. (3.54)

Solutions to (3.54) are given by h1(z) = C3 e
C4 z for some constants C3 and C4, so

that
f(z, w) = C3w e

C4 z + h2(z).

By imposing condition R2
322 = 0 we get

h′′′2 (z)− 2C4 h
′′
2(z) + C2

4 h
′
2(z) + 2C3C4 e

C4 z = 0

that yields

h2(z) = C7 −
eC4 z

C2
4

[
C3C

2
4 z

2 − C4 (2C3 + C5) z − C4C6 + 2C3 + C5

]
when C4 6= 0 and

h2(z) = C5 z
2 + C6 z + C7

when C4 = 0 for some constants C5, C6, C7, so that f becomes respectively

f(z, w) = C3w e
C4 z+C7−

eC4 z

C2
4

[
C3C

2
4 z

2−C4 (2C3+C5) z−C4C6+2C3+C5

]
(3.55)
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and
f(z, w) = C3w e

C4 z + C5 z
2 + C6 z + C7. (3.56)

In both cases it turns out that all the other conditions in (1.3), (1.5), (1.7), (1.8), (1.9),
(1.4) hold without imposing more.

Proposition 3.8 The functions A(z) and B(z) appearing in (3.49) and (3.50) are ex-
pressed via hyperbolic functions and second-order polynomials:

A(z) =
C2 + (1− d)C3

C2
4

sinh2
(
C4(z + C5)

)
B(z) = C6 cosh(2C4(z + C5)) + C7 sinh(2C4(z + C5))

−z
2

( C1

C2 + (1− d)C3

+ 4C4C7

)
− z2

2
+ C8

for some constants C4, C5, C6, C7, C8 if C2 + (1− d)C3 6= 0 and

A(z) =C5

(
cosh(C4 z) + sinh(C4 z)

)
(3.57)

B(z) =
1

2 (C4)3C5

(
(2C6C4C5 + C1) cosh(C4 z)

+ (2C6C4C5 − C1) sinh(C4 z)
)
− z2

2
+ C7 z + C8 (3.58)

for some constants C4, C5, C6, C7, C8 if C2 + (1− d)C3 = 0.

Below flat coordinates are computed for selected other cases, together with some
Frobenius prepotentials.

Example 3.9 Let us consider the case (3.46) with C3 = 1, C4 = 0 and d 6= 0. Equation
(3.47) becomes h′′′(z) = 0 yielding h(z) = a z2 + b z + c for some constants a, b, c. In
particular we choose a = c = 0 and b = 1, so that h(z) = z and f(z, w) = z + w. When
d 6= 1, in the flat coordinates

x1(u1, u2, u3, u4) = u1

x2(u1, u2, u3, u4) = (u2)−d
(
u3 + u4

)
x3(u1, u2, u3, u4) =

1

2
u2 + u3

x4(u1, u2, u3, u4) =
1

1− d
(u2)1−d

we have

η̃ =


0 1 0 C2

1 0 0 0

0 0 0 1

C2 0 1 0

 ,
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e = ∂̃1,

E = x1 ∂̃1 + (1− d)x2 ∂̃2 + x3 ∂̃3 + (1− d)x4 ∂̃4.

Up to second-order polynomial terms, the prepotential is given by

F (x1, x2, x3, x4) =
C2

2
(x1)2x4 + x1x3x4 +

1

2
(x1)2x2 +

(d− 1)
d−3
d−1 e

2πi
d−1 (x4)

d−3
d−1

2(d+ 1)(d− 3)

when d /∈ {−1, 0, 3}, by

F (x1, x2, x3, x4) =
1

4
(x4)2 lnx4 +

C2

2
(x1)2x4 + x1x3x4 +

1

2
(x1)2x2

when d = −1, by

F (x1, x2, x3, x4) =
C2

2
(x1)2x2 + x1x2x3 +

1

2
(x1)2x3

+
1

2
(x1)2x4 +

1

2
x1(x2)2 +

1

6
(x2)3

when d = 0, by

F (x1, x2, x3, x4) =
C2

2
(x1)2x4 + x1x3x4 +

1

2
(x1)2x2 − 1

16
lnx4

when d = 3. The case where d = 1 must be treated separately. In the flat coordinates

x1(u1, u2, u3, u4) = u1

x2(u1, u2, u3, u4) =
u3 + u4

u2

x3(u1, u2, u3, u4) =
1

2
u2 + u3

x4(u1, u2, u3, u4) = lnu2

the unit and the Euler vector fields are given by

e = ∂̃1, E = x1 ∂̃1 + x3 ∂̃3 + ∂̃4.

The metric is as the one for d 6= 1 and up to second-order polynomial terms the prepotential
is

F (x1, x2, x3, x4) =
1

8
e2x4 +

C2

2
(x1)2x4 + x1x3x4 +

1

2
(x1)2x2.

Example 3.10 Let us consider the case (3.46) with C3 = C4 = 1 and d 6= 0. Equation
(3.47) becomes h′′′(z)− 2h′′(z) + h′(z) + 2ez = 0 yielding h(z) = a− (z2 + b z + c)ez for
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some constants a, b, c. In particular we choose a = b = c = 0, so that h(z) = −z2ez and
f(z, w) = (w − z2) ez. When d /∈ {0, 1, 2} the flat coordinates are

x1(u1, u2, u3, u4) = u1 +
u2

2(1− d)

x2(u1, u2, u3, u4) = C2 lnu2 − 2(1− d) e
u3

u2 − (u3)2 − u2u4

(u2)2
e
u3

u2

x3(u1, u2, u3, u4) = (u2)−d−1
(
u2u4 − (u3)2

)
e
u3

u2 +
C2(u2)1−d

1− d

x4(u1, u2, u3, u4) =
(u2)2−d

2− d
.

In such coordinates the unit and the Euler vector fields are respectively written as e = ∂̃1

and

E = x1 ∂̃1 + C2 ∂̃2 − (d− 1)x3 ∂̃3 − (d− 2)x4 ∂̃4.

For d = −1 the metric is

η̃ =


0 0 1 0

0 0 0 −1
4

1 0 0 0

0 −1
4

0 0


and up to second-order polynomial terms the prepotential is given by

F (x1, x2, x3, x4) = − 1

32
3
√

3C2(x4)
4
3 ln

(
3x4

)
+

15

128
3
√

3C2(x4)
4
3 +

1

32
3
√

9(x4)
2
3x3

+
3

32
3
√

3(x4)
4
3x2 +

1

2
(x1)2x3 − 1

4
x1x2x4.

For d = −2 the metric is

η̃ =


0 0 1 0

0 0 0 −1
6

1 0 0 0

0 −1
6

0 0


and up to second-order polynomial terms the prepotential is given by

F (x1, x2, x3, x4) = − 1

45

√
2C2(x4)

5
4 ln

(
2
√
x4
)

+
4

75

√
2C2(x4)

5
4 +

2

45

√
2(x4)

5
4x2

+
1

72

√
x4 x3 +

1

2
(x1)2x3 − 1

6
x1x2x4.

The case d = 2 must be treated separately. In the flat coordinates

x1(u1, u2, u3, u4) = u1 − u2

2
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x2(u1, u2, u3, u4) =
2(u2)2 + u2u4 − (u3)2

(u2)2
e
u3

u2

x3(u1, u2, u3, u4) =
u2u4 − (u3)2

(u2)3
e
u3

u2 − C2

u2

x4(u1, u2, u3, u4) = lnu2

we have

e = ∂̃1, E = x1 ∂̃1 − x3 ∂̃3 + ∂̃4, η̃ =


0 0 1 0

0 0 0 1
2

1 0 0 0

0 1
2

0 C2

 .
Up to second-order polynomial terms the prepotential is

F (x1, x2, x3, x4) = − 1

16
x3 e2x4 +

(
C2 +

x2

2

)
ex

4

+
C2

2
x1(x4)2 +

1

2
x1x2x4 +

1

2
(x1)2x3.

In the case where d = 1, which must be handled separately as well, flat coordinates are
given by

x1(u1, u2, u3, u4) = u1 +
u2

2
− u2

2
lnu2

x2(u1, u2, u3, u4) =
u2u4 − (u3)2

(u2)2
e
u3

u2 + C2 lnu2

x3(u1, u2, u3, u4) =

(
u2u4 − (u3)2

(u2)2
lnu2 + 2

)
e
u3

u2 +
C2

2

(
lnu2

)2

x4(u1, u2, u3, u4) = u2

and

e = ∂̃1, E =

(
x1 − x4

2

)
∂̃1 + C2 ∂̃2 + x2 ∂̃3 + x4 ∂̃4,

η̃ =


0 1 0 0

1 0 0 0

0 0 0 1
2

0 0 1
2

0

 .
Up to second-order polynomial terms the prepotential is

F (x1, x2, x3, x4) =
C2

24
(x4)2

(
lnx4

)3 − 3

16

(
C2 +

2

3
x2

)
(x4)2

(
lnx4

)2

+
7

16

(
C2 +

6

7
x2 +

4

7
x3

)
(x4)2 lnx4
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+
1

2
x1x3x4 +

1

2
(x1)2x2 − 7x2 + 6x3

16
(x4)2.

The last case to be considered separatley is the one for d = 0, as C1 may not vanish. Here
the flat coordinates are

x1(u1, u2, u3, u4) = u1 +
u2

2

x2(u1, u2, u3, u4) =
u2u4 − (u3)2

u2
e
u3

u2 − C1 − 2C2

2
u2

x3(u1, u2, u3, u4) =
u2u4 − (u3)2 − 2(u2)2

(u2)2
e
u3

u2

− C1 − 4C2

4
lnu2

x4(u1, u2, u3, u4) =
(u2)2

2
.

In such coordinates the unit and the Euler vector fields are respectively e = ∂̃1 and

E = x1 ∂̃1 + x2 ∂̃2 −
(
C2 −

C1

4

)
∂̃3 − 2x4 ∂̃4

and up to second-order polynomial terms the prepotential reads

F (x1, x2, x3, x4) =
3(C1 − 4C2) ln(2x4)− 8C1

72

√
2(x4)

3
2

+
32C2 + 24x3

72

√
2(x4)

3
2 − 1

8
x2 x4 ln(x4)

+
C1

6
(x1)3 +

1

2
(x1)2x2 − 1

2
x1 x3 x4.

3.3 The multiple-block cases

As seen above, an expression for the Frobenius metric in terms of a function f

realizing (3.13), (3.14), (3.15) can be achieved in the case where the operatorL = E ◦
has multiple Jordan blocks as well. This section is devoted to show how, in this
case, it is possible to reduce the conditions defining a Frobenius manifold to a
single ODE in dimension 3 and to a system of PDEs in dimension 4. We will then
provide explicit examples of solutions and their respective Frobenius potentials.

3.3.1 The three-dimensional case

In dimension 3, the only regular non-semisimple case with multiple Jordan blocks
is the one of two blocks, of sizes 2 and 1 respectively.
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We already know that there exists a function f of the variable

z =
u3 − u1

u2

such that the metric can be written as

η = (u2)−d

F1 F2 0

F2 0 0

0 0 F3


for

F1(z) = −f ′(z) + C1

F2(z) = −z f ′(z)− (d− 1) f(z) + C2

F3(z) = f ′(z)

where C1, C2 are constants. In particular, the quantity F1 + F3 = C1 must vanish
whenever d 6= 0. The flatness condition amounts to the following equation:

2 z2 (z f ′ + (d− 1)f − C2) f ′ f ′′′ = z2(f ′′)2
(
3 z f ′ + (d− 1)f − C2

)
+ 4
(
(d− 1) z f ′ − (d− 1)f + C2

)
z f ′ f ′′ (3.59)

+ d (f ′)2
(
(3 d− 2) z f ′ + (d− 2) ((d− 1)f − C2)

)
.

By solving (3.59), one can determine explicitly the function f , which turns out to
be expressed in terms of hyperbolic functions.

Example 3.11 When d = 0 a solution to (3.59) is provided by choosing f(z) = a z+ b for
some constants a, b. The metric is constant in canonical coordinates and reads

η =

C1 − a C2 + b 0

C2 + b 0 0

0 0 a

 .
Up to second-order polynomial terms the Frobenius potential is

F (u1, u2, u3) =
C1 − a

6
(u1)3 +

C2 + b

2
(u1)2 u2 +

a

6
(u3)3.

3.3.2 The four-dimensional case

In dimension 4, three rearrangements in Jordan blocks are possible:

• two blocks, of sizes 3 and 1 respectively;
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• two blocks, both of size 2;

• three blocks, of sizes 2, 1 and 1 respectively.

Two blocks, of sizes 3 and 1 respectively. In this case metric is given by

η = (u2)−d


F1 F2 F3 0

F2 F3 0 0

F3 0 0 0

0 0 0 F4


where

F1(z, w) = −∂wf(z, w) + C1

F2(z, w) = −z ∂zf(z, w)− w ∂wf(z, w)− (d− 1) f(z, w) + C2

F3(z, w) = ∂zf(z, w)

F4(z, w) = ∂wf(z, w)

for some constants C1, C2 and a function f of the variables

z =
u3

u2
, w =

u4 − u1

u2
.

In particular, the quantity F1 + F4 is a constant that must vanish whenever d 6=
0. The flatness conditions amount to the following system of PDEs for the third
derivatives of f :

∂3
zf =

3(∂2
zf)2

2∂zf
(3.60)

∂2
z∂wf =

∂z∂wf
(
∂zf ∂z∂wf + 2 ∂2

zf ∂wf
)

2∂zf ∂wf
(3.61)

∂z∂
2
wf =

1

2w(∂zf)2 ∂wf

(
2w ∂zf ∂wf(∂z∂wf)2 +

(
− ∂wf ∂2

zf
(
w ∂wf (3.62)

+ (d− 1) f − C2

)
+ (∂zf)2

(
(d− 2) ∂wf + w ∂2

wf
))
∂z∂wf

+ ∂zf ∂
2
zf ∂wf

(
w ∂2

wf + d ∂wf
))

∂3
wf =

1

2w3 ∂wf (∂zf)3
(−∂zf ∂wf w2 (w ∂wf + (d− 1) f (3.63)

− C2) (∂z∂wf)2 − ((w3 (∂wf)2 − 2 (−(d− 1) f + C2)w2 ∂wf

+ (−(d− 1) f − wC1 + C2) ∂zf + (−(d− 1) f

+ C2)2w) ∂2
zf − 3 (∂zf)2 (w3 ∂2

wf − (−4w2 d ∂wf)1
3

− d−2
3
∂zf + (−d

3
(−(d− 1) f + C2)w))) ∂wf ∂z∂wf
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+ ∂zf ((w2 (w ∂wf + (d− 1) f − C2) ∂2
wf

+ (w2 ∂wf − ∂zf + (d− 1)w f

− wC2) d ∂wf) ∂wf ∂
2
zf + (∂zf)2 (w2 (∂2

wf)2

− w ∂wf (d+ 4) ∂2
wf − 2 (∂wf)2 d)w)).

Two blocks, both of size 2. In this case the metric is given by

η = (u2)−d


F1 F2 0 0

F2 0 0 0

0 0 F3 F4

0 0 F4 0


where

F1(z, w) = −∂zf(z, w) + C1

F2(z, w) = −z ∂zf(z, w)− w ∂wf(z, w)− (d− 1) f(z, w) + C2

F3(z, w) = ∂zf(z, w)

F4(z, w) = ∂wf(z, w)

for some constants C1, C2 and a function f of the variables

z =
u3 − u1

u2
, w =

u4

u2
.

In particular, the quantity F1 + F3 is a constant that must vanish whenever d 6= 0.
The flatness conditions amount to a system of PDEs for the third derivatives of f
which is presented in Appendix A.

Three blocks, of sizes 2, 1 and 1 respectively. In this case the metric is given by

η = (u2)−d


F1 F2 0 0

F2 0 0 0

0 0 F3 0

0 0 0 F4


where

F1(z, w) = −∂zf(z, w)− ∂wf(z, w) + C1

F2(z, w) = −z ∂zf(z, w)− w ∂wf(z, w)− (d− 1) f(z, w) + C2

F3(z, w) = ∂zf(z, w)
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F4(z, w) = ∂wf(z, w)

for some constants C1, C2 and a function f of the variables

z =
u3 − u1

u2
, w =

u4 − u1

u2
.

In particular, the quantity F1 + F3 + F4 is a constant that must vanish whenever
d 6= 0. The flatness conditions amount to a system of PDEs for the third derivatives
of f which is presented in Appendix A.

In all of the three cases there exist solutions corresponding to a linear expression
for the function f(z, w). More precisely, when d = 0 the function

f(z, w) = a z + bw + c (3.64)

(where a, b and c are constants) is a solution to the respective system of PDEs for
the third derivatives of f . With this choice of f , the Frobenius metric turns out to
be constant in canonical coordinates. In the following example we provide such a
metric and the Frobenius potential in the case when L = E ◦ has two Jordan blocks
of sizes 3 and 1. We refer to Appendix A for the remaining cases.

Example 3.12 Let the function f(z, w) be of the form (3.64), d = 0. When L = E ◦ has
two Jordan blocks of sizes 3 and 1 the metric is given by

η =


C1 − b C2 + c a 0

C2 + c a 0 0

a 0 0 0

0 0 0 b


and up to second-order polynomial terms the Frobenius potential is

F (u1, u2, u3, u4) =
C1 − b

6
(u1)3 +

C2 + c

2
(u1)2 u2 +

a

2
(u1)2 u3

+
a

2
u1 (u2)2 +

b

6
(u4)3.

When L = E ◦ has two Jordan blocks of sizes 3 and 1, a less trivial example is
presented as follows.

Example 3.13 Let L = E ◦ have two Jordan blocks of sizes 3 and 1. When looking for a
function f of the form

f(z, w) = a z + g(w)

for some function g(w), the system (3.60)–(3.63) comes down to a single ODE for g(w):

2w2 g′(w) g′′′(w)− w2
(
g′′(w)

)2
+ (d+ 4)w g′(w) g′′(w) + 2 d

(
g′(w)

)2
= 0. (3.65)
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This yields

g(w) = a1 +
d2 (a2)2

16 a3 (d− 1)w
+ a2w

− d
2 + a3w

1−d

when d 6= 1 and

g(w) = a1 −
(a2)2 lnw

16 a3

+
a2√
w

+
a3

w

when d = 1, for some constants a1, a2, a3. For instance, when d = 2 in the flat coordinates

x1(u1, u2, u3, u4) =
u3

(u2)2
+
a− C2

a u2
+

(a2)2

4 a a3 (u4 − u1)
+

a2 + a3

a (u4 − u1)

x2(u1, u2, u3, u4) = lnu2

x3(u1, u2, u3, u4) = ln (u4 − u1)

x4(u1, u2, u3, u4) = u1

the metric becomes

∼
η =


0 0 0 a

0 a 0 0

0 0 − (2 a3+a2)2

4 a3
0

a 0 0 0


and up to second-order polynomial terms the Frobenius potential is

F (x1, x2, x3, x4) = −(2 a3 + a2)2

8 a3

(
2 ex

3

+ (x3)2 x4
)

+
a

2

(
x1 (x4)2 + (x2)2 x4

)
.

In flat coordinates the unit and the Euler vector fields are respectively written as

e = ∂̃4

and
E = −x1 ∂̃1 + ∂̃2 + ∂̃3 + x4 ∂̃4.
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Chapter 4

Regular Lauricella bi-flat F-manifolds

This chapter is devoted to the construction of a class of regular bi-flat F-manifolds,
called Lauricella bi-flat F-manifolds, and it is based on [66].

The starting point of such a construction is a (1, 1)-type tensor field L with van-
ishing Nijenhuis torsion (see (4.17) below), to which a bidifferential complex (d, dL)

on the Grasmann algebra of differential forms, known by the name of Frölicher-
Nijenhuis bicomplex [40], can be associated. Such a complex plays an important
role in the theory of integrable systems, in both finite [68] and infinite-dimensional
case [62]. More in general, in recent years there has been a growing interest in ap-
plications of Nijenhuis geometry to integrable systems of hydrodynamic type (see
[9] and references therein).

Another ingredient in our construction is a function a0 which is solution to
equation (4.18). By means of a generalized Lenard-Magri chain, it has been shown
in [62] that an integrable hierachy of quasilinear systems of PDEs can be defined,
starting from L and a0, in terms of tensor fields being polynomials in L.

We choose L to be the operator of multiplication by the Euler vector field on a
flat F-manifold and we impose that the flows of the resulting integrable hierarchy
define symmetries of its principal hierarchy [64], in the sense that the flows of the
two hierarchies must pairwise commute. This leads to the additional condition
(4.25).

Our main Theorem 4.13 states that for any choice of the Jordan canonical form
of the operator of multiplication by the Euler vector field and for any choice of
some weights parametrizing the Jordan blocks, there is a unique associated regular
bi-flat F-manifold structure. We end up with a multi-parameter family of regular
bi-flat F-manifolds, the parameters being as many as the Jordan blocks appearing
in the Jordan canonical form of the operator of multiplication by the Euler vec-
tor field. In conformity with the semisimple case studied in [6], we call bi-flat
structures obtained by this procedure Lauricella bi-flat F-manifolds, as related to the
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theory of Lauricella functions [56] and Lauricella connections [59].
Given ε1, . . . , εn ∈ (0, 1), the Lauricella function of weight ε := (ε1, . . . , εn) at a

point u := (u1, . . . , un) ∈ Cn \H, whereH := ∪
1≤i<j≤n

{u ∈ Cn|ui = uj}, is defined by∫
γu

ηu =

∫
γu

(u1 − ζ)−ε1 . . . (un − ζ)−εn dζ.

Here γu is an oriented piecewise differentiable arc whose end-points lie in
{u1, . . . , un}, but such that γu does not meet this set elsewhere, and a determination
of the multivalued differential ηu is fixed. Let δk denote the oriented piecewise dif-
ferentiable arc connecting uk−1 with uk and let Lεu denote the (n − 1)-dimensional
vector space generated by

{ ∫
δk
ηu
}
k∈{2,...,n}. Any f ∈ Lεu satisfies the following

conditions (see [59] for details):

1. e(f) = 0, where e =
∑n

i=1
∂
∂ui

,

2. f is homogeneous of degree 1−
∑n

i=1 εi,

3. f satisfies the system of differential equations

(ui − uj) ∂2f

∂ui∂uj
= εj

∂f

∂ui
− εi

∂f

∂uj
, 1 ≤ i < j ≤ n. (4.1)

The Euler-Poisson-Darboux system (4.1) can be rewritten in the form

ddLf = da0 ∧ df. (4.2)

By definition, the flat coordinates of the connection ∇ of the associated bi-flat F-
manifold are the solutions of the Euler-Poisson-Darboux system (4.1) satisfying the
condition (1). The homogeneity condition (2) selects n− 1 flat coordinates that are
Lauricella functions, the remaining flat coordinate being the function a0.

Our work strongly relies on some technical lemmas, whose proofs were moved to
Appendix B in order to provide a cleaner presentation.

4.1 Integrable systems of hydrodynamic type

Integrable diagonal systems of hydrodynamic type

rit = vi(r)rix, i ∈ {1, . . . , n}, (4.3)

have been studied by Tsarev in [83]. Assuming vi 6= vj for i 6= j, Tsarev proved
that the whole information about the integrability of such systems is contained in
the n(n− 1) functions

Γiij =
∂jv

i

vj − vi
, i 6= j. (4.4)
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The integrability of this system amounts to the conditions

∂j

(
∂kv

i

vk − vi

)
= ∂k

(
∂jv

i

vj − vi

)
, i 6= j 6= k 6= i. (4.5)

Systems satisfying the condition (4.5) are called semi-Hamiltonian systems or rich
systems. They possess infinitely many symmetries, depending on n functions of a
single variable,

riτ = wi(r)rix, i ∈ {1, . . . , n}, (4.6)

obtained by solving the linear system

∂jw
i = Γiij(w

j − wi), i 6= j, (4.7)

and infinitely many densities of conservation laws obtained by solving the linear
system

∂i∂jh− Γiij∂ih− Γjji∂jh = 0, i 6= j. (4.8)

Tsarev’s integrability condition is the compatibility of the systems (4.7) and (4.8).

Let us consider now a general system of hydrodynamic type

uit = V i
j (u)ujx, i ∈ {1, . . . , n}. (4.9)

Assuming that at each point the (1, 1)-tensor field V has pairwise distict eigen-
values, the diagonalizability of the system is equivalent to the vanishing of the
Haantjes tensor of V [46]

HV (X, Y ) := NV (V X, V Y )− V NV (X, V Y )− V NV (V X, Y ) + V 2NV (X, Y ) = 0

for any choice of vector fields X , Y , where NV is defined as in (4.17), and the semi-
Hamiltonian condition (4.5) is equivalent to the vanishing of a tensor field, called
the semi-Hamiltonian tensor [74]. The diagonalizing coordinates (r1, ..., rn) are called
Riemann invariants and the diagonal entries of the (1, 1)-tensor field V in such coor-
dinates are called characteristic velocities of the system. Given a semi-Hamiltonian
system and n functional independent solutions (h1, ..., hn) of the system (4.8), one
has

hit = ∂xK
i, i ∈ {1, . . . , n}, (4.10)

for some functions Ki(r1, ..., rn), i ∈ {1, . . . , n}. In other words the system can be
written as a system of conservation laws. It turns out that also the converse state-
ment it is true: a system of conservation laws admitting Riemann invariants is
semi-Hamiltonian. In this way, following Sevennec, one can equivalently define
semi-Hamiltonian systems as systems of hydrodynamic type that can be written
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both in the diagonal and in the conservative forms (4.3) and (4.10). We refer to [81]
for further details.

The main equations of Tsarev’s theory can be also formulated in terms of a
family of torsionless connections.

Definition 4.1 Given a (1, 1)-tensor field V , a torsionless connection∇ satisfying

d∇V = 0 (4.11)

will be called a Tsarev’s connection associated with V .

Here d∇V is the the exterior covariant derivative of the (1, 1)-tensor field V :

(d∇V )ijk = ∇jV
i
k −∇kV

i
j = ∂jV

i
k − ∂kV i

j + ΓijsV
s
k − ΓiksV

s
j , i, j, k ∈ {1, . . . , n}.

Tsarev’s connections are not uniquely defined: in the Riemann invariants r1, ..., rn,
where V = diag(v1, ..., vn), the above condition is equivalent to Γijk = 0 for pairwise
distinct indices and to (4.4). Moreover, Γiji = Γiij for i 6= j due to the vanishing of
the torsion. All of the remaining Christoffel symbols {Γijj, Γiii}i,j∈{1,...,n}, i 6=j are free.
In order to prove this fact, we have to spell out the condition

(d∇V )ijk = ∂jV
i
k + ΓimjV

m
k − ∂kV i

j − ΓimkV
m
j = 0, i, j, k ∈ {1, . . . , n},

in the Riemann invariants. For pairwise distinct indices i, j, k ∈ {1, . . . , n} we
obtain

(d∇V )ijk = Γikj(v
k − vj) = 0

and as a consequence, taking into account that the characteristic velocities are pair-
wise distinct, we get Γikj = 0 for i 6= j 6= k 6= i. If i = k (or equivalently i = j) we
get

(d∇V )iji = ∂jv
i + Γiij(v

i − vj) = 0, i, j ∈ {1, . . . , n}, i 6= j.

Theorem 4.2 A diagonalizable system of hydrodynamic type with pairwise distinct char-
acteristic velocities is semi-Hamiltonian if and only if the Tsarev’s connections associated
with V satisfy the condition d2

∇W = 0 for any (1, 1)-type tensor field W commuting with
V .

Proof. By straightforward computation, for any choice of the indices we get

[d2
∇W ]ljik = Rl

ijnW
n
k +Rl

jknW
n
i +Rl

kinW
n
j , i, j, l, k ∈ {1, . . . , n},

where R is the Riemann tensor of∇:

Rk
ijl = ∂jΓ

k
il − ∂iΓkjl + ΓkjsΓ

s
il − ΓkisΓ

s
jl, i, j, l, k ∈ {1, . . . , n}.
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In the Riemann invariants the set of matrices W are diagonal and the condition
d2
∇W = 0 reads

[d2
∇W ]ljik = Rl

ijkw
k +Rl

jkiw
i +Rl

kijw
j = 0, i, j, k, l ∈ {1, . . . , n},

for any (w1, ..., wn). Due to the arbitrariness of W , this is equivalent to Rl
ijk = 0 for

pairwise distinct indices i, j, k. If at least two out of the three indices i, j, k are equal
to each other then the condition is automatically satisfied, since Rl

jik = −Rl
ijk for

all indices. Thus, assuming the indices i, j, k pairwise distinct, we need to consider
the case l = i (the cases l = j and l = k are equivalent to this one). Due to the
arbitrariness of W , we obtain the conditions

Ri
jki = 0, Ri

ijk = 0

for all suitable indices. The second condition, also known as Darboux-Tsarev system,
reads

∂iΓ
k
kj + ΓkkiΓ

k
kj − ΓkkjΓ

j
ji − ΓkikΓ

i
ij = 0, i 6= j 6= k 6= i, (4.12)

while the first condition reads

∂jΓ
i
ik = ∂kΓ

i
ij, i 6= j 6= k 6= i, (4.13)

Clearly (4.13) follows from (4.12). Remarkably, if the functions {Γiij}i,j∈{1,...,n}, i 6=j
are given by (4.4) then both conditions (4.5) and (4.12) are equivalent to (4.13), due
to the identity [83]

∂iΓ
k
kj + ΓkkiΓ

k
kj − ΓkkjΓ

j
ji − ΓkkiΓ

i
ij =

vi − vk

vj − vi

[
∂j

(
∂iv

k

vi − vk

)
− ∂i

(
∂jv

k

vj − vk

)]
. (4.14)

for all suitable indices.

The Sevennec’s result can be formulated as follows.

Theorem 4.3 Let V be a (1, 1)-type tensor field with pairwise distinct eigenvalues and
with vanishing Haantjies tensor. Then V defines a semi-Hamiltonian system if and only if
among the associated Tsarev’s connections there is a flat connection.

Proof. Let us assume that ∇ is a flat Tsarev’s connection. In flat coordinates, for
suitable indices, the condition d∇V = 0 reads ∂kV i

j = ∂jV
i
k , which implies that in

flat coordinates (locally) we have V i
j = ∂jX

i and thus V i
j u

j
x = ∂xX

i. Since existence
of Riemann invariants is assumed by hypothesis, the Sevennec’s result implies that
the system defined by V is semi-Hamiltonian.

Let us now assume that V defines a semi-Hamiltonian system. Then, due to
Sevennec’s result, there exist coordinates u1, ..., un where V i

j u
j
x = ∂xX

i for suitable
indices, implying ∂kV

i
j = ∂jV

i
k . Let us define ∇ in the coordinates (u1, ..., un) as

Γijk = 0. Then the condition ∂kV
i
j = ∂jV

i
k can be written as d∇V = 0. In other

words,∇ is a flat Tsarev’s connection.
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The symmetries
uiτ = W i

j (u)ujx, i ∈ {1, . . . , n}, (4.15)

of the system (4.9) are defined by (1, 1)-type tensor fields W (u) commuting with V
and satisfying the condition

d∇W = 0. (4.16)

The full hierarchy is thus defined by the solutions of the system (4.16).

4.2 Frölicher-Nijenhuis bicomplex and integrable sys-
tems

Let L be a tensor field of type (1, 1) with vanishing Nijenhuis torsion. This means
that for any pair of vector fields X and Y we have

NL(X, Y ) := [LX,LY ]− L [X,LY ]− L [LX, Y ] + L2 [X, Y ] = 0. (4.17)

Following [62], we recall a construction of integrable hierarchies starting from the
Frölicher-Nijenhuis bicomplex (d, dL,Ω(M)), which we introduce as follows. The dif-
ferential d is the usual de Rham differential, while the differential dL is defined
as

(dLω)(X0, . . . , Xk) :=
k∑
i=0

(−1)i(LXi)(ω(X0, . . . , X̂i, . . . , Xk))

+
∑

0≤i<j≤k

(−1)i+jω([Xi, Xj]L, X0, . . . , X̂i, . . . , X̂j, . . . Xk)

for X0, . . . , Xk vector fields and a k-differential form ω ∈ Ωk(M), where X̂ denotes
the absence of a vector field X in the arguments of ω and

[Xi, Xj]L := [LXi, Xj] + [Xi, LXj]− L[Xi, Xj]

extends the usual commutator of vector fields by involving the presence of L. For
L = I the vector field [Xi, Xj]L reduces to the commutator [Xi, Xj] and the differ-
ential dL reduces to d. The vanishing of the Nijenhuis torsion of L translates to
the fact that d2

L = 0. The differentials d and dL anticommute, thus the pair (d, dL)

defines a bidifferential complex. Starting from a solution of the equation

ddLa0 = 0 (4.18)

a sequence of functions a1, a2, a3, . . . can be recursively defined by means of a gen-
eralized Lenard-Magri chain:

dak+1 = dLak − akda0, k ≥ 0.
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In turn, a sequence of (1, 1)-type tensor fields V1, V2, V3, . . . can be constructed start-
ing from the identity V0 = I , by

Vk+1 = VkL− akI, k ≥ 0.

This gives

V0 = I

V1 = L− a0I

V2 = L2 − a0L− a1I,
...

Vn = Ln − a0L
n−1 − a1L

n−2 + · · · − an−1I
...

that is

Vn = Ln −
n−1∑
l=0

alL
n−l−1, n ≥ 0.

In [62] (see also [60]) it has been proved that these (1, 1)-type tensor fields define
an integrable hierarchy of hydrodynamic type. Remarkably, this construction does
not require that L is diagonalizable.

4.2.1 Examples

Generalized ε-system

The system of hydrodynamic type
u1
t1

u2
t1
...
unt1

 =


u1 −

∑n
k=1 εku

k 0 . . . 0

0 u2 −
∑n

k=1 εku
k . . . 0

... . . . . . . ...
0 . . . 0 un −

∑n
k=1 εku

k



u1
x

u2
x
...
unx

 (4.19)

has been obtained in [73] as finite component reduction of an infinite hydrody-
namic chain. It can be written as ut1 = (L− a0I)ux with a0 =

∑n
k=1 εku

k and

L =


u1 0 . . . 0

0 u2 . . . 0
... . . . . . . ...
0 . . . 0 un

 . (4.20)

For specific values of the constants ε1, . . . , εn, it provides well-known examples of
integrable systems of hydrodynamic type. The above hierarchy is related to the
principal hierarchy associated with Lauricella bi-flat F-manifolds [63, 61].
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Kodama-Konopelchenko system

The system of hydrodynamic type [53]


u1
t1

u2
t1
...

un−1
t1

unt1

 =


u1 1 0 . . . 0

0 u1 1 . . . 0
... . . . . . . . . . ...
0 . . . 0 u1 1

0 . . . 0 0 u1




u1
x

u2
x
...

un−1
x

unx

 (4.21)

can be written as ut1 = (L− a0I)ux with a0 = −u1 and

L =


0 1 0 . . . 0

0 0 1 . . . 0
... . . . . . . . . . ...
0 . . . 0 0 1

0 . . . 0 0 0

 .

Clearly L has vanishing Nijenhuis torsion and ddLa0 = 0. By applying the first step
of the recursive procedure, we have

∂1a1 = −a0∂1a0 = −u1

∂2a1 = ∂1a0 − a0∂2a0 = −1

∂3a1 = 0
...

∂na1 = 0.

This implies that, up to an negligible constant, a1 = −u2 − (u1)2

2
. Therefore the first

commuting flow ut = (L2 − a0L− a1I)ux is given by


u1
t2

u2
t2
...

un−1
t2

unt2

 =


u2 + (u1)2

2
u1 1 . . . 0

0 u2 + (u1)2

2
u1 . . . 0

... . . . . . . . . . ...
0 . . . 0 u2 + (u1)2

2
u1

0 . . . 0 0 u2 + (u1)2

2




u1
x

u2
x
...

un−1
x

unx

 (4.22)

Higher flows can be obtained in a similar way. The system (4.21) is related to the
theory of confluent Lauricella functions. Further details can be found in [53].
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4.3 From integrable hierarchies to Lauricella bi-flat F-
manifolds

Let (M, ◦, e, E) be an F-manifold with Euler vector field. By using the Hertling-
Manin condition and the properties of the Euler vector field, it is easy to check
that the operator E◦ has vanishing Nijenhuis torsion (see for instance [3]). Among
Tsarev’s connections of the associated integrable system we consider those satisfy-
ing the additional conditions

∇je
i = 0, ∇kc

i
jl = ∇jc

i
kl, i, j, k, l ∈ {1, . . . , n}.

In [63] such connections are called natural connections. In the next two subsections
we will show that for special choices of the function a0 the natural connections
defined in this way are flat. Moreover, it is possible to define a second compatible
flat structure.

4.3.1 Semisimple Lauricella bi-flat structure

Let us recall the following theorem of [61] (see also [60, 63] for the special case
where ε1 = ε2 = ... = εn).

Theorem 4.4 For any choice of ε1, ε2, . . . , εn there exists a unique semisimple bi-flat
structure (∇,∇∗, ◦, ∗, e, E) with canonical coordinates {u1, ..., un} such that L = E◦
and

d∇(L− a0I) = 0, (4.23)

where a0 =
∑n

k=1 εku
k. Moreover, in canonical coordinates this structure is given by

e =
n∑
k=1

∂k, E =
n∑
k=1

uk∂k,

cijk = δijδ
i
k, c∗ijk =

1

ui
δijδ

i
k, i, j, k,

Γijk = 0, Γ∗ijk = 0, i 6= j 6= k 6= i,

Γijj = −Γiij, Γ∗ijj = −u
i

uj
Γ∗iij , i 6= j,

Γiij =
εj

ui − uj
, Γ∗iij =

εj
ui − uj

, i 6= j,

Γiii = −
∑
l 6=i

Γili, Γ∗iii = −
∑
l 6=i

ul

ui
Γ∗ili −

1

ui
.
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4.3.2 Regular non-semisimple Lauricella bi-flat F-manifolds

We consider a generalization of Lauricella bi-flat structures to the regular non-
semisimple case. Let (M, ◦, e, E) be an n-dimensional regular F-manifold around
a point m ∈ M where the operator E◦ has r Jordan blocks, of sizes m1, . . . ,mr.
Recalling Theorem 1.6 from the above Chapter 1, for the proof of which we remind
to [18], let

{uj(α) |α ∈ {1, . . . , r}, j ∈ {1, . . . ,mα}}

denote canonical coordinates, realizing

c
i(α)
j(β)k(γ) = δαβ δ

α
γ δ

i
j+k−1, e =

r∑
α=1

∂u1(α) , E =
r∑

α=1

mα∑
s=1

us(α) ∂us(α)

for all suitable indices. We start from the integrable hierarchy associated with the
tensor field L = E◦ and with a0 =

∑r
α=1 εαTr(Lα). By construction, L contains r

blocks L1, ..., Lr of size m1, ...,mr respectively. Each block has the form

Lα =


u1(α) 0 . . . 0

u2(α) u1(α) . . . 0
... . . . . . . ...

umα(α) . . . u2(α) u1(α)

 (4.24)

where uj(α) = um1+···+mα−1+j for each α ∈ {2, . . . , r} and for each j ∈ {1, . . . ,mα},
while uj(α)=uj for each j ∈ {1, . . . ,mα} for α = 1.

The case where m1 = · · · = mr = 1 corresponds to the usual generalized ε-
system. In the next section we will prove that for any choice of ε1, ε2, . . . , εr and
m1, ...,mr, up to dimension n = 5, there exists a unique bi-flat F-manifold structure
such that d∇(L − a0I) = 0. Thereafter, we will consider the case corresponding
to a single Jordan block (r = 1) of arbitrary size. Finally, we will show that for
any choice of ε1, ε2, . . . , εr there exists a unique regular bi-flat F-manifold structure
such that L = E◦ and

d∇(L− a0I) = 0. (4.25)

Remark 4.5 By straightforward computation, one gets

(d∇(L− a0I))ijk ∂ia0 = Lij∇i(da0)k − Lik∇i(da0)j, j, k ∈ {1, . . . , n}.

Therefore condition (4.25) implies

Lij∇i(da0)k − Lik∇i(da0)j = 0, j, k ∈ {1, . . . , n}.
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4.4 Bi-flat Lauricella structures in dimension 2, 3, 4, 5

In this section we provide a complete classification of regular non-semisimple bi-
flat F-manifold structures in 2, 3, 4 and 5 dimensions.

4.4.1 2-dimensional case

2× 2 Jordan block

L =

[
u1 0

u2 u1

]
, e =

∂

∂u1
. (4.26)

The non-vanishing Christoffel symbol of∇ is Γ2
22 = −2ε1

u2
.

4.4.2 3-dimensional case

3× 3 Jordan block

L =

u1 0 0

u2 u1 0

u3 u2 u1

 , e =
∂

∂u1
, a0 = 3ε1u

1. (4.27)

The non-vanishing Christoffel symbols Γijk, up to exchanging j with k, are

Γ2
22 = Γ3

23 = −3ε1

u2
, Γ3

22 =
3ε1u

3

(u2)2
.

2× 2 + 1× 1 Jordan blocks

L =

u1 0 0

u2 u1 0

0 0 u3

 , e =
∂

∂u1
+

∂

∂u3
, a0 = 2ε1u

1 + ε3u
3. (4.28)

The non-vanishing Christoffel symbols Γijk, up to exchanging j with k, are

Γ2
22 = −2ε1

u2
, Γ1

13 = Γ2
23 = −Γ1

11 = −Γ1
33 = −Γ2

12 =
ε3

u1 − u3
,

Γ3
11 = Γ3

33 = −Γ3
13 =

2ε1

u1 − u3
, Γ2

11 = Γ2
33 = −Γ2

13 =
ε3u

2

(u1 − u3)2
.
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4.4.3 4-dimensional case

4× 4 Jordan block

L =


u1 0 0 0

u2 u1 0 0

u3 u2 u1 0

u4 u3 u2 u1

 , e =
∂

∂u1
, a0 = 4ε1u

1. (4.29)

The non-vanishing Christoffel symbols Γijk, up to exchanging j with k, are

Γ2
22 = Γ3

23 = Γ4
33 = Γ4

24 = −4ε1

u2
, Γ3

22 = Γ4
23 =

4ε1u
3

(u2)2
, Γ4

22 =
4ε1(u2u4 − (u3)2)

(u2)3
.

3× 3 + 1× 1 Jordan blocks

L =


u1 0 0 0

u2 u1 0 0

u3 u2 u1 0

0 0 0 u4

 , e =
∂

∂u1
+

∂

∂u4
, a0 = 3ε1u

1 + ε4u
4. (4.30)

The non-vanishing Christoffel symbols Γijk, up to exchanging j with k, are

Γ2
22 = Γ3

23 = −3ε1

u2
, Γ3

11 = Γ3
44 = −Γ3

14 =
ε4u

3

(u1 − u4)2
− ε4(u2)2

(u1 − u4)3
,

Γ4
11 = Γ4

44 = −Γ4
14 =

3ε1

u1 − u4
,

Γ3
12 = −Γ3

24 = −Γ2
14 = Γ2

11 = Γ2
44 =

ε4u
2

(u1 − u4)2
,

Γ3
34 = −Γ3

13 = −Γ2
12 = −Γ1

11 = Γ1
14 = −Γ1

44 =
ε4

u1 − u4
,

Γ3
22 =

3ε1u
3

(u2)2
− ε4

u1 − u4
.

2× 2 + 2× 2 Jordan blocks

L =


u1 0 0 0

u2 u1 0 0

0 0 u3 0

0 0 u4 u3

 , e =
∂

∂u1
+

∂

∂u3
, a0 = 2ε1u

1 + 2ε3u
3. (4.31)

The non-vanishing Christoffel symbols Γijk, up to exchanging j with k, are

Γ2
22 = −2ε1

u2
, Γ4

44 = −2ε3

u4
, Γ1

13 = −Γ2
12 = −Γ1

11 = −Γ1
33 =

2ε3

u1 − u3
,

Γ3
11 = Γ4

34 = Γ3
33 = −Γ3

13 = −Γ4
14 =

2ε1

u1 − u3
,
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Γ2
11 = Γ2

33 = −Γ2
13 =

2ε3u
2

(u1 − u3)2
, Γ4

11 = Γ4
33 = −Γ4

13 =
2ε1u

4

(u1 − u3)2
.

2× 2 + 1× 1 + 1× 1 Jordan blocks

L =


u1 0 0 0

u2 u1 0 0

0 0 u3 0

0 0 0 u4

 , e =
∂

∂u1
+

∂

∂u3
+

∂

∂u4
, a0 = 2ε1u

1 + ε3u
3 + ε4u

4. (4.32)

The non-vanishing Christoffel symbols Γijk, up to exchanging j with k, are

Γ2
22 = −2ε1

u2
, Γ1

13 = Γ2
23 = −Γ1

33 =
ε3

u1 − u3
, Γ1

14 = Γ2
24 = −Γ1

44 =
ε4

u1 − u4
,

Γ3
34 = −Γ3

44 =
ε4

u3 − u4
, Γ4

34 = − ε3

u3 − u4
, Γ3

13 = −Γ3
11 =

−2ε1

u1 − u3
,

Γ4
14 =

−2ε1

u1 − u4
, Γ1

11 = Γ2
12 = Γ1

33 + Γ1
44, Γ2

11 = Γ2
33 + Γ2

44,

Γ2
33 = −Γ2

13 =
ε3u

2

(u1 − u3)2
, Γ2

44 = −Γ2
14 =

ε4u
2

(u1 − u4)2
,

Γ3
33 =

2ε1

u1 − u3
− ε4

u3 − u4
, Γ4

44 =
2ε1

u1 − u4
+

ε3

u3 − u4
.

4.4.4 5-dimensional case

5× 5 Jordan block

L =


u1 0 0 0 0

u2 u1 0 0 0

u3 u2 u1 0 0

u4 u3 u2 u1 0

u5 u4 u3 u2 u1

 , e =
∂

∂u1
, a0 = 5ε1u

1. (4.33)

The non-vanishing Christoffel symbols Γijk, up to exchanging j with k, are

Γ2
22 = Γ3

23 = Γ4
33 = Γ4

24 = Γ5
25 = Γ5

34 = −5ε1

u2
,

Γ3
22 = Γ4

23 = Γ5
24 = Γ5

33 =
5ε1u

3

(u2)2
, Γ4

22 = Γ5
23 =

5ε1(u2u4 − (u3)2)

(u2)3
,

Γ5
22 =

5ε1((u2)2u5 − 2u2u3u4 + (u3)3)

(u2)4
.
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4× 4 + 1× 1 Jordan blocks

L =


u1 0 0 0 0

u2 u1 0 0 0

u3 u2 u1 0 0

u4 u3 u2 u1 0

0 0 0 0 u5

 , e =
∂

∂u1
+

∂

∂u5
, a0 = 4ε1u

1 + ε5u
5. (4.34)

The non-vanishing Christoffel symbols Γijk, up to exchanging j with k, are

Γ2
22 = Γ3

23 = Γ4
24 = Γ4

33 = −4
ε1

u2
,

Γ1
15 = Γ2

25 = Γ3
35 = Γ4

45 =
ε5

u1 − u5

Γ1
55 = Γ2

12 = Γ1
11 = Γ3

13 = Γ4
14 = Γ4

41 = − ε5

u1 − u5
,

Γ5
11 = Γ5

55 = −Γ5
15 =

4ε1

u1 − u5
,

Γ2
11 = Γ2

55 = Γ3
12 = Γ4

13 = −Γ2
15 = −Γ3

25 = −Γ4
35 = −Γ4

53 =
ε5u

2

(u1 − u5)2
,

Γ3
11 = Γ3

55 = Γ4
12 = −Γ3

15 = −Γ4
25 =

ε5u
3

(u1 − u5)2
− ε5(u2)2

(u1 − u5)3
,

Γ3
22 = Γ4

23 =
4ε1u

3

(u2)2
− ε5

u1 − u5
,

Γ4
11 = Γ4

55 = −Γ4
15 =

ε5(u2)3

(u1 − u5)4
− 2ε5u

2u3

(u1 − u5)3
+

ε5u
4

(u1 − u5)2
,

Γ4
22 =

4ε1(u2u4 − (u3)2)

(u2)3
+

ε5u
2

(u1 − u5)2
.

3× 3 + 2× 2 Jordan blocks

L =


u1 0 0 0 0

u2 u1 0 0 0

u3 u2 u1 0 0

0 0 0 u4 0

0 0 0 u5 u4

 , e =
∂

∂u1
+

∂

∂u4
a0 = 3ε1u

1 + 2ε4u
4. (4.35)

The non-vanishing Christoffel symbols Γijk, up to exchanging j with k, are

Γ1
14 = Γ2

24 = Γ3
34 = −Γ1

11 = −Γ1
44 = −Γ2

12 = −Γ3
13 =

2ε4

u1 − u4
,

Γ2
11 = Γ2

44 = Γ3
12 = −Γ2

14 = −Γ3
24 =

2u2ε4

(u1 − u4)2
, Γ2

22 = Γ3
23 = −3ε1

u2
,
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Γ5
55 = −2ε4

u5
, Γ3

22 =
3ε1u

3

(u2)2
− 2ε4

u1 − u4
,

Γ3
11 = Γ3

44 = −Γ3
14 =

2ε4(u1u3 − (u2)2 − u3u4)

(u1 − u4)3
,

Γ4
11 = Γ4

44 = −Γ4
14 = −Γ5

15 = Γ5
45 =

3ε1

u1 − u4
,

Γ5
11 = Γ5

44 = −Γ5
14 =

3u5ε1

(u1 − u4)2
.

3× 3 + 1× 1 + 1× 1 Jordan blocks

L =


u1 0 0 0 0

u2 u1 0 0 0

u3 u2 u1 0 0

0 0 0 u4 0

0 0 0 0 u5

 , e =
∂

∂u1
+

∂

∂u4
+

∂

∂u5
, a0 = 3ε1u

1 + ε4u
4 + ε5u

5.

(4.36)

The non-vanishing Christoffel symbols Γijk, up to exchanging j with k, are

Γ3
23 = Γ2

22 = −3ε1

u2
, Γ1

14 = Γ2
24 = Γ3

34 = −Γ1
44 =

ε4

u1 − u4
,

Γ1
15 = Γ2

25 = Γ3
35 = −Γ1

55 =
ε5

u1 − u5
, Γ4

45 = −Γ4
55 =

ε5

u4 − u5
,

Γ5
44 = −Γ5

45 =
ε4

u4 − u5
, Γ4

11 = −Γ4
14 =

3ε1

u1 − u4
, Γ5

11 = −Γ5
15 =

3ε1

u1 − u5
,

Γ2
11 = Γ3

12 =
ε4u

2

(u1 − u4)2
+

ε5u
2

(u1 − u5)2
,

Γ2
44 = −Γ2

14 = −Γ3
24 =

u2ε4

(u1 − u4)2
, Γ2

55 = −Γ2
15 = −Γ3

25 =
u2ε5

(u1 − u5)2
,

Γ1
11 = Γ2

12 = Γ3
13 = − ε4

u1 − u4
− ε5

u1 − u5
,

Γ3
11 =

ε4(−(u2)2 + (u1 − u4)u3)

(u1 − u4)3
+
ε5(−(u2)2 + (u1 − u5)u3)

(u1 − u5)3
,

Γ3
44 = −Γ3

14 =
ε4(u1u3 − (u2)2 − u3u4)

(u1 − u4)3
, Γ3

55 = −Γ3
15 =

ε5(u1u3 − (u2)2 − u3u5)

(u1 − u5)3
,

Γ4
44 =

3ε1

u1 − u4
− ε5

u4 − u5
, Γ5

55 =
3ε1

u1 − u5
+

ε4

u4 − u5
,

Γ3
22 =

3u3ε1

(u2)2
− ε4

u1 − u4
− ε5

u1 − u5
.
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2× 2 + 2× 2 + 1× 1 Jordan blocks

L =


u1 0 0 0 0

u2 u1 0 0 0

0 0 u3 0 0

0 0 u4 u3 0

0 0 0 0 u5

 , e =
∂

∂u1
+

∂

∂u3
+

∂

∂u5
, a0 = 2ε1u

1 + 2ε3u
3 + ε5u

5.

(4.37)
The non-vanishing Christoffel symbols Γijk, up to exchanging j with k, are

Γ1
11 = Γ2

12 = − 2ε3

u1 − u3
− ε5

u1 − u5
, Γ3

33 = Γ4
34 =

2ε1

u1 − u3
− ε5

u3 − u5
,

− Γ1
13 = Γ1

33 = − 2ε3

u1 − u3
, Γ1

15 = Γ2
25 = −Γ1

55 =
ε5

u1 − u5
,

Γ2
11 =

2u2ε3

(u1 − u3)2
+

u2ε5

(u1 − u5)2
, Γ2

33 = −Γ2
13 =

2u2ε3

(u1 − u3)2
,

Γ2
55 = −Γ2

15 =
u2ε5

(u1 − u5)2
, Γ2

22 = −2ε1

u2
, Γ4

44 = −2ε3

u4
, Γ2

23 =
2ε3

u1 − u3
,

Γ3
11 = −Γ3

13 = −Γ4
14 =

2ε1

u1 − u3
, Γ3

35 = Γ4
45 = −Γ3

55 =
ε5

u3 − u5
,

Γ4
11 = −Γ4

13 =
2ε1u

4

(u1 − u3)2
, Γ4

33 =
2u4ε1

(u1 − u3)2
+

u4ε5

(u3 − u5)2
,

Γ4
55 = −Γ4

35 =
u4ε5

(u3 − u5)2
, Γ5

11 = −Γ5
15 =

2ε1

u1 − u5
, Γ5

33 = −Γ5
35 =

2ε3

u3 − u5
,

Γ5
55 =

2ε1

u1 − u5
+

ε3

u3 − u5
.

2× 2 + 1× 1 + 1× 1 + 1× 1 Jordan blocks

L =


u1 0 0 0 0

u2 u1 0 0 0

0 0 u3 0 0

0 0 0 u4 0

0 0 0 0 u5

 , e =
∂

∂u1
+

∂

∂u3
+

∂

∂u4
+

∂

∂u5
, a0 = 2ε1u

1+ε3u
3+ε4u

4+ε5u
5.

(4.38)
The non-vanishing Christoffel symbols Γijk, up to exchanging j with k, are

Γ1
11 = Γ2

12 = − ε3

u1 − u3
− ε4

u1 − u4
− ε5

u1 − u5
,

Γ1
13 = −Γ1

33 =
ε3

u1 − u3
, Γ1

14 =
ε4

u1 − u4
, Γ1

15 = −Γ1
55 =

ε5

u1 − u5
, Γ1

44 = − ε4

u1 − u4
,

Γ2
11 =

ε3u
2

(u1 − u3)2
+

ε4u
2

(u1 − u4)2
+

ε5u
2

(u1 − u5)2
,
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Γ2
13 = − u2ε3

(u1 − u3)2
, Γ2

14 = − u2ε4

(u1 − u4)2
, Γ2

15 = − u2ε5

(u1 − u5)2
,

Γ2
22 = −2ε1

u2
, Γ2

23 =
ε3

u1 − u3
, Γ2

24 =
ε4

u1 − u4
, Γ2

25 =
ε5

u1 − u5
,

Γ2
33 =

u2ε3

(u1 − u3)2
, Γ2

44 =
u2ε4

(u1 − u4)2
, Γ2

55 =
u2ε5

(u1 − u5)2
, Γ3

11 = −Γ3
13 =

2ε1

u1 − u3
,

Γ3
33 =

2ε1

u1 − u3
− ε4

u3 − u4
− ε5

u3 − u5
,

Γ3
34 = −Γ3

44 =
ε4

u3 − u4
, Γ3

35 = −Γ3
55 =

ε5

u3 − u5
,

Γ4
11 = −Γ4

14 =
2ε1

u1 − u4
, Γ4

33 = −Γ4
34 =

ε3

u3 − u4
,

Γ4
44 =

2ε1

u1 − u4
+

ε3

u3 − u4
− ε5

u4 − u5
,

Γ4
45 = −Γ4

55 =
ε5

u4 − u5
, Γ5

11 = −Γ5
15 =

2ε1

u1 − u5
,

Γ5
33 = −Γ5

35 =
ε3

u3 − u5
, Γ5

44 = −Γ5
45 =

ε4

u4 − u5
,

Γ5
55 =

2ε1

u1 − u5
+

ε3

u3 − u5
+

ε4

u4 − u5
.

Remark 4.6 Starting from the above formulas, by using the expression of the Euler vector
field in canonical coordinates, the definition of the dual product

X ∗ Y = (E◦)−1X ◦ Y

and the formula (1.60) for the dual connection, one can reconstruct all the data defining a
bi-flat structure.

4.5 The case of a Jordan block of arbitrary size

This section is devoted to the proof of the following Theorem.

Theorem 4.7 For any choice of a parameter ε, there exists a unique non-semisimple reg-
ular bi-flat structure (∇,∇∗, ◦, ∗, e, E) with canonical coordinates {u1, . . . , un} such that
d∇(E ◦ −a0I) = 0, where E◦ has a single Jordan block of size n and a0 = εu1.

Let us start with some preliminary observations. In the first place, the formulas
for the case of a single Jordan block in the above examples up to dimension 5

suggest a simple rule in order to define the Christoffel symbols of the (n+1)×(n+1)

Jordan block starting from the ones of the n × n Jordan block. More precisely, we
define the new Christoffel symbols for the original range of the indices to have the
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same expression as the old ones, up to rescaling the corresponding weight from
ε1 to n+1

n
ε1. The remaining Christoffel symbols (the ones where n + 1 appears at

least once among the indices) are defined as follows. The Christoffel symbol Γn+1
22

is given by the formula

Γn+1
22 = − 1

u2

n−1∑
s=1

Γn−s+1
22 us+2 (4.39)

while the Christoffel symbols Γn+1
ij with (i, j) 6= (2, 2) are given by Γn+1

ij = 0 when
i = 1 or j = 1 and are determined in terms of the Christoffel symbols associated
with the n× n Jordan block via the relations

Γn+1
ij = Γni−1,j = Γni,j−1 (4.40)

when both i and j are greater or equal than 2 (provided that i− 1 6= 1, if using the
second term of (4.40), or j − 1 6= 1, if using the third term of (4.40)).

The new non-vanishing Christoffel symbols are then Γn+1
ij with i, j 6= 1 and

n−i−j ≥ −3. The above definition immediately implies that all the non-vanishing
Christoffel symbols can be recursively obtained starting from

Γ2
22 = − ε

u2
. (4.41)

Indeed, by applying i+ j − 4 times (i− 2 times on the i-th side and j − 2 times on
the j-th side) the relation (4.40) we obtain

Γn+1
ij = Γn−i−j+5

22 . (4.42)

Since the above property holds for all n, more in general we have

Γkij = Γk−i−j+4
22 if k − i− j ≥ −2 and i, j 6= 1 (4.43)

Γkij = 0 if k − i− j ≤ −3. (4.44)

4.5.1 Technical lemmas

By virtue of the above remarks, one can prove the following lemmas.

Lemma 4.8 The Christoffel symbols {Γkij}i,j,k∈{1,...,n} associated with the n × n Jordan
block, recursively defined as explained above, starting from the 2 × 2 Jordan block, satisfy
the following identity:

∂Γkij
∂ul

=
∂Γk−1

ij

∂ul−1
, l > 2, (4.45)

for each i, j, k ∈ {1, . . . , n}.
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Proof. It is sufficient to prove the lemma in the case i = j = 2. In fact, if at least one
index among i and j is equal to 1 then both Γkij and Γk−1

ij vanish, while if i + j ≥ 5

then (4.45) reduces to

∂Γk−i−j+4
22

∂ul
=
∂Γk−i−j+3

22

∂ul−1
, l > 2,

by means of (4.43). Let us then handle the case where i = j = 2. For k = 2 we have
to prove that

∂Γ2
22

∂ul
=

∂Γ1
22

∂ul−1
, l > 2. (4.46)

The left hand side term vanishes since Γ2
22 only depends on u2, while the right hand

side term vanishes since Γ1
22 = 0. For k > 2 we have to prove that

∂Γk22

∂ul
=
∂Γk−1

22

∂ul−1
, l > 2. (4.47)

For k = 3 the left hand side term reads

∂Γ3
22

∂ul
=
∂

∂ul

(
− 1

u2
Γ2

22 u
3

)
= − 1

u2
Γ2

22 δ
3
l =

ε

(u2)2
δ3
l

and the right hand side term reads

∂Γ2
22

∂ul−1
=

∂

∂ul−1

(
− ε

u2

)
=

ε

(u2)2
δ2
l−1 =

ε

(u2)2
δ3
l .

Let us now fix h ∈ {3, . . . , n − 1} and let us assume that (4.45) holds for each
k ∈ {3, . . . , h}. Then, by means of this inductive assumption and of (4.39), we get

∂Γh+1
22

∂ul
= − 1

u2

h−1∑
s=1

(
∂Γh−s+1

22

∂ul

)
us+2 − 1

u2
Γh−l+3

22 = − 1

u2

h−1∑
s=1

(
∂Γh−s22

∂ul−1

)
us+2 − 1

u2
Γh−l+3

22 ,

∂Γh22

∂ul−1
=

δ3
l

(u2)2

h−2∑
s=1

Γh−s22 us+2 − 1

u2

h−2∑
s=1

(
∂Γh−s22

∂ul−1

)
us+2 − 1− δl3

u2
Γh−l+3

22

thus

∂Γh+1
22

∂ul
− ∂Γh22

∂ul−1
= − δ3

l

(u2)2

h−2∑
s=1

Γh−s22 us+2 − 1

u2

(
∂Γ1

22

∂ul−1

)
uh+1 − δ3

l

u2
Γh−l+3

22

= − δ3
l

(u2)2

h−2∑
s=1

Γh−s22 us+2 +
δ3
l

(u2)2

h−2∑
s=1

Γh−s22 us+2 = 0.
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Lemma 4.9 The Christoffel symbols {Γkij}i,j,k∈{1,...,n} associated with the n × n Jordan
block, recursively defined as explained above, starting from the 2 × 2 Jordan block, satisfy
the following identities:

n∑
k=1

Γijku
k=

n∑
k=2

Γijku
k = 0, i 6= j or i = 1 or j = 1, (4.48)

n∑
k=1

Γijku
k=

n∑
k=2

Γijku
k = −ε, i = j 6= 1. (4.49)

Proof. For i = 1 or j = 1 the first identity is trivially satisfied since all the summands
vanish. Thus we can assume both indices are different from 1. Let us first consider
the case of i = j 6= 1. For i = j = 2 we have

n∑
k=2

Γ2
2ku

k (4.44)
= Γ2

22u
2 (4.41)

= −ε. (4.50)

Let us fix h ∈ {2, . . . , n− 1} and assume

n∑
k=2

Γiiku
k = −ε, i ∈ {2, . . . , h}. (4.51)

For i = j = h+ 1 we have

n∑
k=2

Γh+1
h+1,ku

k (4.40)
=

n∑
k=2

Γhh,ku
k (4.51)

= −ε.

Therefore
n∑
k=1

Γijku
k=

n∑
k=2

Γijku
k = −ε, i = j 6= 1.

Let us now consider the case where i 6= j. For j = 2, which here implies i ≥ 3, we
have

n∑
k=2

Γi2ku
k (4.44)

=
i∑

k=2

Γi2ku
k = Γi22u

2 +
i∑

k=3

Γi2ku
k

(4.39)
=

(4.43)
−

i−2∑
s=1

Γi−s22 us+2 +
i∑

k=3

Γi−k+2
22 uk = 0

as an index shift in the sums shows. Let us fix h ∈ {2, . . . , n− 1} and assume

n∑
k=2

Γijku
k = 0, i 6= j, j ∈ {2, . . . , h}. (4.52)
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For j = h+ 1 we have
n∑
k=2

Γih+1,ku
k (4.40)

=
n∑
k=2

Γi−1
h,k u

k (4.52)
= 0.

Therefore
n∑
k=1

Γijku
k=

n∑
k=2

Γijku
k = 0, i 6= j.

Lemma 4.10 The connection∇ associated with the n×n Jordan block satisfies the condi-
tion

∇jE
i = (1− ε)δij + εeiej (4.53)

for each i, j ∈ {1, . . . , n}.

Proof. For each i, j ∈ {1, . . . , n}we have

∇jE
i =∂jE

i + ΓijkE
k = δij + Γijku

k

which, by means of the previous lemma, becomes

∇jE
i =δij − ε δij (1− δi1) = (1− ε) δij + ε δi1δ

j
1 = (1− ε)δij + εeiej.

Lemma 4.11 The components of E−1 are defined recursively by

(E−1)1 =
1

u1
,

(E−1)m+1 = − 1

u1

m∑
s=1

(E−1)m−s+1 us+1, m ∈ {1, . . . , n− 1}.

Proof. By spelling out E−1 ◦ E = e in canonical coordinates, we obtain
i∑

k=1

(E−1)i−k+1uk = δi1, i ∈ {1, . . . , n}.

For i = 1 we clearly get

(E−1)1 =
1

u1
.

For i = m+ 1 we get

(E−1)1um+1 +
m∑
k=1

(E−1)i−k+1uk = 0

that is

(E−1)m+1 = − 1

u1

m∑
s=1

(E−1)m−s+1 us+1.
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Lemma 4.12 The dual connection∇∗ is defined by

Γ∗kij = Γkij + (ε− 1)(E−1)k−i−j+2 − ε (E−1)1 δk1δ
1
i δ

1
j (4.54)

for each i, j, k ∈ {1, . . . , n}, where it is understood that (E−1)k−i−j+2 = 0 if k−i−j < −1.

Proof. For each i, j, k ∈ {1, . . . , n}we have

Γ∗kij
(1.60)
= Γkij − c∗lji∇lE

k (4.53)
= Γkij − c∗lji

(
(1− ε)δkl + εekel

)
=Γkij − (1− ε) c∗kji − ε c∗1ji δk1 (4.55)

where, by definition, the structure constants of the dual product are of the form

c∗ijk = cijlc
l
km(E−1)m = δij+l−1δ

l
k+m−1(E−1)m = δij+l−1(E−1)l−k+1 = (E−1)i−j−k+2.

Then

Γ∗kij =Γkij − (1− ε) (E−1)k−i−j+2 − ε (E−1)3−i−j δk1

=Γkij + (ε− 1) (E−1)k−i−j+2 − ε (E−1)1 δ1
i δ

1
j δ
k
1 , ∈ {1, . . . , n}. (4.56)

Remark 28 The condition∇e = 0 is equivalent to Γij1 = 0 for each i, j ∈ {1, . . . , n}.

By virtue of the above lemmas we can prove Theorem 4.7. The proof can be divided
in the following steps:

1. Flatness of∇.

2. Compatibility of ∇ and ◦.

3. Linearity of the Euler vector field.

4. The condition d∇(E ◦ −a0I) = 0.

5. Uniqueness.

4.5.2 Flatness of ∇

We already know that the connection∇ is flat for n ∈ {2, 3, 4, 5}. We need to prove
that if the connection∇ associated with the n× n Jordan block is flat, that is

∂kΓ
i
hj − ∂hΓikj −

n∑
l=1

(ΓihlΓ
l
kj − ΓiklΓ

l
hj) = 0, i, j, h, k ∈ {1, . . . , n}, (4.57)
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then also the connection associated with the (n+ 1)× (n+ 1) Jordan block is flat:

Ri
hkj = ∂kΓ

i
hj−∂hΓikj−

n+1∑
l=1

(ΓihlΓ
l
kj−ΓiklΓ

l
hj) = 0, i, j, h, k ∈ {1, . . . , n+1}. (4.58)

Let us first consider the case where i ≤ n. For each h, k, j ∈ {1, . . . , n+ 1}we have

Ri
hkj =∂kΓ

i
hj − ∂hΓikj −

n∑
l=1

(ΓihlΓ
l
kj − ΓiklΓ

l
hj)− (Γih,n+1Γn+1

kj − Γik,n+1Γn+1
hj )

where both Γih,n+1 and Γik,n+1 vanish due to (4.44). Then Ri
hkj is the same as the one

for the connection associated with the n × n Jordan block, which by hypothesis is
flat, yielding Ri

hkj = 0. Let us now fix i = n + 1. If h = 1 (or equivalently k = 1)
then Ri

hkj trivially vanishes, as Γmhj = 0 for each m, j ∈ {1, . . . , n+ 1} and ∂hΓ
m
kj = 0

for each m, k, j ∈ {1, . . . , n + 1}, since there is no dependence of the Christoffel
symbols on u1. If j = 1 or h = k then Ri

hkj clearly vanishes as well. We therefore
have 3 interesting subcases:

a. h > 2, k > 2, j > 2

b. h = 2, k > 2, j > 2 (this covers h > 2, k = 2, j > 2 as well)

c. h = j = 2, k > 2 (this covers h > 2, k = j = 2 as well)

d. j = 2, h > 2, k > 2.

Subcase a: h > 2, k > 2, j > 2. We have

Rn+1
hkj

(4.45)
= ∂k−1Γnhj − ∂h−1Γnkj −

n+1∑
l=2

(Γn+1
hl Γlkj − Γn+1

kl Γlhj)

where in the sum both the terms for l = 2 and l = n+ 1 vanish due to (4.44). Then

Rn+1
hkj = ∂k−1Γnhj − ∂h−1Γnkj −

n∑
l=3

(Γn+1
hl Γlkj − Γn+1

kl Γlhj)

(4.40)
= ∂k−1Γn−1

h−1,j − ∂h−1Γn−1
k−1,j −

n∑
l=3

(Γn−1
h−1,l−1Γl−1

k−1,j − Γn−1
k−1,l−1Γl−1

h−1,j)

= ∂k−1Γn−1
h−1,j − ∂h−1Γn−1

k−1,j −
n−1∑
l=2

(Γn−1
h−1,lΓ

l
k−1,j − Γn−1

k−1,lΓ
l
h−1,j)

where the sum can be enlarged as to include the terms for l = 1 and l = n, as they
vanish. Then

Rn+1
hkj = ∂k−1Γn−1

h−1,j − ∂h−1Γn−1
k−1,j −

n∑
l=1

(Γn−1
h−1,lΓ

l
k−1,j − Γn−1

k−1,lΓ
l
h−1,j)
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= Rn−1
h−1,k−1,j.

The quantity Rn−1
h−1,k−1,j vanishes by hypothesis if j ≤ n. For j = n + 1, all of the

terms appearing in Rn+1
hkj vanish.

Subcase b: h = 2, k > 2, j > 2. We have

Rn+1
2kj

(4.45)
= ∂k−1Γn2j − ∂2Γn+1

kj −
n+1∑
l=2

(Γn+1
2l Γlkj − Γn+1

kl Γl2j)

where in the sum the term for l = 2 vanishes due to (4.44). Then

Rn+1
2kj = ∂k−1Γn2j − ∂2Γn+1

kj −
n+1∑
l=3

(Γn+1
2l Γlkj − Γn+1

kl Γl2j)

(4.40)
= ∂k−1Γn2j − ∂2Γnk−1,j −

n+1∑
l=3

(Γn2,l−1Γl−1
k−1,j − Γnk−1,lΓ

l
2j)

= ∂k−1Γn2j − ∂2Γnk−1,j −
n∑
l=2

Γn2lΓ
l
k−1,j +

n+1∑
l=3

Γnk−1,lΓ
l
2j

where the ranges of the summation indices can be modified by adding vanishing
terms in order to obtain

Rn+1
2kj = ∂k−1Γn2j − ∂2Γnk−1,j −

n∑
l=1

(Γn2lΓ
l
k−1,j − Γnk−1,lΓ

l
2j) = Rn

2,k−1,j

which trivially vanishes for j = n + 1 and which vanishes by the induction as-
sumption on the connection associated with the n× n Jordan block for j ≤ n.
Subcase c: h = j = 2, k > 2. Since Γlk2 vanishes for l = 2, we have

Rn+1
2k2 = ∂kΓ

n+1
22 − ∂2Γn+1

k2 −
n+1∑
l=3

Γn+1
2l Γlk2 +

n+1∑
l=2

Γn+1
kl Γl22

(4.45)
=

(4.40)
∂k−1Γn22 − ∂2Γnk−1,2 −

n+1∑
l=3

Γn2,l−1Γl−1
k−1,2 +

n∑
l=2

Γnk−1,lΓ
l
22

= ∂k−1Γn22 − ∂2Γnk−1,2 −
n∑
l=1

Γn2lΓ
l
k−1,2 +

n∑
l=1

Γnk−1,lΓ
l
22 = Rn

2,k−1,2 = 0.

Subcase d: j = 2, h > 2, k > 2. We have

Rn+1
hk2

(4.45)
= ∂k−1Γnh2 − ∂h−1Γnk2 −

n+1∑
l=1

(Γn+1
hl Γlk2 − Γn+1

kl Γlh2)

(4.40)
= ∂k−1Γnh−1,3 − ∂h−1Γnk−1,3 −

n+1∑
l=1

(Γn+1
hl Γlk−1,3 − Γn+1

kl Γlh−1,3) = Rn
h−1,k−1,3

which vanishes by the inductive assumption on the connection associated with the
n× n Jordan block.
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4.5.3 Compatibility of∇ and ◦

The compatibility between the connection ∇ and the product ◦ is expressed as
the symmetry of the tensor ∇c with respect to the exchange of lower indices. In
canonical coordinates this means that

Γki+j−1,l − Γk−i+1
lj = Γkl+j−1,i − Γk−l+1

ij

for each i, j, k, l ∈ {1, . . . , n}, where it is understood that a Christoffel symbol van-
ishes whenever at least one of its indices exceed the range {1, . . . , n}. Let us prove
this condition by induction. We already know that it is satisfied up to n = 5. Let
us fix m ≥ 5 and assume

Γki+j−1,l − Γk−i+1
lj = Γkl+j−1,i − Γk−l+1

ij (4.59)

for each i, j, k, l ∈ {1, . . . ,m}. We prove that (4.59) holds whenever at least one
index among i, j, k, l is equal to m+ 1.

If i = m + 1 (by the symmetry of (4.59) with respect to the exchange of i and l,
this covers the case where l = m+ 1 as well) then (4.59) becomes

Γkm+j,l − Γk−mlj = Γkl+j−1,m+1 − Γk−l+1
m+1,j

which, by means of (4.40), becomes

Γk−1
m+j−1,l − Γk−mlj = Γk−1

l+j−1,m − Γk−lmj

that is true by the induction assumption for the indices being chosen asm, j, k−1, l.
If j = m+ 1 then (4.59) becomes

Γki+m,l − Γk−i+1
m+1,j = Γkl+m,i − Γk−l+1

i,m+1

which, by means of (4.40), becomes

Γk−1
i+m−1,l − Γk−imj = Γk−1

l+m−1,i − Γk−lim

that is true by the induction assumption for the indices being chosen as i,m, k−1, l.
If k = m+ 1 then (4.59) becomes

Γm+1
i+j−1,l − Γm−i+2

lj = Γm+1
l+j−1,i − Γm−l+2

ij

which trivially holds when at least one index among i, j, l is equal to 1. When all
of the indices i, j, l are greater or equal than 2, by means of (4.43), it becomes

Γm−i−j−l+6
22 − Γm−i−j−l+6

22 = Γm−i−j−l+6
22 − Γm−i−j−l+6

22

that is clearly true.
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4.5.4 Linearity of the Euler vector field

Asking for the Euler vector field to be linear in flat coordinates amounts to the
condition

∇∇E = 0.

In canonical coordinates such condition is expressed as

∇i∇jE
k = ∂i

(
∇jE

k
)

+ Γkis
(
∇jE

s
)
− Γsij

(
∇sE

k
)

(4.53)
= ∂i

(
(1− ε)δkj + εekej

)
+ Γkis

(
(1− ε)δsj + εesej

)
− Γsij

(
(1− ε)δks + εekes

)
= (1− ε)Γkij + εΓki1δ

1
j − (1− ε)Γkij − εΓ1

ijδ
k
1 = − εΓ1

ijδ
k
1

which vanishes trivially when either i or j is equal to 1 and by means of (4.43)
when both i and j are greater or equal than 2.

The flatness of∇∗ and the additional properties follows from the linearity of E
(here we are using the already mentioned result of [50] which holds true also in
the non-semisimple setting) and from the definition of∇∗ and ∗.

4.5.5 The condition d∇(E ◦ −a0I) = 0

We prove by induction that the Christoffel symbols obtained by virtue of (4.39)
and (4.40) satisfy the condition d∇(L− a0I) = 0 with L = E◦. Let us denote by V(n)

the tensor field V = E ◦−a0I in the n-dimensional case and by∇(n) the connection
associated with the n×n block. For n = 2 the tensor field V(2) is represented by the
matrix [

(1− ε)u1 0

u2 (1− ε)u1

]
thus the quantity

(d∇(2)
V(2))

i
jk = ∂jV(2)

i
k
− ∂kV(2)

i
j

+ ΓijsV(2)
s
k
− ΓiksV(2)

s
j

vanishes for each i, j, k ∈ {1, 2} as a simple computation shows. Let us assume
that the Christoffel symbols {Γijk | 1 ≤ i, j, k ≤ n} of the connection ∇(n) associated
with the n × n block obtained applying the formulas (4.39) and (4.40) satisfy the
condition (d∇(n)

V(n))
k
ij = 0. We show that the Christoffel symbols for the (n + 1) ×

(n + 1) Jordan block obtained applying the formulas (4.39) and (4.40) satisfy the
condition (d∇(n+1)

V(n+1))
k
ij = 0. The components of V(n+1) are

V(n+1)
i
i

= (1− ε)u1 for i ∈ {1, . . . , n+ 1},
V(n+1)

i
j

= ui−j+1 for i ∈ {1, . . . , n+ 1}, j ∈ {1, . . . , i− 1}.

Four cases are possible:
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a. 1 ≤ i, j ≤ n, k = n+ 1

b. 1 ≤ i, j, k ≤ n

c. 1 ≤ i, k ≤ n, j = n+ 1

d. 1 ≤ i ≤ n, k = j = n+ 1.

Subcase a: 1 ≤ i, j ≤ n, k = n+ 1. We have

(d∇(n+1)
V(n+1))

n+1
ij =

∂V n+1
j

∂ui
+ Γn+1

il V l
j −

∂V n+1
i

∂uj
− Γn+1

jl V l
i =

n∑
l=j

Γn+1
il V l

j −
n∑
l=i

Γn+1
jl V l

i

as
∂V n+1

j

∂ui
− ∂V n+1

i

∂uj
= δn−j+2

i − δn−i+2
j = 0.

If i = 1 (or equivalently j = 1) we have

(d∇(n+1)
V(n+1))

n+1
ij = −

n∑
l=2

Γn+1
jl V l

1 = −
n∑
l=2

Γn+1
jl ul

(4.48)
= 0.

If both i and j are greater or equal than 2 we have

(d∇(n+1)
V(n+1))

n+1
ij =

n∑
l=j

Γn+1
il V l

j −
n∑
l=i

Γn+1
jl V l

i =
n∑

l=j+1

Γn+1
il V l

j −
n∑

l=i+1

Γn+1
jl V l

i

=
n∑

l=j+1

Γn+1
il ul−j+1 −

n∑
l=i+1

Γn+1
jl ul−i+1

(4.43)
=

n∑
l=j+1

Γn−i−l+5
22 ul−j+1 −

n∑
l=i+1

Γn−j−l+5
22 ul−i+1

which vanishes after replacing l with k = l − j + 1 in the first sum and l with
k = l − i+ 1 in the second sum.
Subcase b: 1 ≤ i, j, k ≤ n. The quantity

(d∇(n+1)
V(n+1))

k
ij =

∂V k
j

∂ui
+ ΓkilV

l
j −

∂V k
i

∂uj
− ΓkjlV

l
i = (d∇(n)

V(n))
k
ij

vanishes by means of the inductive assumption for each i, j, k ≤ n.
Subcase c: 1 ≤ i, k ≤ n, j = n+ 1. We have

(d∇(n+1)
V(n+1))

k
i,n+1 =

∂V k
n+1

∂ui
+ ΓkilV

l
n+1 −

∂V k
i

∂un+1
− Γkn+1,lV

l
i

where the terms of the form V r
n+1 with r ≤ n vanish. Then

(d∇(n+1)
V(n+1))

k
i,n+1 = Γki,n+1V

n+1
n+1 −

∂V k
i

∂un+1
−

n+1∑
l=i

Γkn+1,lV
l
i
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which vanishes term by term.
Subcase d: 1 ≤ i ≤ n, k = j = n+ 1 We have

(d∇(n+1)
V(n+1))

n+1,k
i,n+1 =

∂V n+1
n+1

∂ui
+ Γn+1

il V l
n+1 −

∂V n+1
i

∂un+1
− Γn+1

n+1,lV
l
i

which becomes

(d∇(n+1)
V(n+1))

n+1,k
1,n+1 =

∂V n+1
n+1

∂u1
+ Γn+1

1l V l
n+1 −

∂V n+1
1

∂un+1
− Γn+1

n+1,lV
l

1

= 1− ε− δn+1
n+1 − Γn+1

n+1,lu
l (4.49)

= 0

when i = 1,

(d∇(n+1)
V(n+1))

n+1,k
2,n+1 =

∂V n+1
n+1

∂u2
+ Γn+1

2l V l
n+1 −

∂V n+1
2

∂un+1
− Γn+1

n+1,lV
l

2

= Γn+1
2,n+1V

n+1
n+1 − Γn+1

n+1,2V
2

2 = 0

when i = 2 and

(d∇(n+1)
V(n+1))

n+1,k
i,n+1 =

∂V n+1
n+1

∂ui
+ Γn+1

il V l
n+1 −

∂V n+1
i

∂un+1
− Γn+1

n+1,lV
l
i

(4.44)
= 0

when i > 2.

4.5.6 Uniqueness

The connection∇ is uniquely determined by the conditions

∇je
i = ∂je

i + Γijle
l = 0

(d∇V )kij =
∂V k

j

∂ui
+ ΓkilV

l
j −

∂V k
i

∂uj
− ΓkjlV

l
i = 0

where V = L− a0I . Indeed, in the case of a single Jordan block in David-Hertling
coordinates the (1, 1)-tensor field V has the form

V =


(1− ε)u1 0 . . . 0

u2 (1− ε)u1 . . . 0
... . . . . . . ...
un . . . u2 (1− ε)u1

 . (4.60)

The vanishing of (d∇V )in,n−1 uniquely defines Γinn. Together with this condition,
the vanishing of (d∇V )in−2,n uniquely defines Γin−1,n. More in general, by using the
previous conditions, for each k ∈ {1, . . . , n− 1} the vanishing of (d∇V )ik,n uniquely
defines Γik+1,n.
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Similarly, the vanishing of (d∇V )in−2,n−1 uniquely defines Γin−1,n−1 and the van-
ishing of (d∇V )ik,n−1 uniquely defines Γik+1,n−1.

In general, the vanishing of (d∇V )in−j−1,n−j uniquely defines Γin−j,n−j and the
vanishing of (d∇V )ik,n−j uniquely defines Γik+1,n−j , once all of the the previous con-
ditions have been taken into account, starting from j = n− 1, k = n.

We are then able to recursively determine all of the Christoffel symbols apart
from {Γi1j = Γij1 | j ∈ {1, . . . , n}}, which vanish due to the condition ∇e = 0. This
means that the connection constructed above is unique and thus it coincides with
the connection obtained by using conditions (4.39) and (4.40).

Remark 29 Alternatively, one may prove uniqueness also by observing that conditions
(4.39) and (4.40) can be recovered by the properties of ∇ and by means of the condition
d∇(E ◦ −a0I) = 0.

4.6 The case of an arbitrary number of Jordan blocks

Theorem 4.7 can be extended to the general case where the operator L = E ◦ has a
block diagonal form.

Theorem 4.13 For any choice of ε1, . . . , εr there exists a unique regular bi-flat structure
(∇,∇∗, ◦, ∗, e, E) with canonical coordinates {u1, . . . , un} such that d∇(E ◦ −a0I) = 0,
where r is the number of the Jordan blocks (of sizes m1, . . . ,mr) of E◦ and, set m0 = 0,

a0 =
r∑

α=1

mαεαu
1(α) =

r∑
α=1

mαεαu
m0+m1+···+mα−1+1.

In order to prove this theorem, the crucial Lemmas 4.8-4.12 must also be suitably
extended and some new preliminary results must be taken into account.

Let (M, ◦, e, E) be a regular F-manifold of dimension n ≥ 2 with an Euler vector
field E. Around a point m ∈ M , let the canonical form of the operator L = E ◦
have r Jordan blocks L1, . . . , Lr of sizes m1, . . . ,mr with distinct eigenvalues. Let
us consider the function

a0 =
r∑

α=1

εα Tr(Lα).

Our final goal is to prove that for any choice of ε1, . . . , εr there exists a unique
regular bi-flat F-structure with canonical coordinates such that the operator L =

E ◦ satisfies the condition d∇(L−a0 I) = 0. We recall that, in canonical coordinates,
the structure constants of the product ◦ are given by

c
i(α)
j(β)k(γ) = δαβ δ

α
γ δ

i
j+k−1
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for all suitable indices. The unit and the Euler vector fields are given respectively
by

e =
r∑

α=1

∂1(α), E =
r∑

α=1

mα∑
s=1

us(α) ∂s(α).

Remark 4.14 Due to the regularity condition, we are implicitly assuming that u2(α) 6= 0

for each α ∈ {1, . . . , r} and u1(α) 6= u1(β) if α 6= β for each α, β ∈ {1, . . . , r}.

4.6.1 The Christoffel symbols

The following proposition plays the role of conditions (4.39) and (4.40) in the case
of a single block of arbitrary size.

Proposition 4.15 Let α, β, γ be pairwise distinct. Then there exists a unique torsionless
connection∇ satisfying the conditions listed in the following.

1. For each value of i, j, k
Γ
k(γ)
i(α)j(β) = 0. (4.61)

2. For every j, k when i ≥ 2

Γ
k(α)
i(β)j(α) = 0, (4.62)

and when i = 1

Γ
k(α)
1(β)j(α) = Γ

(k−j+1)(α)
1(β)1(α) =


0 if k < j,

mβεβ
u1(α)−u1(β) if k = j,

− 1
u1(α)−u1(β)

k−j+1∑
s=2

Γ
(k−j−s+2)(α)
1(β)1(α) us(α) if k > j.

(4.63)

3. For each k when i+ j ≥ 3

Γ
k(α)
i(β)j(β) = 0, (4.64)

and when i = j = 1

Γ
k(α)
1(β)1(β) = −Γ

k(α)
1(β)1(α). (4.65)

4. The Christoffel symbols Γ
k(α)
i(α)j(α) are defined by the following formulas

Γ
2(α)
2(α)2(α) = −mαεα

u2(α)
, (4.66)
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and

Γ
k(α)
1(α)j(α) = −

∑
σ 6=α

Γ
k(α)
1(σ)j(α) =


0 if k < j,

−
∑
σ 6=α

mσεσ
u1(α)−u1(σ) if k = j,

∑
σ 6=α

1
u1(α)−u1(σ)

k−j+1∑
s=2

Γ
(k−j−s+2)(α)
1(σ)1(α) us(α) if k > j,

(4.67)

and (for k ≥ 3)

Γ
k(α)
2(α)2(α) = Γ

(k−2)(α)
1(α)1(α) − Γ

2(α)
2(α)2(α)

uk(α)

u2(α)
− 1

u2(α)

k−3∑
l=1

(
Γ

(l+2)(α)
2(α)2(α) − Γ

l(α)
1(α)1(α)

)
u(k−l)(α),

(4.68)

and (for i, j ≥ 2)

Γ
k(α)
i(α)j(α) =

0 if k − i− j ≤ −3,

Γ
(k−i−j+4)(α)
2(α)2(α) if k − i− j ≥ −2.

(4.69)

Proof: The above formulas uniquely determine the expressions for all of the
Christoffel symbols. By (4.61) all of those Christoffel symbols whose indices corre-
spond to pairwise distinct Jordan blocks vanish. One therefore only needs expres-
sions for the ones whose indices correspond to at most two different Jordan blocks.
Let us first explain how to construct Christoffel symbols whose indices correspond
to two distinct Jordan blocks, which we label by α and β. By (4.63) we determine
Γ
k(α)
1(β)j(α) for k ≤ j and starting from these functions we determine the Christoffel

symbols
{Γk(α)

1(β)j(α) | j ∈ {1, . . . ,mα}, k ∈ {1, . . . ,mα}}.

By (4.62) we determine
Γ
k(α)
i(β)j(α) = 0

for i ≥ 2 for each j, k ∈ {1, . . . ,mα}. By (4.64) we determine

Γ
k(α)
i(β)j(β) = 0

when i+ j ≥ 3 for each k ∈ {1, . . . ,mα}. By (4.65) we determine

Γ
k(α)
1(β)1(β) = −Γ

k(α)
1(β)1(α)

for each k ∈ {1, . . . ,mα}. Let us now explain how to construct Christoffel sym-
bols whose indices correspond to a single Jordan block, which we label by α. By
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(4.66) we determine Γ
2(α)
2(α)2(α). By (4.67), for each j, k ∈ {1, . . . ,mα} we determine

Γ
k(α)
1(α)j(α). By (4.68), for each k ≥ 3 we can determine recursively Γ

k(α)
2(α)2(α) (since the

formula for Γ
k(α)
2(α)2(α) involves the Christoffel symbols {Γt(α)

1(α)1(α) | t ∈ {1, . . . , k − 2}}
that we already know from above and {Γt(α)

2(α)2(α) | t ∈ {2, . . . , k − 1}}). By (4.69), for

each i, j ≥ 2 and for each k ∈ {1, . . . ,mα} we determine Γ
k(α)
i(α)j(α) in terms of the

Christoffel symbols {Γt(α)
2(α)2(α) | t ∈ {2, . . . ,mα}} that we know from above.

Example 4.16 Let us reconstruct the Christoffel symbols in the 5-dimensional case of 3×
3 + 2× 2 Jordan blocks by means of the above formulas. In this case we have

u1 = u1(1), u2 = u2(1), u3 = u3(1), u4 = u1(2), u5 = u2(2).

By (4.63) we get

Γ1
14 =

2ε4

u1 − u4
= Γ2

24 = Γ3
34

Γ4
14 = − 3ε1

u1 − u4
= Γ5

15

Γ2
14 = − 1

u1 − u4
Γ1

14u
2 = − 2ε4

(u1 − u4)2
u2 = Γ3

24

Γ3
14 = − 1

u1 − u4

(
Γ2

14u
2 + Γ1

14u
3
)

=
2ε4

(u1 − u4)3

(
(u2)2 − u1u3 + u3u4

)
Γ5

14 =
1

u1 − u4
Γ4

14u
5 = − 3ε1

(u1 − u4)2
u5

Γ4
15 = 0

Γ1
24 = 0 = Γ1

34 = Γ2
34

Γ1
25 = 0 = Γ1

35 = Γ2
35.

By (4.62) we get

Γki5 = 0 for i, k ∈ {1, 2, 3}
Γk2j = Γk3j = 0 for j, k ∈ {4, 5}.

By (4.64) we get

Γ4
22 = 0 = Γ4

23 = Γ4
33 = Γ5

22 = Γ5
23 = Γ5

33

Γ1
55 = 0 = Γ2

55 = Γ3
55.

By (4.65) and (4.67) we get

Γ1
12 = −Γ1

24 = 0

Γ2
12 = −Γ2

24 = − 2ε4

u1 − u4
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Γ3
12 = −Γ3

24 =
2ε4

(u1 − u4)2
u2

Γ4
12 = −Γ4

24 = 0

Γ5
12 = −Γ5

24 = 0

Γ1
13 = −Γ1

34 = 0

Γ2
13 = −Γ2

34 = 0

Γ3
13 = −Γ3

34 = − 2ε4

u1 − u4

Γ4
13 = −Γ4

34 = 0

Γ5
13 = −Γ5

34 = 0

Γ1
45 = −Γ1

15 = 0

Γ2
45 = −Γ2

15 = 0

Γ3
45 = −Γ3

15 = 0

Γ4
45 = −Γ4

15 = 0

Γ5
45 = −Γ5

15 =
3ε1

u1 − u4

Γ1
11 = −Γ1

14 = − 2ε4

u1 − u4

Γ2
11 = −Γ2

14 =
2ε4

(u1 − u4)2
u2

Γ3
11 = −Γ3

14 = −
2ε4

(
(u2)2 − u1u3 + u3u4

)
(u1 − u4)3

Γ4
11 = −Γ4

14 =
3ε1

u1 − u4

Γ5
11 = −Γ5

14 =
3ε1

(u1 − u4)2
u5

Γ1
44 = −Γ1

14 = − 2ε4

u1 − u4

Γ2
44 = −Γ2

14 =
2ε4

(u1 − u4)2
u2

Γ3
44 = −Γ3

14 = −
2ε4

(
(u2)2 − u1u3 + u3u4

)
(u1 − u4)3

Γ4
44 = −Γ4

14 =
3ε1

u1 − u4

Γ5
44 = −Γ5

14 =
3ε1

(u1 − u4)2
u5.

By (4.66) we get

Γ2
22 = −3ε1

u2
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Γ5
55 = −2ε4

u5
.

By (4.68) we get

Γ3
22 = Γ1

11 − Γ2
22

u3

u2
= − 2ε4

u1 − u4
+

3ε1

(u2)2
u3.

By (4.69) we get

Γ1
22 = 0 = Γ1

23 = Γ1
33 = Γ2

23 = Γ2
33 = Γ3

33

Γ3
23 = Γ2

22 = −3ε1

u2

Γ4
55 = 0.

Thus, we have obtained the same expressions as the ones in the examples above.

Example 4.17 Let us reconstruct the Christoffel symbols in the 5-dimensional case of 3×
3 + 1× 1 + 1× 1 Jordan blocks by means of the above formulas. In this case we have

u1 = u1(1), u2 = u2(1), u3 = u3(1), u4 = u1(2), u5 = u1(3).

By (4.61) we get
Γi45 = Γ4

i5 = Γ5
i4 = 0, i ∈ {1, 2, 3}.

By (4.63) we get
Γ1

2i = Γ1
3i = Γ2

3i = 0, i ∈ {4, 5},

Γ1
14 =

ε4

u1 − u4
= Γ2

24 = Γ3
34

Γ1
15 =

ε5

u1 − u5
= Γ2

25 = Γ3
35

Γ4
45 =

ε5

u4 − u5

Γ4
14 = − 3ε1

u1 − u4

Γ5
15 = − 3ε1

u1 − u5

Γ5
45 = − ε4

u4 − u5

(4.70)

and

Γ2
14 = − 1

u1 − u4
Γ1

14u
2 = − ε4

(u1 − u4)2
u2 = Γ3

24

Γ3
14 = − 1

u1 − u4

(
Γ2

14u
2 + Γ1

14u
3
)

=
ε4

(u1 − u4)3

(
(u2)2 − u1u3 + u3u4

)
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Γ2
15 = − 1

u1 − u5
Γ1

15u
2 = − ε5

(u1 − u5)2
u2 = Γ3

25

Γ3
15 = − 1

u1 − u5

(
Γ2

15u
2 + Γ1

15u
3
)

=
ε5

(u1 − u5)3

(
(u2)2 − u1u3 + u3u5

)
.

By (4.62) we get

Γi2i = Γi3i = 0, i ∈ {4, 5}.

By (4.64) we get

Γi12 = Γi13 = Γi22 = Γi23 = Γi33 = 0, i ∈ {4, 5}.

By (4.65) and (4.67) we get

Γ1
11 = −Γ1

14 − Γ1
15 = − ε4

u1 − u4
− ε5

u1 − u5

Γ2
11 = −Γ2

14 − Γ2
15 =

ε4

(u1 − u4)2
u2 +

ε5

(u1 − u5)2
u2

Γ3
11 = −Γ3

14 − Γ3
15 = −

ε4

(
(u2)2 − u1u3 + u3u4

)
(u1 − u4)3

−
ε5

(
(u2)2 − u1u3 + u3u5

)
(u1 − u5)3

Γ4
11 = −Γ4

14 − Γ4
15 =

3ε1

u1 − u4

Γ5
11 = −Γ5

14 − Γ5
15 =

3ε1

u1 − u5

Γ1
12 = −Γ1

24 − Γ1
25 = 0

Γ2
12 = −Γ2

24 − Γ2
25 = − ε4

u1 − u4
− ε5

u1 − u5

Γ3
12 = −Γ3

24 − Γ3
25 =

ε4

(u1 − u4)2
u2 +

ε5

(u1 − u5)2
u2

Γ4
12 = −Γ4

24 − Γ4
25 = 0

Γ5
12 = −Γ5

24 − Γ5
25 = 0

Γ1
13 = −Γ1

34 − Γ1
35 = 0

Γ2
13 = −Γ2

34 − Γ2
35 = 0

Γ3
13 = −Γ3

34 − Γ3
35 = − ε4

u1 − u4
− ε5

u1 − u5

Γ4
13 = −Γ4

34 − Γ4
35 = 0

Γ5
13 = −Γ5

34 − Γ5
35 = 0

Γ1
44 = −Γ1

14 − Γ1
45 = − ε4

u1 − u4

Γ2
44 = −Γ2

14 − Γ2
45 =

ε4

(u1 − u4)2
u2

Γ3
44 = −Γ3

14 − Γ3
45 = − ε4

(u1 − u4)3

(
(u2)2 − u1u3 + u3u4

)
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Γ4
44 = −Γ4

14 − Γ4
45 =

3ε1

u1 − u4
− ε5

u4 − u5

Γ5
44 = −Γ5

14 − Γ5
45 =

ε4

u4 − u5

Γ1
55 = −Γ1

15 − Γ1
45 = − ε5

u1 − u5

Γ2
55 = −Γ2

15 − Γ2
45 =

ε5

(u1 − u5)2
u2

Γ3
55 = −Γ3

15 − Γ3
45 = − ε5

(u1 − u5)3

(
(u2)2 − u1u3 + u3u5

)
Γ4

55 = −Γ4
15 − Γ4

45 = − ε5

u4 − u5

Γ5
55 = −Γ5

15 − Γ5
45 =

3ε1

u1 − u5
+

ε4

u4 − u5
.

By (4.66) we get

Γ2
22 = −3ε1

u2
.

By (4.68) we get

Γ3
22 = Γ1

11 − Γ2
22

u3

u2
= − ε4

u1 − u4
− ε5

u1 − u5
+

3ε1

(u2)2
u3.

By (4.69) we get

Γ1
22 = Γ1

23 = Γ1
33 = Γ2

23 = Γ2
33 = Γ3

33 = 0

Γ3
23 = Γ2

22 = −3ε1

u2
.

Thus, we have obtained the same expressions as the ones in the examples above.

Remark 4.18 All of the Christoffel symbols can be obtained starting from the functions

Γ
2(α)
2(α)2(α) = −mαεα

u2(α)
, α ∈ {1, . . . , r}, mα ≥ 2,

and

Γ
1(α)
1(β)1(α) =

mβεβ
u1(α) − u1(β)

, α, β ∈ {1, . . . , r}, α 6= β.

The last functions appear only in the case of multiple Jordan blocks and they are at the
origin of the additional difficulties that one meets in the proof of the general case. However,
exactly as in the case of a single block, increasing the size of a blockmα = N → mα = N+1

and rescaling the corresponding weight εα → N+1
N

εα does not affect the definition of the
Christoffels symbols Γ

k(β)
i(σ)j(τ) for the original range of the indices.
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Remark 4.19 It is easy to observe that a0 is a flat coordinate for ∇, namely ∇(da0) = 0.
In fact, the i-th component of da0 is

(da0)i = ∂i(a0) = ∂i

( r∑
σ=1

mσεσ u
1(σ)

)
=

r∑
σ=1

mσεσ δ
1(σ)
i

thus

∇i(da0)j = ∂i(da0)j − Γkij(da0)k = −Γkij

r∑
σ=1

mσεσ δ
1(σ)
k .

Given α, β ∈ {1, . . . , r} this reads

∇i(α)(da0)j(β) = −
r∑

γ=1

Γ
k(γ)
i(α)j(β)

r∑
σ=1

mσεσ δ
1(σ)
k(γ) = −

r∑
σ=1

Γ
1(σ)
i(α)j(β) mσεσ. (4.71)

Let us first consider the case where α = β. We get

∇i(α)(da0)j(α) = −
r∑

σ=1

Γ
1(σ)
i(α)j(α) mσεσ = −Γ

1(α)
i(α)j(α) mαεα −

∑
σ 6=α

Γ
1(σ)
i(α)j(α) mσεσ

where (by (4.62), (4.63), (4.64), (4.69)) the terms Γ
1(α)
i(α)j(α) and Γ

1(σ)
i(α)j(α) (for each σ 6= α)

only survive for i = j = 1. Therefore ∇i(α)(da0)j(α) = 0 trivially whenever at least one
among i and j is greater or equal than 2. When i = j = 1 we get

∇1(α)(da0)1(α) = −Γ
1(α)
1(α)1(α) mαεα −

∑
σ 6=α

Γ
1(σ)
1(α)1(α) mσεσ

(4.79)
=
∑
σ 6=α

Γ
1(α)
1(σ)1(α) mαεα +

∑
σ 6=α

Γ
1(σ)
1(α)1(σ) mσεσ

(4.63)
=
∑
σ 6=α

(
mσεσ

u1(α) − u1(σ)
mαεα −

mαεα
u1(α) − u1(σ)

mσεσ

)
= 0.

Let us now consider the case of α 6= β, where (4.71) becomes

∇i(α)(da0)j(β) = −
r∑

σ=1

Γ
1(σ)
i(α)j(β) mσεσ

(4.61)
= −Γ

1(α)
i(α)j(β) mαεα − Γ

1(β)
i(α)j(β) mβεβ

which trivially vanishes whenever at least one among i and j is greater or equal than 2, as
(by (4.62), (4.63)) both Γ

1(α)
i(α)j(β) and Γ

1(β)
i(α)j(β) only survive for i = j = 1. In this latter case

we get

∇1(α)(da0)1(β) = −Γ
1(α)
1(α)1(β) mαεα − Γ

1(β)
1(α)1(β)mβεβ

(4.63)
= − mβεβ

u1(α) − u1(β)
mαεα +

mαεα
u1(α) − u1(β)

mβεβ = 0.
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Remark 4.20 It is likewise easy to check that ddLa0 = 0. In fact, given α, β ∈ {1, . . . , r}
the i(α)-th component of dLa0 is

(dLa0)i(α) = Lki(α) ∂k(a0) = Lki(α) ∂k

( r∑
σ=1

mσεσ u
1(σ)

)
= Lki(α)

r∑
σ=1

mσεσ δ
1(σ)
k

=
r∑

σ=1

L
1(σ)
i(α) mσεσ =

r∑
σ=1

δσα u
1(α) δ1

i mσεσ = u1(α) δ1
i mαεα.

Thus given α, β ∈ {1, . . . , r} and i, j such that i(α) 6= j(β) we have

(ddLa0)j(β)i(α) = ∂j(β)(dLa0)i(α) = ∂j(β)

(
u1(α) δ1

i mαεα

)
= δ1

i mαεαδ
α
β δ

1
j = δ1

i mαεαδ
α
β δ

1
j δij = 0.

4.6.2 Technical lemmas

The results of this subsection follow from the above expressions for the Christoffel
symbols and play a crucial role in the proof of the main theorem. We refer to
Appendix B for their demonstrations.

Lemma 4.21 For every choice of α, β, γ, δ ∈ {1, . . . , r} we have

∂Γ
k(γ)
i(α)j(β)

∂ul(δ)
=
∂Γ

(k−1)(γ)
i(α)j(β)

∂u(l−1)(δ)
(4.72)

for all k ∈ {2, . . . ,mγ} and l ∈ {3, . . . ,mδ}. Moreover, if β 6= α = γ = δ then (4.72)
holds for l = 2 as well.

Lemma 4.22 For each α, β ∈ {1, . . . , r}, i ∈ {1, . . . ,mα}, j ∈ {1, . . . ,mβ} we have

n∑
k=1

Γ
i(α)
j(β)k u

k =


0 if i 6= j,

−δαβ
∑
σ 6=α

mσεσ + (1− δαβ )mβεβ if i = j = 1,

−δαβ
r∑

τ=1

mτετ if i = j 6= 1.

(4.73)

Lemma 4.23 For each α, β ∈ {1, . . . , r}, i ∈ {1, . . . ,mα}, j ∈ {1, . . . ,mβ} we have

∇j(β)E
i(α) =


0 if i 6= j,

δαβ

(
1−

∑
σ 6=α

mσεσ

)
+ (1− δαβ )mβεβ if i = j = 1,

δαβ

(
1−

r∑
τ=1

mτετ

)
if i = j 6= 1.

(4.74)
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Lemma 4.24 For each α ∈ {1, . . . , r} and l ∈ {3, . . . ,mα − 1}, we have

Al(α) := Γ
2(α)
2(α)2(α)

(
u3(α)

u2(α)
ul(α) − u(l+1)(α)

)
−

l−1∑
s=2

(
Γ

(s+2)(α)
2(α)2(α) − Γ

s(α)
1(α)1(α)

)
u(l−s+1)(α) = 0.

(4.75)

Lemma 4.25 For each α, σ ∈ {1, . . . , r} with α 6= σ we have

∂1(σ)

(
Γ

(l+2)(α)
2(α)2(α) − Γ

l(α)
1(α)1(α)

)
= 0 (4.76)

for every l ∈ {1, . . . ,mα − 2}.

Lemma 4.26 Given α, β, ε ∈ {1, . . . , r} with α 6= β 6= ε 6= α we have

B
s(α)
βε := −

s+1∑
t=1

Γ
(s−t+2)(α)
1(ε)1(α) Γ

t(α)
1(β)1(α) + Γ

(s+1)(α)
1(β)1(α) Γ

1(β)
1(ε)1(β) + Γ

(s+1)(α)
1(ε)1(α) Γ

1(ε)
1(β)1(ε) = 0 (4.77)

for every s ∈ {1, . . . ,mα − 1}.

Lemma 4.27 Given α, β ∈ {1, . . . , r} with α 6= β we have

C
s(α)
β :=

s+1∑
l=2

(
Γ

(s−l+4)(α)
2(α)2(α) − Γ

(s−l+2)(α)
1(α)1(α)

)
Γ
l(α)
1(β)1(α)

+ Γ
2(α)
2(α)2(α) Γ

(s+2)(α)
1(β)1(α) + Γ

(s+1)(α)
1(β)1(α) Γ

1(β)
1(α)1(β) = 0 (4.78)

for every s ∈ {0, . . . ,mα − 2}1.

We now have all the ingredients to prove Theorem 4.13. The proof is divided in
the following steps:

1. The condition ∇e = 0.

2. The condition d∇(E ◦ −a0I) = 0.

3. Compatibility between ∇ and ◦.

4. Linearity of the Euler vector field.

5. Flatness of∇.

6. Uniqueness.
1The summation is intended to be non-zero when s ≥ 1.
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4.6.3 The condition∇e = 0

The condition ∇e = 0 is equivalent to the request that for every α, β ∈ {1, . . . , r}
and i ∈ {1, . . . ,mα}, j ∈ {1, . . . ,mβ}

r∑
σ=1

Γ
i(α)
1(σ)j(β) = 0. (4.79)

This condition is verified by the Christoffel symbols defined above.

4.6.4 The condition d∇(E ◦ −a0I) = 0

Let us now consider the condition

d∇(L− a0 I) = 0 (4.80)

for L = E ◦. For each α, β, γ ∈ {1, . . . , r} and i ∈ {1, . . . ,mα}, j ∈ {1, . . . ,mβ},
k ∈ {1, . . . ,mγ}we have(

d∇(L− a0 I)
)i(α)

j(β)k(γ)
= ∂j(β)(L− a0 I)

i(α)
k(γ) − ∂k(γ)(L− a0 I)

i(α)
j(β)

+ Γ
i(α)
j(β)l(δ)(L− a0 I)

l(δ)
k(γ) − Γ

i(α)
k(γ)l(δ)(L− a0 I)

l(δ)
j(β)

= δαγ δ
α
β δ

i−k+1
j − δαγ δikmβεβδ

1
j−δαβ δαγ δ

i−j+1
k + δαβ δ

i
jmγεγδ

1
k

+
r∑
δ=1

mδ∑
l=1

Γ
i(α)
j(β)l(δ)δδγu

(l−k+1)(γ)1{l≥k} −
r∑
δ=1

mδ∑
l=1

Γ
i(α)
k(γ)l(δ)δδβu

(l−j+1)(β)1{l≥j}

= δαβ δ
i
jmγεγδ

1
k − δαγ δikmβεβδ

1
j +

mγ∑
l=k

Γ
i(α)
j(β)l(γ)u

(l−k+1)(γ) −
mβ∑
l=j

Γ
i(α)
k(γ)l(β)u

(l−j+1)(β)

as

(L− a0 I)
a(η)
b(µ) = L

a(η)
b(µ) − a0 δ

a(η)
b(µ) = δηµ

mη∑
s=1

us(η) δa+b−1
s − δηµ δab

r∑
α=1

mαεαu
1(α)

for each η, µ ∈ {1, . . . , r} and a ∈ {1, . . . ,mη}, b ∈ {1, . . . ,mβ}. Therefore (4.80)
amounts to

δαβ δ
i
jmγεγδ

1
k − δαγ δikmβεβδ

1
j +

mγ∑
l=k

Γ
i(α)
j(β)l(γ)u

(l−k+1)(γ) −
mβ∑
l=j

Γ
i(α)
k(γ)l(β)u

(l−j+1)(β) = 0

(4.81)

for each α, β, γ ∈ {1, . . . , r} and i ∈ {1, . . . ,mα}, j ∈ {1, . . . ,mβ}, k ∈ {1, . . . ,mγ}.
We split the proof in the following cases:

1. α = β = γ
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2. α = β 6= γ (this also covers α = γ 6= β)

3. α 6= β = γ

4. α, β, γ are pairwise distinct.

Case 1: α = β = γ. Condition (4.81) becomes

mαεα(δijδ
1
k − δikδ1

j ) +
mα∑
l=k

Γ
i(α)
j(α)l(α)u

(l−k+1)(α) −
mα∑
l=j

Γ
i(α)
k(α)l(α)u

(l−j+1)(α) = 0 (4.82)

which is trivially satisfied if j = k = 1 due to the symmetry between the indices j,
k. If both j and k are greater or equal than 2, the left hand side term of (4.82) reads

mα∑
l=k

Γ
i(α)
j(α)l(α)u

(l−k+1)(α) −
mα∑
l=j

Γ
i(α)
k(α)l(α)u

(l−j+1)(α)

(4.69)
=

i−j+2∑
l=k

Γ
(i−j−l+4)(α)
2(α)2(α) u(l−k+1)(α) −

i−k+2∑
l=j

Γ
(i−k−l+4)(α)
2(α)2(α) u(l−j+1)(α)

which vanishes by changing the variables in the two summations. Let us then
consider the case where j = 1 and k ≥ 2 (this covers the case where j ≥ 2 and
k = 1 as well). The left hand side term of (4.82) reads

− δikmαεα +
mα∑
l=k

Γ
i(α)
1(α)l(α)u

(l−k+1)(α) −
mα∑
l=1

Γ
i(α)
k(α)l(α)u

l(α)

(4.67)
=

(4.69)
−δikmαεα +

i∑
l=k

Γ
i(α)
1(α)l(α)u

(l−k+1)(α) − Γ
i(α)
1(α)k(α)u

1(α) −
i−k+2∑
l=2

Γ
i(α)
k(α)l(α)u

l(α)

(4.67)
=

(4.69)
−δikmαεα +

i∑
l=k+1

Γ
(i−l+1)(α)
1(α)1(α) u(l−k+1)(α) −

i−k+2∑
l=2

Γ
(i−k−l+4)(α)
2(α)2(α) ul(α) (4.83)

which trivially vanishes if i < k and which vanishes by means of (4.66) if i = k. Let
us then fix i > k. (4.83) becomes

i∑
l=k+1

Γ
(i−l+1)(α)
1(α)1(α) u(l−k+1)(α) −

i−k+2∑
l=2

Γ
(i−k−l+4)(α)
2(α)2(α) ul(α)

=
i−k+1∑
s=2

Γ
(i−k−s+2)(α)
1(α)1(α) us(α) −

i−k+2∑
l=2

Γ
(i−k−l+4)(α)
2(α)2(α) ul(α)

= −
i−k+1∑
l=2

(
Γ

(i−k−l+4)(α)
2(α)2(α) − Γ

(i−k−l+2)(α)
1(α)1(α)

)
ul(α) − Γ

2(α)
2(α)2(α)u

(i−k+2)(α)
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= −
i−k∑
s=1

(
Γ

(s+2)(α)
2(α)2(α) − Γ

s(α)
1(α)1(α)

)
u(i−k−s+2)(α) − Γ

2(α)
2(α)2(α)u

(i−k+2)(α)

(4.75)
= −

(
Γ

3(α)
2(α)2(α) − Γ

1(α)
1(α)1(α)

)
u(i−k+1)(α) − Γ

2(α)
2(α)2(α)

u3(α)

u2(α)
u(i−k+1)(α) (4.68)

= 0.

Case 2: α = β 6= γ. Condition (4.81) becomes

δijmγεγδ
1
k +

mγ∑
l=k

Γ
i(α)
j(α)l(γ)u

(l−k+1)(γ) −
mα∑
l=j

Γ
i(α)
k(γ)l(α)u

(l−j+1)(α) = 0

that, by means of (4.62) and (4.63), is

δ1
k

(
δijmγεγ + Γ

(i−j+1)(α)
1(α)1(γ) u1(γ) −

i∑
l=j

Γ
(i−l+1)(α)
1(γ)1(α) u(l−j+1)(α)

)
= 0 (4.84)

which is trivially satisfied for k ≥ 2. Let us then fix k = 1. If i < j then (4.84) is
satisfied by means of (4.63). If i = j then the left hand side of (4.84) reads

mγεγ + Γ
1(α)
1(α)1(γ)u

1(γ) − Γ
1(α)
1(γ)1(α)u

1(α) (4.63)
= 0.

If i > j then the left hand side of (4.84) reads

Γ
(i−j+1)(α)
1(α)1(γ) u1(γ) −

i∑
l=j

Γ
(i−l+1)(α)
1(γ)1(α) u(l−j+1)(α)

= −Γ
(i−j+1)(α)
1(γ)1(α)

(
u1(α) − u1(γ)

)
−

i∑
l=j+1

Γ
(i−l+1)(α)
1(γ)1(α) u(l−j+1)(α)

= −Γ
(i−j+1)(α)
1(γ)1(α)

(
u1(α) − u1(γ)

)
−

i−j+1∑
s=2

Γ
(i−j−s+2)(α)
1(γ)1(α) us(α) (4.63)

= 0.

Case 3: α 6= β = γ. Condition (4.81) becomes
mβ∑
l=k

Γ
i(α)
j(β)l(β)u

(l−k+1)(β) −
mβ∑
l=j

Γ
i(α)
k(β)l(β)u

(l−j+1)(β) = 0 (4.85)

where, by means of (4.64), the two sums survive only if j = k = 1 (and with the
only l = 1 term), in which case they mutually cancel out.
Case 4: α 6= β 6= γ 6= α. Condition (4.81) is trivially satisfied by means of (4.61).

4.6.5 Compatibility between∇ and ◦

We are now going to prove that

∇i(α) c
l(ε)
j(β)k(γ) = ∇j(β) c

l(ε)
i(α)k(γ)
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which is equivalent to

Γ
l(ε)
i(α)s(σ)c

s(σ)
j(β)k(γ) − Γ

s(σ)
i(α)k(γ)c

l(ε)
j(β)s(σ) = Γ

l(ε)
j(β)s(σ)c

s(σ)
i(α)k(γ) − Γ

s(σ)
j(β)k(γ)c

l(ε)
i(α)s(σ)

and to

Γ
l(ε)
i(α)(j+k−1)(β)δβγ − Γ

(l−j+1)(β)
i(α)k(γ) δεβ = Γ

l(ε)
j(β)(i+k−1)(α)δαγ − Γ

(l−i+1)(α)
j(β)k(γ) δεα (4.86)

for all α, β, γ, ε ∈ {1, . . . , r} and any suitable choice of the indices i, j, k, l. The
possible cases are the following ones:

1. α = β = γ = ε

2. α = β = γ 6= ε

3. α = β = ε 6= γ

4. α = γ = ε 6= β

5. β = γ = ε 6= α

6. α = β 6= γ = ε

7. α = γ 6= β = ε

8. α = ε 6= β = γ

9. otherwise.

Case 1: α = β = γ = ε. (4.86) becomes

Γ
l(α)
i(α)(j+k−1)(α) − Γ

(l−j+1)(α)
i(α)k(α) = Γ

l(α)
j(α)(i+k−1)(α) − Γ

(l−i+1)(α)
j(α)k(α) (4.87)

If i = 1 (or equivalently j = 1) then this is

Γ
l(α)
1(α)(j+k−1)(α) − Γ

(l−j+1)(α)
1(α)k(α) = Γ

l(α)
j(α)k(α) − Γ

l(α)
j(α)k(α)

where both the left and the right-hand sides vanish, as

Γ
l(α)
1(α)(j+k−1)(α) − Γ

(l−j+1)(α)
1(α)k(α)

(4.79)
= −

∑
σ 6=α

(
Γ
l(α)
1(σ)(j+k−1)(α) − Γ

(l−j+1)(α)
1(σ)k(α)

)
(4.63)
= −

∑
σ 6=α

(
Γ

(l−j+1)(α)
1(σ)k(α) − Γ

(l−j+1)(α)
1(σ)k(α)

)
= 0.

If k = 1 then (4.87) reads

Γ
l(α)
i(α)j(α) − Γ

(l−j+1)(α)
i(α)1(α) = Γ

l(α)
j(α)i(α) − Γ

(l−i+1)(α)
j(α)1(α)
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that holds true, as

Γ
(l−j+1)(α)
i(α)1(α)

(4.79)
= −

∑
σ 6=α

Γ
(l−j+1)(α)
i(α)1(σ)

(4.63)
= −

∑
σ 6=α

Γ
(l−i−j+2)(α)
1(α)1(σ)

(4.63)
= −

∑
σ 6=α

Γ
(l−i+1)(α)
j(α)1(σ)

(4.79)
= Γ

(l−i+1)(α)
j(α)1(α) .

If all of i, j and k are greater or equal then 2 then, by (4.69), (4.87) reads

Γ
(l−i−j−k+5)(α)
2(α)2(α) − Γ

(l−i−j−k+5)(α)
2(α)2(α) = Γ

(l−i−j−k+5)(α)
2(α)2(α) − Γ

(l−i−j−k+5)(α)
2(α)2(α)

which is trivially verified.
Case 2: α = β = γ 6= ε. (4.86) becomes

Γ
l(ε)
i(α)(j+k−1)(α) = Γ

l(ε)
j(α)(i+k−1)(α)

which is true by means of (4.64) and (4.65).
Case 3: α = β = ε 6= γ. (4.86) becomes

−Γ
(l−j+1)(α)
i(α)k(γ) = −Γ

(l−i+1)(α)
j(α)k(γ)

which is true by means of (4.62) and (4.63).
Case 4: α = γ = ε 6= β. (4.86) becomes

0 = Γ
l(α)
j(β)(i+k−1)(α) − Γ

(l−i+1)(α)
j(β)k(α)

which is true by means of (4.62) and (4.63).
Case 5: β = γ = ε 6= α. (4.86) becomes

Γ
l(β)
i(α)(j+k−1)(β) − Γ

(l−j+1)(β)
i(α)k(β) = 0

which is true by means of (4.62) and (4.63).
Case 6: α = β 6= γ = ε. (4.86) becomes 0 = 0.
Case 7: α = γ 6= β = ε. (4.86) becomes

−Γ
(l−j+1)(β)
i(α)k(α) = Γ

l(β)
j(β)(i+k−1)(α)

which is true by means of (4.62), (4.63), (4.64) and (4.65).
Case 8: α = ε 6= β = γ. (4.86) becomes

Γ
l(α)
i(α)(j+k−1)(β) = −Γ

(l−i+1)(α)
j(β)k(β)

which is true by means of (4.62), (4.63), (4.64) and (4.65).
Case 9: at least three among α, β, γ, ε are pairwise distinct. (4.86) becomes trivially
0 = 0.
This proves the compatibility between∇ and ◦.
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4.6.6 Linearity of the Euler vector field

We are now going to show that∇,∇∗ are flat connections. We know that if we take
the flatness of ∇ as already verified and assume ∇∇E = 0, then we deduce that
(∇,∇∗, ◦, ∗, e, E) define a bi-flat structure on M . It is then enough for us to only
prove the flatness of∇ and to verify the condition∇∇E = 0.

Let us start by proving∇∇E = 0. We have

∇i(α)∇j(β)E
k(γ) = ∂i(α)∇j(β)E

k(γ) + Γ
k(γ)
i(α)l(σ)∇j(β)E

l(σ) − Γ
l(σ)
i(α)j(β)∇l(σ)E

k(γ)

where, by means of (4.74), ∇j(β)E
k(γ) is constant and ∇j(β)E

l(σ), ∇l(σ)E
k(γ) vanish

respectively whenever l 6= j, l 6= k. Thus

∇i(α)∇j(β)E
k(γ) = Γ

k(γ)
i(α)j(σ)∇j(β)E

j(σ) − Γ
k(σ)
i(α)j(β)∇k(σ)E

k(γ). (4.88)

The possible cases are:

1. α = β = γ

2. α = β 6= γ

3. α = γ 6= β

4. β = γ 6= α

5. α 6= β 6= γ 6= α.

Case 1: α = β = γ.

∇i(α)∇j(β)E
k(γ) = Γ

k(α)
i(α)j(σ)∇j(α)E

j(σ) − Γ
k(σ)
i(α)j(α)∇k(σ)E

k(α)

= Γ
k(α)
i(α)j(α)

(
∇j(α)E

j(α) −∇k(α)E
k(α)
)

+
∑
σ 6=α

(
Γ
k(α)
i(α)j(σ)∇j(α)E

j(σ) − Γ
k(σ)
i(α)j(α)∇k(σ)E

k(α)

)
. (4.89)

If j = k = 1 then

∇i(α)∇j(β)E
k(γ) = Γ

1(α)
i(α)1(α)

(
∇1(α)E

1(α) −∇1(α)E
1(α)
)

+
∑
σ 6=α

(
Γ

1(α)
i(α)1(σ)∇1(α)E

1(σ) − Γ
1(σ)
i(α)1(α)∇1(σ)E

1(α)

)
which trivially vanishes if i ≥ 2 (by (4.62) and (4.64)) and becomes

∇i(α)∇j(β)E
k(γ) = Γ

1(α)
1(α)1(α)

(
∇1(α)E

1(α) −∇1(α)E
1(α)
)

+
∑
σ 6=α

(
Γ

1(α)
1(α)1(σ)∇1(α)E

1(σ) − Γ
1(σ)
1(α)1(α)∇1(σ)E

1(α)

)
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(4.79)
=

(4.61)

∑
σ 6=α

(
Γ

1(α)
1(α)1(σ)∇1(α)E

1(σ) + Γ
1(σ)
1(α)1(σ)∇1(σ)E

1(α)

)
(4.63)
=

(4.74)

∑
σ 6=α

(
mσεσ

u1(α) − u1(σ)
mαεα −

mαεα
u1(α) − u1(σ)

mσεσ

)
= 0

if i = 1. If both j and k are greater or equal then 2 then (4.89) becomes

∇i(α)∇j(β)E
k(γ) = Γ

k(α)
i(α)j(α)

(
∇j(α)E

j(α) −∇k(α)E
k(α)
)

+
∑
σ 6=α

(
Γ
k(α)
i(α)j(σ)∇j(α)E

j(σ) − Γ
k(σ)
i(α)j(α)∇k(σ)E

k(α)

)
(4.74)
= Γ

k(α)
i(α)j(α)

(
1−

r∑
τ=1

mτετ−1 +
r∑

τ=1

mτετ

)
+
∑
σ 6=α

(
Γ
k(α)
i(α)j(σ)∇j(α)E

j(σ) − Γ
k(σ)
i(α)j(α)∇k(σ)E

k(α)

)
= 0.

If j = 1 and k ≥ 2 then (4.89) becomes

∇i(α)∇j(β)E
k(γ) = Γ

k(α)
i(α)1(α)

(
∇1(α)E

1(α) −∇k(α)E
k(α)
)

+
∑
σ 6=α

(
Γ
k(α)
i(α)1(σ)∇1(α)E

1(σ) − Γ
k(σ)
i(α)1(α)∇k(σ)E

k(α)

)
(4.74)
= Γ

k(α)
i(α)1(α)

(
1−

∑
σ 6=α

mσεσ − 1 +
r∑

τ=1

mτετ

)
+
∑
σ 6=α

(
Γ
k(α)
i(α)1(σ) mαεα − Γ

k(σ)
i(α)1(α)∇k(σ)E

k(α)

)
(4.74)
= Γ

k(α)
i(α)1(α) mαεα +

∑
σ 6=α

Γ
k(α)
i(α)1(σ) mαεα

(4.79)
= −

∑
σ 6=α

Γ
k(α)
i(α)1(σ) mαεα +

∑
σ 6=α

Γ
k(α)
i(α)1(σ) mαεα = 0.

If j ≥ 2 and k = 1 then (4.89) becomes

∇i(α)∇j(β)E
k(γ) = Γ

1(α)
i(α)j(α)

(
∇j(α)E

j(α) −∇1(α)E
1(α)
)

+
∑
σ 6=α

(
Γ

1(α)
i(α)j(σ)∇j(α)E

j(σ) − Γ
1(σ)
i(α)j(α)∇1(σ)E

1(α)

)
(4.74)
= −Γ

1(α)
i(α)j(α) mαεα +

∑
σ 6=α

(
Γ

1(α)
i(α)j(σ)∇j(α)E

j(σ) − Γ
1(σ)
i(α)j(α) mσεσ

)
(4.74)
= −Γ

1(α)
i(α)j(α) mαεα −

∑
σ 6=α

Γ
1(σ)
i(α)j(α) mσεσ
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which is

∇i(α)∇j(β)E
k(γ) = −Γ

1(α)
1(α)j(α) mαεα −

∑
σ 6=α

Γ
1(σ)
1(α)j(α) mσεσ

(4.79)
=

(4.61)

∑
σ 6=α

Γ
1(α)
1(σ)j(α) mαεα +

∑
σ 6=α

Γ
1(σ)
1(σ)j(α)mσεσ = 0

if i = 1 and

∇i(α)∇j(β)E
k(γ) = −Γ

1(α)
i(α)j(α) mαεα −

∑
σ 6=α

Γ
1(σ)
i(α)j(α) mσεσ

(4.64)
=

(4.69)
0

(as 1− i− j ≤ 1− 2− 2 = −3) if i ≥ 2.
Case 2: α = β 6= γ.

∇i(α)∇j(α)E
k(γ) = Γ

k(γ)
i(α)j(σ)∇j(α)E

j(σ) − Γ
k(σ)
i(α)j(α)∇k(σ)E

k(γ)

= Γ
k(γ)
i(α)j(α)∇j(α)E

j(α) − Γ
k(α)
i(α)j(α)∇k(α)E

k(γ)

+ Γ
k(γ)
i(α)j(γ)∇j(α)E

j(γ) − Γ
k(γ)
i(α)j(α)∇k(γ)E

k(γ)

+
∑
σ 6=α,γ

(
Γ
k(γ)
i(α)j(σ)∇j(α)E

j(σ) − Γ
k(σ)
i(α)j(α)∇k(σ)E

k(γ)

)
(4.90)

where Γ
k(γ)
i(α)j(σ) vanishes due to (4.61). If both j and k are greater or equal than 2

then it becomes

∇i(α)∇j(α)E
k(γ) = Γ

k(γ)
i(α)j(α)∇j(α)E

j(α) − Γ
k(α)
i(α)j(α)∇k(α)E

k(γ)

+ Γ
k(γ)
i(α)j(γ)∇j(α)E

j(γ) − Γ
k(γ)
i(α)j(α)∇k(γ)E

k(γ)

−
∑
σ 6=α,γ

Γ
k(σ)
i(α)j(α)∇k(σ)E

k(γ)

(4.74)
= Γ

k(γ)
i(α)j(α)

(
∇j(α)E

j(α) −∇k(γ)E
k(γ)
) (4.74)

= 0.

If j = k = 1 then (4.90) becomes

∇i(α)∇j(α)E
k(γ) = Γ

1(γ)
i(α)1(α)∇1(α)E

1(α) − Γ
1(α)
i(α)1(α)∇1(α)E

1(γ)

+ Γ
1(γ)
i(α)1(γ)∇1(α)E

1(γ) − Γ
1(γ)
i(α)1(α)∇1(γ)E

1(γ)

−
∑
σ 6=α,γ

Γ
1(σ)
i(α)1(α)∇1(σ)E

1(γ)

(4.79)
=

(4.61)
−Γ

1(γ)
i(α)1(γ)∇1(α)E

1(α)

+ Γ
1(α)
i(α)1(γ)∇1(α)E

1(γ) +
∑
σ 6=α,γ

Γ
1(α)
i(α)1(σ)∇1(α)E

1(γ)

+ Γ
1(γ)
i(α)1(γ)∇1(α)E

1(γ) + Γ
1(γ)
i(α)1(γ)∇1(γ)E

1(γ)
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+
∑
σ 6=α,γ

Γ
1(σ)
i(α)1(σ)∇1(σ)E

1(γ)

(4.74)
= −Γ

1(γ)
i(α)1(γ)

(
1−

∑
σ 6=α

mσεσ

)
+ Γ

1(α)
i(α)1(γ)mαεα +

∑
σ 6=α,γ

Γ
1(α)
i(α)1(σ) mαεα

+ Γ
1(γ)
i(α)1(γ)mαεα + Γ

1(γ)
i(α)1(γ)

(
1−

∑
σ 6=γ

mσεσ

)
+
∑
σ 6=α,γ

Γ
1(σ)
i(α)1(σ) mσεσ

= Γ
1(γ)
i(α)1(γ) mγεγ + Γ

1(α)
i(α)1(γ) mαεα +

∑
σ 6=α,γ

Γ
1(α)
i(α)1(σ) mαεα

+
∑
σ 6=α,γ

Γ
1(σ)
i(α)1(σ) mσεσ

which trivially vanishes if i ≥ 2 (by (4.62) and (4.63)) and becomes

∇i(α)∇j(α)E
k(γ) = Γ

1(γ)
1(α)1(γ) mγεγ + Γ

1(α)
1(α)1(γ)mαεα

+
∑
σ 6=α,γ

(
Γ

1(α)
1(α)1(σ)mαεα + Γ

1(σ)
1(α)1(σ) mσεσ

)
(4.63)
= − mαεα

u1(α) − u1(γ)
mγεγ +

mγεγ
u1(α) − u1(γ)

mαεα

+
∑
σ 6=α,γ

(
mσεσ

u1(α) − u1(σ)
mαεα −

mαεα
u1(α) − u1(σ)

mσεσ

)
= 0

if i = 1. If j = 1 and k ≥ 2 then (4.90) becomes

∇i(α)∇j(α)E
k(γ) = Γ

k(γ)
i(α)1(α)∇1(α)E

1(α) − Γ
k(α)
i(α)1(α)∇k(α)E

k(γ)

+ Γ
k(γ)
i(α)1(γ)∇1(α)E

1(γ) − Γ
k(γ)
i(α)1(α)∇k(γ)E

k(γ)

−
∑
σ 6=α,γ

Γ
k(σ)
i(α)1(α)∇k(σ)E

k(γ)

(4.74)
=

(4.79),(4.61)
−Γ

k(γ)
i(α)1(γ)

(
1−

∑
σ 6=α

mσεσ

)

+ Γ
k(γ)
i(α)1(γ) mαεα + Γ

k(γ)
i(α)1(γ)

(
1−

r∑
τ=1

mτετ

)
= 0.

If j ≥ 2 and k = 1 then (4.90) becomes

∇i(α)∇j(α)E
k(γ) = Γ

1(γ)
i(α)j(α)∇j(α)E

j(α) − Γ
1(α)
i(α)j(α)∇1(α)E

1(γ)

+ Γ
1(γ)
i(α)j(γ)∇j(α)E

j(γ) − Γ
1(γ)
i(α)j(α)∇1(γ)E

1(γ)
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−
∑
σ 6=α,γ

Γ
1(σ)
i(α)j(α)∇1(σ)E

1(γ) (4.63),(4.64)
=

(4.69),(4.67)
0.

Case 3: α = γ 6= β.

∇i(α)∇j(β)E
k(γ) = Γ

k(α)
i(α)j(σ)∇j(β)E

j(σ) − Γ
k(σ)
i(α)j(β)∇k(σ)E

k(α)

= Γ
k(α)
i(α)j(α)∇j(β)E

j(α) − Γ
k(α)
i(α)j(β)∇k(α)E

k(α)

+ Γ
k(α)
i(α)j(β)∇j(β)E

j(β) − Γ
k(β)
i(α)j(β)∇k(β)E

k(α)

+
∑
σ 6=α,β

(
Γ
k(α)
i(α)j(σ)∇j(β)E

j(σ) − Γ
k(σ)
i(α)j(β)∇k(σ)E

k(α)

)
(4.91)

where Γ
k(σ)
i(α)j(β) vanishes due to (4.61). If both j and k are greater or equal than 2

then it becomes

∇i(α)∇j(β)E
k(γ) = Γ

k(α)
i(α)j(α)∇j(β)E

j(α) − Γ
k(α)
i(α)j(β)∇k(α)E

k(α)

+ Γ
k(α)
i(α)j(β)∇j(β)E

j(β) − Γ
k(β)
i(α)j(β)∇k(β)E

k(α)

+
∑
σ 6=α,β

Γ
k(α)
i(α)j(σ)∇j(β)E

j(σ)

(4.74)
= Γ

k(α)
i(α)j(β)

(
∇j(β)E

j(β) −∇k(α)E
k(α)
) (4.74)

= 0.

If j = k = 1 then (4.91) becomes

∇i(α)∇j(β)E
k(γ) = Γ

1(α)
i(α)1(α)∇1(β)E

1(α) − Γ
1(α)
i(α)1(β)∇1(α)E

1(α)

+ Γ
1(α)
i(α)1(β)∇1(β)E

1(β) − Γ
1(β)
i(α)1(β)∇1(β)E

1(α)

+
∑
σ 6=α,β

Γ
1(α)
i(α)1(σ)∇1(β)E

1(σ)

which trivially vanishes if i ≥ 2 (by (4.62), (4.63) and (4.67)) and is

∇i(α)∇j(β)E
k(γ) = Γ

1(α)
1(α)1(α)∇1(β)E

1(α) − Γ
1(α)
1(α)1(β)∇1(α)E

1(α)

+ Γ
1(α)
1(α)1(β)∇1(β)E

1(β) − Γ
1(β)
1(α)1(β)∇1(β)E

1(α)

+
∑
σ 6=α,β

Γ
1(α)
1(α)1(σ)∇1(β)E

1(σ)

(4.74)
=

(4.79)
−Γ

1(α)
1(β)1(α) mβεβ −

∑
σ 6=α,β

Γ
1(α)
1(σ)1(α) mβεβ

− Γ
1(α)
1(α)1(β)

(
1−

∑
σ 6=α

mσεσ

)
+ Γ

1(α)
1(α)1(β)

(
1−

∑
σ 6=β

mσεσ

)
− Γ

1(β)
1(α)1(β)mβεβ
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+
∑
σ 6=α,β

Γ
1(α)
1(α)1(σ) mβεβ

= Γ
1(α)
1(β)1(α)

(
−mβεβ +

∑
σ 6=α

mσεσ −
∑
σ 6=β

mσεσ

)
− Γ

1(β)
1(α)1(β) mβεβ

= −Γ
1(α)
1(β)1(α) mαεα − Γ

1(β)
1(α)1(β) mβεβ

(4.74)
= − mβεβ

u1(α) − u1(β)
mαεα +

mαεα
u1(α) − u1(β)

mβεβ = 0

if i = 1. If j = 1 and k ≥ 2 then (4.91) becomes

∇i(α)∇j(β)E
k(γ) = Γ

k(α)
i(α)1(α)∇1(β)E

1(α) − Γ
k(α)
i(α)1(β)∇k(α)E

k(α)

+ Γ
k(α)
i(α)1(β)∇1(β)E

1(β) − Γ
k(β)
i(α)1(β)∇k(β)E

k(α)

+
∑
σ 6=α,β

Γ
k(α)
i(α)1(σ)∇1(β)E

1(σ)

(4.74)
= −Γ

k(α)
i(α)1(β)mβεβ −

∑
σ 6=α,β

Γ
k(α)
i(α)1(σ)mβεβ

− Γ
k(α)
i(α)1(β)

(
1−

r∑
τ=1

mτετ

)
+ Γ

k(α)
i(α)1(β)

(
1−

∑
σ 6=β

mσεσ

)
+
∑
σ 6=α,β

Γ
k(α)
i(α)1(σ) mβεβ

= Γ
k(α)
i(α)1(β)

(
−mβεβ +

r∑
τ=1

mτετ −
∑
σ 6=β

mσεσ

)
= 0.

If j ≥ 2 and k = 1 then (4.91) becomes

∇i(α)∇j(β)E
k(γ) = Γ

1(α)
i(α)j(α)∇j(β)E

j(α) − Γ
1(α)
i(α)j(β)∇1(α)E

1(α)

+ Γ
1(α)
i(α)j(β)∇j(β)E

j(β) − Γ
1(β)
i(α)j(β)∇1(β)E

1(α)

+
∑
σ 6=α,β

Γ
1(α)
i(α)j(σ)∇j(β)E

j(σ) (4.74)
=

(4.62),(4.63)
0.

Case 4: β = γ 6= α.

∇i(α)∇j(β)E
k(γ) = Γ

k(β)
i(α)j(σ)∇j(β)E

j(σ) − Γ
k(σ)
i(α)j(β)∇k(σ)E

k(β)

= Γ
k(β)
i(α)j(α)∇j(β)E

j(α) − Γ
k(α)
i(α)j(β)∇k(α)E

k(β)

+ Γ
k(β)
i(α)j(β)∇j(β)E

j(β) − Γ
k(β)
i(α)j(β)∇k(β)E

k(β)

+
∑
σ 6=α,β

(
Γ
k(β)
i(α)j(σ)∇j(β)E

j(σ) − Γ
k(σ)
i(α)j(β)∇k(σ)E

k(β)
)

(4.92)
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where Γ
k(β)
i(α)j(σ) and Γ

k(σ)
i(α)j(β) vanish due to (4.61). If both j and k are greater or equal

than 2 then it becomes

∇i(α)∇j(β)E
k(γ) = Γ

k(β)
i(α)j(α)∇j(β)E

j(α) − Γ
k(α)
i(α)j(β)∇k(α)E

k(β)

+ Γ
k(β)
i(α)j(β)∇j(β)E

j(β) − Γ
k(β)
i(α)j(β)∇k(β)E

k(β)

(4.74)
= Γ

k(β)
i(α)j(β)

(
1−

r∑
τ=1

mτετ − 1 +
r∑

τ=1

mτετ

)
(4.74)
= 0.

If j = k = 1 then (4.92) becomes

∇i(α)∇j(β)E
k(γ) = Γ

1(β)
i(α)1(α)∇1(β)E

1(α) − Γ
1(α)
i(α)1(β)∇1(α)E

1(β)

+ Γ
1(β)
i(α)1(β)∇1(β)E

1(β) − Γ
1(β)
i(α)1(β)∇1(β)E

1(β)

(4.74)
=

(4.79),(4.61)
−Γ

1(β)
i(α)1(β) mβεβ − Γ

1(α)
i(α)1(β) mαεα

+ Γ
1(β)
i(α)1(β)

(
1−

∑
σ 6=β

mσεσ

)
− Γ

1(β)
i(α)1(β)

(
1−

∑
σ 6=β

mσεσ

)
(4.63)
=

mαεα
u1(α) − u1(β)

mβεβ −
mβεβ

u1(α) − u1(β)
mαεα = 0.

If j = 1 and k ≥ 2 then (4.92) becomes

∇i(α)∇j(β)E
k(γ) = Γ

k(β)
i(α)1(α)∇1(β)E

1(α) − Γ
k(α)
i(α)1(β)∇k(α)E

k(β)

+ Γ
k(β)
i(α)1(β)∇1(β)E

1(β) − Γ
k(β)
i(α)1(β)∇k(β)E

k(β)

(4.74)
= Γ

k(β)
i(α)1(β)

(
−mβεβ + 1−

∑
σ 6=β

mσεσ − 1 +
r∑

τ=1

mτετ

)
= 0.

If j ≥ 2 and k = 1 then (4.92) becomes

∇i(α)∇j(β)E
k(γ) = Γ

1(β)
i(α)j(α)∇j(β)E

j(α) − Γ
1(α)
i(α)j(β)∇1(α)E

1(β)

+ Γ
1(β)
i(α)j(β)∇j(β)E

j(β) − Γ
1(β)
i(α)j(β)∇1(β)E

1(β) (4.74)
=

(4.62),(4.63)
0.

Case 5: α 6= β 6= γ 6= α.

∇i(α)∇j(β)E
k(γ) = Γ

k(γ)
i(α)j(σ)∇j(β)E

j(σ) − Γ
k(σ)
i(α)j(β)∇k(σ)E

k(γ)

(4.61)
= Γ

k(γ)
i(α)j(α)∇j(β)E

j(α) − Γ
k(α)
i(α)j(β)∇k(α)E

k(γ)

+ Γ
k(γ)
i(α)j(β)∇j(β)E

j(β) − Γ
k(β)
i(α)j(β)∇k(β)E

k(γ)

+ Γ
k(γ)
i(α)j(γ)∇j(β)E

j(γ) − Γ
k(γ)
i(α)j(β)∇k(γ)E

k(γ) (4.93)
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where Γ
k(γ)
i(α)j(β) and Γ

k(γ)
i(α)j(β) vanish due to (4.61). If both j and k are greater or equal

than 2 then it becomes

∇i(α)∇j(β)E
k(γ) = Γ

k(γ)
i(α)j(α)∇j(β)E

j(α) − Γ
k(α)
i(α)j(β)∇k(α)E

k(γ)

− Γ
k(β)
i(α)j(β)∇k(β)E

k(γ) + Γ
k(γ)
i(α)j(γ)∇j(β)E

j(γ) (4.74)
= 0.

If j = k = 1 then (4.93) becomes

∇i(α)∇j(β)E
k(γ) = Γ

1(γ)
i(α)1(α)∇1(β)E

1(α) − Γ
1(α)
i(α)1(β)∇1(α)E

1(γ)

− Γ
1(β)
i(α)1(β)∇1(β)E

1(γ) + Γ
1(γ)
i(α)1(γ)∇1(β)E

1(γ)

(4.74)
=

(4.79),(4.61)
−Γ

1(γ)
i(α)1(γ) mβεβ − Γ

1(α)
i(α)1(β) mαεα

− Γ
1(β)
i(α)1(β) mβεβ + Γ

1(γ)
i(α)1(γ) mβεβ

(4.63)
= − mβεβ

u1(α) − u1(β)
mαεα +

mαεα
u1(α) − u1(β)

mβεβ = 0.

If j = 1 and k ≥ 2 then (4.93) becomes

∇i(α)∇j(β)E
k(γ) = Γ

k(γ)
i(α)1(α)∇1(β)E

1(α) − Γ
k(α)
i(α)1(β)∇k(α)E

k(γ)

− Γ
k(β)
i(α)1(β)∇k(β)E

k(γ) + Γ
k(γ)
i(α)1(γ)∇1(β)E

1(γ)

(4.74)
= −Γ

k(γ)
i(α)1(γ) mβεβ + Γ

k(γ)
i(α)1(γ) mβεβ = 0.

If j ≥ 2 and k = 1 then (4.93) becomes

∇i(α)∇j(β)E
k(γ) = Γ

1(γ)
i(α)j(α)∇j(β)E

j(α) − Γ
1(α)
i(α)j(β)∇1(α)E

1(γ)

− Γ
1(β)
i(α)j(β)∇1(β)E

1(γ) + Γ
1(γ)
i(α)j(γ)∇j(β)E

j(γ) (4.74)
=

(4.62)
0.

This proves that∇∇E = 0.

4.6.7 Flatness of∇

We are now left with proving the flatness of∇, that isR = 0. Due to the symmetries
of

R
i(α)
h(ε)k(γ)j(β) = ∂k(γ)Γ

i(α)
h(ε)j(β) − ∂h(ε)Γ

i(α)
k(γ)j(β)

+
r∑

σ=1

mσ∑
l=1

(
Γ
i(α)
k(γ)l(σ)Γ

l(σ)
h(ε)j(β) − Γ

i(α)
h(ε)l(σ)Γ

l(σ)
k(γ)j(β)

)
(4.94)

the cases to be considered are the following ones:

1. α = β = γ = ε
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2. α = β = γ 6= ε

3. α = γ = ε 6= β

4. β = γ = ε 6= α

5. α = β 6= γ = ε

6. α = γ 6= β = ε

7. α = β /∈ {γ, ε}, γ 6= ε

8. α = γ /∈ {β, ε}, β 6= ε

9. β = γ /∈ {α, ε}, α 6= ε

10. γ = ε /∈ {α, β}, α 6= β

11. α, β, γ and ε are pairwise distinct.

Case 1: α = β = γ = ε. Our goal is to prove that

R
i(α)
h(α)k(α)j(α) = ∂k(α)Γ

i(α)
h(α)j(α) − ∂h(α)Γ

i(α)
k(α)j(α)

+
r∑

σ=1

mσ∑
l=1

(
Γ
i(α)
k(α)l(σ)Γ

l(σ)
h(α)j(α) − Γ

i(α)
h(α)l(σ)Γ

l(σ)
k(α)j(α)

)
= ∂k(α)Γ

i(α)
h(α)j(α) − ∂h(α)Γ

i(α)
k(α)j(α)

+
mα∑
l=1

(
Γ
i(α)
k(α)l(α)Γ

l(α)
h(α)j(α) − Γ

i(α)
h(α)l(α)Γ

l(α)
k(α)j(α)

)
+
∑
σ 6=α

mσ∑
l=1

(
Γ
i(α)
k(α)l(σ)Γ

l(σ)
h(α)j(α) − Γ

i(α)
h(α)l(σ)Γ

l(σ)
k(α)j(α)

)
(4.95)

vanishes. Let us first note that for each integer N ≥ 2 it is possible to recover part
of the Christoffel symbols for the case where mα = N +1 starting from the ones for
the case where mα = N . More precisely, let us denote by (ΓN+1)kij the Christoffel
symbols in the case where mα = N + 1 and by (ΓN)kij the Christoffel symbols in
the case where mα = N , where the sizes mσ of the remaining blocks σ 6= α are the
same and where the constant εα has been replaced by N+1

N
εα. Then

(ΓN+1)
k(β)
i(σ)j(τ) = (ΓN)

k(β)
i(σ)j(τ) (4.96)

for any possible choice of the indices in the right hand side (see Remark 4.18).
In the wake of this property, we will proceed by induction over mα. Let us first
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consider the case2 where mα = 2, so that the indices i, j, k and h run from 1 to 2. In
particular, since Ri(α)

h(α)k(α)j(α) automatically vanishes when k = h, the only relevant
cases are the one where k = 1, h = 2 and the one where k = 2, h = 1. By using
the symmetries of R, we only consider the case where k = 1 and h = 2, hence
obtaining

R
i(α)
2(α)1(α)j(α) = ∂1(α)Γ

i(α)
2(α)j(α) − ∂2(α)Γ

i(α)
1(α)j(α)

+
2∑
l=1

(
Γ
i(α)
1(α)l(α)Γ

l(α)
2(α)j(α) − Γ

i(α)
2(α)l(α)Γ

l(α)
1(α)j(α)

)
+
∑
σ 6=α

mσ∑
l=1

(
Γ
i(α)
1(α)l(σ)Γ

l(σ)
2(α)j(α) − Γ

i(α)
2(α)l(σ)Γ

l(σ)
1(α)j(α)

)
(4.97)

where both Γ
i(α)
1(α)l(σ) and Γ

i(α)
2(α)l(σ) survive only for l = 1 by (4.62). This yields

R
i(α)
2(α)1(α)j(α) = ∂1(α)Γ

i(α)
2(α)j(α) − ∂2(α)Γ

i(α)
1(α)j(α)

+ Γ
i(α)
1(α)1(α)Γ

1(α)
2(α)j(α) − Γ

i(α)
2(α)1(α)Γ

1(α)
1(α)j(α)

+ Γ
i(α)
1(α)2(α)Γ

2(α)
2(α)j(α) − Γ

i(α)
2(α)2(α)Γ

2(α)
1(α)j(α)

+
∑
σ 6=α

(
Γ
i(α)
1(α)1(σ)Γ

1(σ)
2(α)j(α) − Γ

i(α)
2(α)1(σ)Γ

1(σ)
1(α)j(α)

)
. (4.98)

If i = 1 we get

R
1(α)
2(α)1(α)j(α) = ∂1(α)Γ

1(α)
2(α)j(α) − ∂2(α)Γ

1(α)
1(α)j(α)

+ Γ
1(α)
1(α)1(α)Γ

1(α)
2(α)j(α) − Γ

1(α)
2(α)1(α)Γ

1(α)
1(α)j(α)

+ Γ
1(α)
1(α)2(α)Γ

2(α)
2(α)j(α) − Γ

1(α)
2(α)2(α)Γ

2(α)
1(α)j(α)

+
∑
σ 6=α

(
Γ

1(α)
1(α)1(σ)Γ

1(σ)
2(α)j(α) − Γ

1(α)
2(α)1(σ)Γ

1(σ)
1(α)j(α)

)
,

where Γ
1(α)
2(α)1(σ) vanishes due to (4.63), that becomes

R
1(α)
2(α)1(α)1(α) = ∂1(α)Γ

1(α)
2(α)1(α) − ∂2(α)Γ

1(α)
1(α)1(α)

+ Γ
1(α)
1(α)1(α)Γ

1(α)
2(α)1(α) − Γ

1(α)
2(α)1(α)Γ

1(α)
1(α)1(α)

+ Γ
1(α)
1(α)2(α)Γ

2(α)
2(α)1(α) − Γ

1(α)
2(α)2(α)Γ

2(α)
1(α)1(α)

+
∑
σ 6=α

Γ
1(α)
1(α)1(σ)Γ

1(σ)
2(α)1(α)

2The case where mα = 1 is trivial, as k = h = 1 directly implies Ri(α)h(α)k(α)j(α) = 0.
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(4.79)
= −

∑
σ 6=α

∂1(α)Γ
1(α)
2(α)1(σ) − ∂2(α)Γ

1(α)
1(α)1(α)

−
∑
σ 6=α

Γ
1(α)
1(α)1(α)Γ

1(α)
2(α)1(σ) +

∑
σ 6=α

Γ
1(α)
2(α)1(σ)Γ

1(α)
1(α)1(α)

−
∑
σ 6=α

Γ
1(α)
1(σ)2(α)Γ

2(α)
2(α)1(α) − Γ

1(α)
2(α)2(α)Γ

2(α)
1(α)1(α)

−
∑
σ 6=α

Γ
1(α)
1(α)1(σ)Γ

1(σ)
2(α)1(σ)

(4.63),(4.69)
=

(4.79)

∑
σ 6=α

∂2(α)Γ
1(α)
1(σ)1(α)

(4.63)
=
∑
σ 6=α

∂2(α)

(
mσεσ

u1(α) − u1(σ)

)
= 0

when j = 1 and

R
1(α)
2(α)1(α)2(α) = ∂1(α)Γ

1(α)
2(α)2(α) − ∂2(α)Γ

1(α)
1(α)2(α)

+ Γ
1(α)
1(α)1(α)Γ

1(α)
2(α)2(α) − Γ

1(α)
2(α)1(α)Γ

1(α)
1(α)2(α)

+ Γ
1(α)
1(α)2(α)Γ

2(α)
2(α)2(α) − Γ

1(α)
2(α)2(α)Γ

2(α)
1(α)2(α)

+
∑
σ 6=α

Γ
1(α)
1(α)1(σ)Γ

1(σ)
2(α)2(α)

(4.64),(4.69)
=

(4.67)
0

when j = 2. If i = 2 then (4.98) reads

R
2(α)
2(α)1(α)j(α) = ∂1(α)Γ

2(α)
2(α)j(α) − ∂2(α)Γ

2(α)
1(α)j(α)

+ Γ
2(α)
1(α)1(α)Γ

1(α)
2(α)j(α) − Γ

2(α)
2(α)1(α)Γ

1(α)
1(α)j(α)

+ Γ
2(α)
1(α)2(α)Γ

2(α)
2(α)j(α) − Γ

2(α)
2(α)2(α)Γ

2(α)
1(α)j(α)

+
∑
σ 6=α

(
Γ

2(α)
1(α)1(σ)Γ

1(σ)
2(α)j(α) − Γ

2(α)
2(α)1(σ)Γ

1(σ)
1(α)j(α)

)
that becomes

R
2(α)
2(α)1(α)1(α) = ∂1(α)Γ

2(α)
2(α)1(α) − ∂2(α)Γ

2(α)
1(α)1(α)

+ Γ
2(α)
1(α)1(α)Γ

1(α)
2(α)1(α) − Γ

2(α)
2(α)1(α)Γ

1(α)
1(α)1(α)

+ Γ
2(α)
1(α)2(α)Γ

2(α)
2(α)1(α) − Γ

2(α)
2(α)2(α)Γ

2(α)
1(α)1(α)

+
∑
σ 6=α

(
Γ

2(α)
1(α)1(σ)Γ

1(σ)
2(α)1(α) − Γ

2(α)
2(α)1(σ)Γ

1(σ)
1(α)1(α)

)
(4.64),(4.67)

=
(4.79)

∂1(α)Γ
2(α)
2(α)1(α) − ∂2(α)Γ

2(α)
1(α)1(α)

+
∑
σ 6=α

(
Γ

2(α)
2(α)2(α)Γ

2(α)
1(σ)1(α) + Γ

2(α)
2(α)1(σ)Γ

1(σ)
1(α)1(σ)

)
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(4.63)
=

(4.66)
∂1(α)Γ

2(α)
2(α)1(α) − ∂2(α)Γ

2(α)
1(α)1(α)

+
∑
σ 6=α

(
mαεα
u2(α)

1

u1(α) − u1(σ)
Γ

1(α)
1(σ)1(α) u

2(α)

− Γ
1(α)
1(α)1(σ)

mαεα
u1(α) − u1(σ)

)
= ∂1(α)Γ

2(α)
2(α)1(α) − ∂2(α)Γ

2(α)
1(α)1(α)

(4.79)
=
∑
σ 6=α

(
− ∂1(α)Γ

2(α)
2(α)1(σ) + ∂2(α)Γ

2(α)
1(σ)1(α)

)
(4.63)
=
∑
σ 6=α

[
− ∂1(α)

(
mσεσ

u1(α) − u1(σ)

)
+ ∂2(α)

(
− 1

u1(α) − u1(σ)
Γ

1(α)
1(σ)1(α) u

2(α)

)]
=
∑
σ 6=α

[
mσεσ

(u1(α) − u1(σ))2
− 1

u1(α) − u1(σ)
Γ

1(α)
1(σ)1(α)

]
(4.63)
=
∑
σ 6=α

[
mσεσ

(u1(α) − u1(σ))2
− 1

u1(α) − u1(σ)

mσεσ
u1(α) − u1(σ)

]
= 0

when j = 1 and

R
2(α)
2(α)1(α)2(α) = ∂1(α)Γ

2(α)
2(α)2(α) − ∂2(α)Γ

2(α)
1(α)2(α)

+ Γ
2(α)
1(α)1(α)Γ

1(α)
2(α)2(α) − Γ

2(α)
2(α)1(α)Γ

1(α)
1(α)2(α)

+ Γ
2(α)
1(α)2(α)Γ

2(α)
2(α)2(α) − Γ

2(α)
2(α)2(α)Γ

2(α)
1(α)2(α)

+
∑
σ 6=α

(
Γ

2(α)
1(α)1(σ)Γ

1(σ)
2(α)2(α) − Γ

2(α)
2(α)1(σ)Γ

1(σ)
1(α)2(α)

)
(4.64),(4.69)

=
(4.67),(4.79)

∂1(α)

(
− mαεα

u2(α)

)
+
∑
σ 6=α

∂2(α)Γ
2(α)
1(σ)2(α)

(4.63)
=
∑
σ 6=α

∂2(α)

(
mσεσ

u1(α) − u1(σ)

)
= 0

when j = 2. Therefore we proved that (4.95) vanishes when mα = 2. Given an
integer N ≥ 2, let us now suppose that (4.95) vanishes for mα = N and show it
vanishes for mα = N + 1 as well. In other words, we are supposing that

(RN)
i(α)
h(α)k(α)j(α) := ∂k(α)Γ

i(α)
h(α)j(α) − ∂h(α)Γ

i(α)
k(α)j(α)

+
N∑
l=1

(
Γ
i(α)
k(α)l(α)Γ

l(α)
h(α)j(α) − Γ

i(α)
h(α)l(α)Γ

l(α)
k(α)j(α)

)
+
∑
σ 6=α

mσ∑
l=1

(
Γ
i(α)
k(α)l(σ)Γ

l(σ)
h(α)j(α) − Γ

i(α)
h(α)l(σ)Γ

l(σ)
k(α)j(α)

)
= 0 (4.99)
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for every i, j, k, h ∈ {1, . . . ,mα} for each mα ≤ N and we want to prove that

(RN+1)
i(α)
h(α)k(α)j(α) := ∂k(α)Γ

i(α)
h(α)j(α) − ∂h(α)Γ

i(α)
k(α)j(α)

+
N+1∑
l=1

(
Γ
i(α)
k(α)l(α)Γ

l(α)
h(α)j(α) − Γ

i(α)
h(α)l(α)Γ

l(α)
k(α)j(α)

)
+
∑
σ 6=α

mσ∑
l=1

(
Γ
i(α)
k(α)l(σ)Γ

l(σ)
h(α)j(α) − Γ

i(α)
h(α)l(σ)Γ

l(σ)
k(α)j(α)

)
= 0 (4.100)

for every i, j, k, h ∈ {1, . . . , N + 1} for mα = N + 1. Notice that, due to the property
(4.96) and by replacing εα with N+1

N
εα, we can use in both cases the same notation

for the Christoffel symbols. Let us start by considering the case where i ≤ N and
observe that

Γ
i(α)
j(α)(N+1)(α) = 0, j ∈ {1, . . . , N + 1}, (4.101)

as i− j − (N + 1) ≤ N − 2−N − 1 = −3 for j ≥ 2 (we recall (4.69)) and

Γ
i(α)
1(α)(N+1)(α)

(4.79)
= −

∑
σ 6=α

Γ
i(α)
1(σ)(N+1)(α)

(4.63)
= 0

(i ≤ N < N + 1) for j = 1. If all of j, k, h are less or equal than N then

(RN+1)
i(α)
h(α)k(α)j(α) = ∂k(α)Γ

i(α)
h(α)j(α) − ∂h(α)Γ

i(α)
k(α)j(α)

+
N+1∑
l=1

(
Γ
i(α)
k(α)l(α)Γ

l(α)
h(α)j(α) − Γ

i(α)
h(α)l(α)Γ

l(α)
k(α)j(α)

)
+
∑
σ 6=α

mσ∑
l=1

(
Γ
i(α)
k(α)l(σ)Γ

l(σ)
h(α)j(α) − Γ

i(α)
h(α)l(σ)Γ

l(σ)
k(α)j(α)

)

where in the first summation only the terms for l ≤ N survive, as both Γ
i(α)
k(α)(N+1)(α)

and Γ
i(α)
h(α)(N+1)(α) vanish due to (4.101). This yields

(RN+1)
i(α)
h(α)k(α)j(α) = ∂k(α)Γ

i(α)
h(α)j(α) − ∂h(α)Γ

i(α)
k(α)j(α)

+
N∑
l=1

(
Γ
i(α)
k(α)l(α)Γ

l(α)
h(α)j(α) − Γ

i(α)
h(α)l(α)Γ

l(α)
k(α)j(α)

)
+
∑
σ 6=α

mσ∑
l=1

(
Γ
i(α)
k(α)l(σ)Γ

l(σ)
h(α)j(α) − Γ

i(α)
h(α)l(σ)Γ

l(σ)
k(α)j(α)

)
= (RN)

i(α)
h(α)k(α)j(α)

(4.99)
= 0.

If k, h ≤ N and j = N + 1 then

(RN+1)
i(α)
h(α)k(α)(N+1)(α) = ∂k(α)Γ

i(α)
h(α)(N+1)(α) − ∂h(α)Γ

i(α)
k(α)(N+1)(α)
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+
N∑
l=1

(
Γ
i(α)
k(α)l(α)Γ

l(α)
h(α)(N+1)(α) − Γ

i(α)
h(α)l(α)Γ

l(α)
k(α)(N+1)(α)

)
+ Γ

i(α)
k(α)(N+1)(α)Γ

(N+1)(α)
h(α)(N+1)(α) − Γ

i(α)
h(α)(N+1)(α)Γ

(N+1)(α)
k(α)(N+1)(α)

+
∑
σ 6=α

mσ∑
l=1

(
Γ
i(α)
k(α)l(σ)Γ

l(σ)
h(α)(N+1)(α) − Γ

i(α)
h(α)l(σ)Γ

l(σ)
k(α)(N+1)(α)

)
where, due to (4.101), only the last summation survives. This yields

(RN+1)
i(α)
h(α)k(α)(N+1)(α) =

∑
σ 6=α

mσ∑
l=1

(
Γ
i(α)
k(α)l(σ)Γ

l(σ)
h(α)(N+1)(α) − Γ

i(α)
h(α)l(σ)Γ

l(σ)
k(α)(N+1)(α)

)
(4.64)
= 0.

If k, j ≤ N and h = N + 1 (due to the symmetries of R, this covers the case where
h, j ≤ N and k = N + 1 as well) then

(RN+1)
i(α)
(N+1)(α)k(α)j(α) = ∂k(α)Γ

i(α)
(N+1)(α)j(α) − ∂(N+1)(α)Γ

i(α)
k(α)j(α)

+
N∑
l=1

(
Γ
i(α)
k(α)l(α)Γ

l(α)
(N+1)(α)j(α) − Γ

i(α)
(N+1)(α)l(α)Γ

l(α)
k(α)j(α)

)
+ Γ

i(α)
k(α)(N+1)(α)Γ

(N+1)(α)
(N+1)(α)j(α) − Γ

i(α)
(N+1)(α)(N+1)(α)Γ

(N+1)(α)
k(α)j(α)

+
∑
σ 6=α

mσ∑
l=1

(
Γ
i(α)
k(α)l(σ)Γ

l(σ)
(N+1)(α)j(α) − Γ

i(α)
(N+1)(α)l(σ)Γ

l(σ)
k(α)j(α)

)
.

By means of (4.101), this yields

(RN+1)
i(α)
(N+1)(α)k(α)j(α) = −∂(N+1)(α)Γ

i(α)
k(α)j(α)

+
∑
σ 6=α

mσ∑
l=1

(
Γ
i(α)
k(α)l(σ)Γ

l(σ)
(N+1)(α)j(α) − Γ

i(α)
(N+1)(α)l(σ)Γ

l(σ)
k(α)j(α)

)
(4.63)
=

(4.64)
−∂(N+1)(α)Γ

i(α)
k(α)j(α)

that becomes

(RN+1)
i(α)
(N+1)(α)k(α)1(α) = −∂(N+1)(α)Γ

i(α)
k(α)1(α) = 0

(Γi(α)
k(α)1(α)

(4.79)
= −

∑
σ 6=α

Γ
i(α)
k(α)1(σ) only depends on {u1(α) − u1(σ) |σ 6= α} and {us(α) | 2 ≤

s ≤ i−k+1} by (4.63), thus it does not depend on u(N+1)(α) as i−k+1 ≤ N−1+1 =

N < N + 1) when j = 1,

(RN+1)
i(α)
(N+1)(α)1(α)j(α) = −∂(N+1)(α)Γ

i(α)
1(α)j(α) = 0

(analogously) when k = 1 and

(RN+1)
i(α)
(N+1)(α)k(α)j(α) = −∂(N+1)(α)Γ

i(α)
k(α)j(α) = 0
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when both j and k are greater or equal than 2, as3

Γ
i(α)
k(α)j(α)

(4.69)
= Γ

(i−j−k+4)(α)
2(α)2(α)

(4.68)
= Γ

(i−j−k+2)(α)
1(α)1(α) − Γ

2(α)
2(α)2(α)

u(i−j−k+4)(α)

u2(α)

− 1

u2(α)

i−j−k+1∑
l=1

(
Γ

(l+2)(α)
2(α)2(α) − Γ

l(α)
1(α)1(α)

)
u(i−j−k+4−l)(α)

does not depend on u(N+1)(α) (Γ(i−j−k+2)(α)
1(α)1(α) only depends on {u1(α) − u1(σ) |σ 6= α}

and {us(α) | 2 ≤ s ≤ i−j−k+2} by (4.67) where i−j−k+2 ≤ N−2−2+2 = N−2 <

N +1, Γ
2(α)
2(α)2(α) only depends on u2(α), i− j−k+4 ≤ N −2−2+4 = N < N +1 and

for every 1 ≤ l ≤ i− j − k+ 1 we have i− j − k+ 4− l < i− j − k+ 4 < N + 1 and
Γ

(l+2)(α)
2(α)2(α)−Γ

l(α)
1(α)1(α) only depends on quantities that correspond to lower indices so it

does not depend on u(N+1)(α) a fortiori). If k = h = N + 1 then (RN+1)
i(α)
h(α)k(α)j(α) = 0

for every value of j due to the symmetries of R. If k ≤ N and j = h = N + 1 (due
to the symmetries of R, this covers the case where h ≤ N and j = k = N + 1 as
well) then

(RN+1)
i(α)
(N+1)(α)k(α)(N+1)(α) = ∂k(α)Γ

i(α)
(N+1)(α)(N+1)(α) − ∂(N+1)(α)Γ

i(α)
k(α)(N+1)(α)

+
N∑
l=1

(
Γ
i(α)
k(α)l(α)Γ

l(α)
(N+1)(α)(N+1)(α) − Γ

i(α)
(N+1)(α)l(α)Γ

l(α)
k(α)(N+1)(α)

)
+ Γ

i(α)
k(α)(N+1)(α)Γ

(N+1)(α)
(N+1)(α)(N+1)(α) − Γ

i(α)
(N+1)(α)(N+1)(α)Γ

(N+1)(α)
k(α)(N+1)(α)

+
∑
σ 6=α

mσ∑
l=1

(
Γ
i(α)
k(α)l(σ)Γ

l(σ)
(N+1)(α)(N+1)(α) − Γ

i(α)
(N+1)(α)l(σ)Γ

l(σ)
k(α)(N+1)(α)

)
.

By means of (4.101), this yields

(RN+1)
i(α)
(N+1)(α)k(α)(N+1)(α) =

∑
σ 6=α

mσ∑
l=1

(
Γ
i(α)
k(α)l(σ)Γ

l(σ)
(N+1)(α)(N+1)(α) − Γ

i(α)
(N+1)(α)l(σ)Γ

l(σ)
k(α)(N+1)(α)

)
(4.64)
= 0.

We have therefore proved (4.100) under the assumption that i ≤ N . Let us now fix
i = N + 1. We have

(RN+1)
(N+1)(α)
h(α)k(α)j(α) = ∂k(α)Γ

(N+1)(α)
h(α)j(α) − ∂h(α)Γ

(N+1)(α)
k(α)j(α)

+
N+1∑
l=1

(
Γ

(N+1)(α)
k(α)l(α) Γ

l(α)
h(α)j(α) − Γ

(N+1)(α)
h(α)l(α) Γ

l(α)
k(α)j(α)

)
3Without loss of generality we assume i − j − k ≥ −2, as Γ

i(α)
k(α)j(α) = 0 automatically when

i− j − k ≤ −3.

165



+
∑
σ 6=α

mσ∑
l=1

(
Γ

(N+1)(α)
k(α)l(σ) Γ

l(σ)
h(α)j(α) − Γ

(N+1)(α)
h(α)l(σ) Γ

l(σ)
k(α)j(α)

)
where in the last summation only the terms for l = 1 survive by (4.62), yielding

(RN+1)
(N+1)(α)
h(α)k(α)j(α) = ∂k(α)Γ

(N+1)(α)
h(α)j(α) − ∂h(α)Γ

(N+1)(α)
k(α)j(α)

+
N+1∑
l=1

(
Γ

(N+1)(α)
k(α)l(α) Γ

l(α)
h(α)j(α) − Γ

(N+1)(α)
h(α)l(α) Γ

l(α)
k(α)j(α)

)
+
∑
σ 6=α

(
Γ

(N+1)(α)
k(α)1(σ) Γ

1(σ)
h(α)j(α) − Γ

(N+1)(α)
h(α)1(σ) Γ

1(σ)
k(α)j(α)

)
. (4.102)

We distinguish between the following subcases:

a. both k and h are greater or equal than 3

b. k = 1, h ≥ 3 (this covers h = 1, k ≥ 3 as well)

c. k = 2, h ≥ 3 (this covers h = 2, k ≥ 3 as well)

d. k = 1, h = 2 (this covers h = 1, k = 2 as well)

observing that (RN+1)
(N+1)(α)
h(α)k(α)j(α) = 0 automatically whenever k = h.

Subcase a: both k and h are greater or equal than 3. We have

(RN+1)
(N+1)(α)
h(α)k(α)j(α) = ∂k(α)Γ

(N+1)(α)
h(α)j(α) − ∂h(α)Γ

(N+1)(α)
k(α)j(α)

+
N+1∑
l=1

(
Γ

(N+1)(α)
k(α)l(α) Γ

l(α)
h(α)j(α) − Γ

(N+1)(α)
h(α)l(α) Γ

l(α)
k(α)j(α)

)
+
∑
σ 6=α

(
Γ

(N+1)(α)
k(α)1(σ) Γ

1(σ)
h(α)j(α) − Γ

(N+1)(α)
h(α)1(σ) Γ

1(σ)
k(α)j(α)

)
(4.72)
=

(4.63)
∂(k−1)(α)Γ

N(α)
h(α)j(α) − ∂(h−1)(α)Γ

N(α)
k(α)j(α)

+ Γ
N(α)
(k−1)(α)1(α)Γ

1(α)
h(α)j(α) − Γ

N(α)
(h−1)(α)1(α)Γ

1(α)
k(α)j(α)

+
N+1∑
l=2

(
Γ
N(α)
(k−1)(α)l(α)Γ

l(α)
h(α)j(α) − Γ

N(α)
(h−1)(α)l(α)Γ

l(α)
k(α)j(α)

)
+
∑
σ 6=α

(
Γ
N(α)
(k−1)(α)1(σ)Γ

1(σ)
h(α)j(α) − Γ

N(α)
(h−1)(α)1(σ)Γ

1(σ)
k(α)j(α)

)
(4.103)

where Γ
1(α)
h(α)j(α) and Γ

1(α)
k(α)j(α) vanish due to (4.63) if j = 1 and due to (4.69) if j ≥ 2.

If j ≤ N − 1 we get

(RN+1)
(N+1)(α)
h(α)k(α)j(α) = ∂(k−1)(α)Γ

N(α)
(h−1)(α)(j+1)(α) − ∂(h−1)(α)Γ

N(α)
(k−1)(α)(j+1)(α)
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+
N+1∑
l=���

1

2

(
Γ
N(α)
(k−1)(α)l(α)Γ

l(α)
(h−1)(α)(j+1)(α) − Γ

N(α)
(h−1)(α)l(α)Γ

l(α)
(k−1)(α)(j+1)(α)

)

+
∑
σ 6=α

(
Γ
N(α)
(k−1)(α)1(σ)Γ

1(σ)
(h−1)(α)(j+1)(α) − Γ

N(α)
(h−1)(α)1(σ)Γ

1(σ)
(k−1)(α)(j+1)(α)

)
(4.69)
= (RN)

N(α)
(h−1)(α)(k−1)(α)(j+1)(α)

+ Γ
N(α)
(k−1)(α)(N+1)(α)Γ

(N+1)(α)
(h−1)(α)(j+1)(α) − Γ

N(α)
(h−1)(α)(N+1)(α)Γ

(N+1)(α)
(k−1)(α)(j+1)(α) = 0

as (RN)
N(α)
(h−1)(α)(k−1)(α)(j+1)(α) vanishes because of (4.99) and Γ

N(α)
(k−1)(α)(N+1)(α),

Γ
N(α)
(h−1)(α)(N+1)(α) vanish because of (4.101). If j = N then (4.103) becomes

(RN+1)
(N+1)(α)
h(α)k(α)N(α) = ∂(k−1)(α)Γ

N(α)
h(α)N(α) − ∂(h−1)(α)Γ

N(α)
k(α)N(α)

+
N∑
l=2

(
Γ
N(α)
(k−1)(α)l(α)Γ

l(α)
(h−1)(α)(N+1)(α) − Γ

N(α)
(h−1)(α)l(α)Γ

l(α)
(k−1)(α)(N+1)(α)

)
+ Γ

N(α)
(k−1)(α)(N+1)(α)Γ

(N+1)(α)
h(α)N(α) − Γ

N(α)
(h−1)(α)(N+1)(α)Γ

(N+1)(α)
k(α)N(α)

+
∑
σ 6=α

(
Γ
N(α)
(k−1)(α)1(σ)Γ

1(σ)
h(α)N(α) − Γ

N(α)
(h−1)(α)1(σ)Γ

1(σ)
k(α)N(α)

)
(4.64)
=

(4.69)

N∑
l=2

(
Γ
N(α)
(k−1)(α)l(α)Γ

l(α)
(h−1)(α)(N+1)(α) − Γ

N(α)
(h−1)(α)l(α)Γ

l(α)
(k−1)(α)(N+1)(α)

)
+ Γ

N(α)
(k−1)(α)(N+1)(α)Γ

(N+1)(α)
h(α)N(α) − Γ

N(α)
(h−1)(α)(N+1)(α)Γ

(N+1)(α)
k(α)N(α)

(4.101)
= 0.

If j = N + 1 then (4.103) becomes

(RN+1)
(N+1)(α)
h(α)k(α)(N+1)(α) = ∂(k−1)(α)Γ

N(α)
h(α)(N+1)(α) − ∂(h−1)(α)Γ

N(α)
k(α)(N+1)(α)

+
N∑
l=2

(
Γ
N(α)
(k−1)(α)l(α)Γ

l(α)
h(α)(N+1)(α) − Γ

N(α)
(h−1)(α)l(α)Γ

l(α)
k(α)(N+1)(α)

)
+ Γ

N(α)
(k−1)(α)(N+1)(α)Γ

(N+1)(α)
h(α)(N+1)(α) − Γ

N(α)
(h−1)(α)(N+1)(α)Γ

(N+1)(α)
k(α)(N+1)(α)

+
∑
σ 6=α

(
Γ
N(α)
(k−1)(α)1(σ)Γ

1(σ)
h(α)(N+1)(α) − Γ

N(α)
(h−1)(α)1(σ)Γ

1(σ)
k(α)(N+1)(α)

)
(4.64)
= ∂(k−1)(α)Γ

N(α)
h(α)(N+1)(α) − ∂(h−1)(α)Γ

N(α)
k(α)(N+1)(α)

+
N∑
l=2

(
Γ
N(α)
(k−1)(α)l(α)Γ

l(α)
h(α)(N+1)(α) − Γ

N(α)
(h−1)(α)l(α)Γ

l(α)
k(α)(N+1)(α)

)
+ Γ

N(α)
(k−1)(α)(N+1)(α)Γ

(N+1)(α)
h(α)(N+1)(α) − Γ

N(α)
(h−1)(α)(N+1)(α)Γ

(N+1)(α)
k(α)(N+1)(α)

(4.101)
= 0.
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Subcase b: k = 1, h ≥ 3. We have

(RN+1)
(N+1)(α)
h(α)1(α)j(α) = ∂1(α)Γ

(N+1)(α)
h(α)j(α) − ∂h(α)Γ

(N+1)(α)
1(α)j(α)

+
N+1∑
l=1

(
Γ

(N+1)(α)
1(α)l(α) Γ

l(α)
h(α)j(α) − Γ

(N+1)(α)
h(α)l(α) Γ

l(α)
1(α)j(α)

)
+
∑
σ 6=α

(
Γ

(N+1)(α)
1(α)1(σ) Γ

1(σ)
h(α)j(α) − Γ

(N+1)(α)
h(α)1(σ) Γ

1(σ)
1(α)j(α)

)
(4.72)
= ∂1(α)Γ

N(α)
(h−1)(α)j(α) − ∂(h−1)(α)Γ

N(α)
1(α)j(α)

+
N+1∑
l=1

Γ
(N+1)(α)
1(α)l(α) Γ

l(α)
h(α)j(α) −

N+1∑
l=1

Γ
(N+1)(α)
h(α)l(α) Γ

l(α)
1(α)j(α)

+
∑
σ 6=α

(
Γ

(N+1)(α)
1(α)1(σ) Γ

1(σ)
h(α)j(α) − Γ

(N+1)(α)
h(α)1(σ) Γ

1(σ)
1(α)j(α)

)
+
∑
σ 6=α

(
Γ
N(α)
1(α)1(σ)Γ

1(σ)
(h−1)(α)j(α) − Γ

N(α)
(h−1)(α)1(σ)Γ

1(σ)
1(α)j(α)

)

−
∑
σ 6=α

(
Γ
N(α)
1(α)1(σ)Γ

1(σ)
(h−1)(α)j(α) − Γ

N(α)
(h−1)(α)1(σ)Γ

1(σ)
1(α)j(α)

)
where the underlined terms cancel out and where the terms

∂1(α)Γ
N(α)
(h−1)(α)j(α), − ∂(h−1)(α)Γ

N(α)
1(α)j(α),

N+1∑
l=2

Γ
(N+1)(α)
1(α)l(α) Γ

l(α)
h(α)j(α)

(4.69)
=

(4.67)

N+1∑
l=2

Γ
N(α)
1(α)(l−1)(α)Γ

(l−1)(α)
(h−1)(α)j(α)

=
N∑
l=1

Γ
N(α)
1(α)l(α)Γ

l(α)
(h−1)(α)j(α),

−
N∑
l=1

Γ
(N+1)(α)
h(α)l(α) Γ

l(α)
1(α)j(α)

(4.69)
=

(4.67)
−

N∑
l=1

Γ
N(α)
(h−1)(α)l(α)Γ

l(α)
1(α)j(α)

and ∑
σ 6=α

(
Γ
N(α)
1(α)1(σ)Γ

1(σ)
(h−1)(α)j(α) − Γ

N(α)
(h−1)(α)1(σ)Γ

1(σ)
1(α)j(α)

)
combine to form (RN)

N(α)
(h−1)(α)1(α)j(α), which4 vanishes by (4.99). Thus

(RN+1)
(N+1)(α)
h(α)1(α)j(α) = Γ

(N+1)(α)
1(α)1(α) Γ

1(α)
h(α)j(α) − Γ

(N+1)(α)
h(α)(N+1)(α)Γ

(N+1)(α)
1(α)j(α)

4This only holds for j ≤ N . Still, for j = N + 1 each of these addends vanishes by itself, by
means of (4.101), (4.69) and (4.64).
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+
∑
σ 6=α

(
Γ

(N+1)(α)
1(α)1(σ) Γ

1(σ)
h(α)j(α) − Γ

(N+1)(α)
h(α)1(σ) Γ

1(σ)
1(α)j(α)

)
−
∑
σ 6=α

(
Γ
N(α)
1(α)1(σ)Γ

1(σ)
(h−1)(α)j(α) − Γ

N(α)
(h−1)(α)1(σ)Γ

1(σ)
1(α)j(α)

)
(4.63),(4.64)

=
(4.69),(4.67)

∑
σ 6=α

(
− Γ

N(α)
(h−1)(α)1(σ)Γ

1(σ)
1(α)j(α) + Γ

N(α)
(h−1)(α)1(σ)Γ

1(σ)
1(α)j(α)

)
= 0.

Subcase c: k = 2, h ≥ 3. We have

(RN+1)
(N+1)(α)
h(α)2(α)j(α) = ∂2(α)Γ

(N+1)(α)
h(α)j(α) − ∂h(α)Γ

(N+1)(α)
2(α)j(α)

+
N+1∑
l=1

(
Γ

(N+1)(α)
2(α)l(α) Γ

l(α)
h(α)j(α) − Γ

(N+1)(α)
h(α)l(α) Γ

l(α)
2(α)j(α)

)
+
∑
σ 6=α

(
Γ

(N+1)(α)
2(α)1(σ) Γ

1(σ)
h(α)j(α) − Γ

(N+1)(α)
h(α)1(σ) Γ

1(σ)
2(α)j(α)

)
(4.69),(4.67)

=
(4.72)

∂2(α)Γ
N(α)
(h−1)(α)j(α) − ∂(h−1)(α)Γ

N(α)
2(α)j(α)

+
N+1∑
l=1

Γ
(N+1)(α)
2(α)l(α) Γ

l(α)
h(α)j(α) −

N+1∑
l=1

Γ
(N+1)(α)
h(α)l(α) Γ

l(α)
2(α)j(α)

+
∑
σ 6=α

(
Γ

(N+1)(α)
2(α)1(σ) Γ

1(σ)
h(α)j(α) − Γ

(N+1)(α)
h(α)1(σ) Γ

1(σ)
2(α)j(α)

)
+
∑
σ 6=α

(
Γ
N(α)
2(α)1(σ)Γ

1(σ)
(h−1)(α)j(α) − Γ

N(α)
(h−1)(α)1(σ)Γ

1(σ)
2(α)j(α)

)

−
∑
σ 6=α

(
Γ
N(α)
2(α)1(σ)Γ

1(σ)
(h−1)(α)j(α) − Γ

N(α)
(h−1)(α)1(σ)Γ

1(σ)
2(α)j(α)

)

where the underlined terms cancel out and where the terms

∂2(α)Γ
N(α)
(h−1)(α)j(α), − ∂(h−1)(α)Γ

N(α)
2(α)j(α),

N+1∑
l=2

Γ
(N+1)(α)
2(α)l(α) Γ

l(α)
h(α)j(α)

(4.69),(4.67)
=

N+1∑
l=2

Γ
N(α)
2(α)(l−1)(α)Γ

(l−1)(α)
(h−1)(α)j(α)

=
N∑
l=1

Γ
N(α)
2(α)l(α)Γ

l(α)
(h−1)(α)j(α),

−
N∑
l=1

Γ
(N+1)(α)
h(α)l(α) Γ

l(α)
2(α)j(α)

(4.69),(4.67)
= −

N∑
l=1

Γ
N(α)
(h−1)(α)l(α)Γ

l(α)
2(α)j(α)
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and ∑
σ 6=α

(
Γ
N(α)
2(α)1(σ)Γ

1(σ)
(h−1)(α)j(α) − Γ

N(α)
(h−1)(α)1(σ)Γ

1(σ)
2(α)j(α)

)

combine to form (RN)
N(α)
(h−1)(α)2(α)j(α), which5 vanishes by (4.99). Thus

(RN+1)
(N+1)(α)
h(α)2(α)j(α) = Γ

(N+1)(α)
2(α)1(α) Γ

1(α)
h(α)j(α) − Γ

(N+1)(α)
h(α)(N+1)(α)Γ

(N+1)(α)
2(α)j(α)

+
∑
σ 6=α

(
Γ

(N+1)(α)
2(α)1(σ) Γ

1(σ)
h(α)j(α) − Γ

(N+1)(α)
h(α)1(σ) Γ

1(σ)
2(α)j(α)

)
−
∑
σ 6=α

(
Γ
N(α)
2(α)1(σ)Γ

1(σ)
(h−1)(α)j(α) − Γ

N(α)
(h−1)(α)1(σ)Γ

1(σ)
2(α)j(α)

)
(4.69),(4.67)

=
(4.64)

0.

Subcase d: k = 1, h = 2. We have

(RN+1)
(N+1)(α)
2(α)1(α)j(α) = ∂1(α)Γ

(N+1)(α)
2(α)j(α) − ∂2(α)Γ

(N+1)(α)
1(α)j(α)

+
N+1∑
l=1

(
Γ

(N+1)(α)
1(α)l(α) Γ

l(α)
2(α)j(α) − Γ

(N+1)(α)
2(α)l(α) Γ

l(α)
1(α)j(α)

)
+
∑
σ 6=α

(
Γ

(N+1)(α)
1(α)1(σ) Γ

1(σ)
2(α)j(α) − Γ

(N+1)(α)
2(α)1(σ) Γ

1(σ)
1(α)j(α)

)
. (4.104)

If j ≥ 3 we get

(RN+1)
(N+1)(α)
2(α)1(α)j(α) = ∂1(α)Γ

(N+1)(α)
2(α)j(α) − ∂2(α)Γ

(N+1)(α)
1(α)j(α)

+
N+1∑
l=1

(
Γ

(N+1)(α)
1(α)l(α) Γ

l(α)
2(α)j(α) − Γ

(N+1)(α)
2(α)l(α) Γ

l(α)
1(α)j(α)

)
+
∑
σ 6=α

(
Γ

(N+1)(α)
1(α)1(σ) Γ

1(σ)
2(α)j(α) − Γ

(N+1)(α)
2(α)1(σ) Γ

1(σ)
1(α)j(α)

)
(4.69)
=

(4.67)
∂1(α)Γ

N(α)
2(α)(j−1)(α) − ∂2(α)Γ

N(α)
1(α)(j−1)(α)

+
N+1∑
l=1

Γ
(N+1)(α)
1(α)l(α) Γ

l(α)
2(α)j(α) −

N+1∑
l=1

Γ
(N+1)(α)
2(α)l(α) Γ

l(α)
1(α)j(α)

+
∑
σ 6=α

(
Γ

(N+1)(α)
1(α)1(σ) Γ

1(σ)
2(α)j(α) − Γ

(N+1)(α)
2(α)1(σ) Γ

1(σ)
1(α)j(α)

)
+
∑
σ 6=α

(
Γ
N(α)
1(α)1(σ)Γ

1(σ)
2(α)(j−1)(α) − Γ

N(α)
2(α)1(σ)Γ

1(σ)
1(α)(j−1)(α)

)
5This only holds for j ≤ N . Still, for j = N + 1 each of these addends vanishes by itself, by

means of (4.101), (4.69) and (4.64).
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−
∑
σ 6=α

(
Γ
N(α)
1(α)1(σ)Γ

1(σ)
2(α)(j−1)(α) − Γ

N(α)
2(α)1(σ)Γ

1(σ)
1(α)(j−1)(α)

)

where the underlined terms cancel out and where the terms

∂1(α)Γ
N(α)
2(α)(j−1)(α), − ∂2(α)Γ

N(α)
1(α)(j−1)(α),

N+1∑
l=2

Γ
(N+1)(α)
1(α)l(α) Γ

l(α)
2(α)j(α)

(4.69)
=

(4.67)

N+1∑
l=2

Γ
N(α)
1(α)(l−1)(α)Γ

(l−1)(α)
2(α)(j−1)(α) =

N∑
l=1

Γ
N(α)
1(α)l(α)Γ

l(α)
2(α)(j−1)(α),

−
N+1∑
l=2

Γ
(N+1)(α)
2(α)l(α) Γ

l(α)
1(α)j(α)

(4.69)
=

(4.67)
−
N+1∑
l=2

Γ
N(α)
2(α)(l−1)(α)Γ

(l−1)(α)
1(α)(j−1)(α) = −

N∑
l=1

Γ
N(α)
2(α)l(α)Γ

l(α)
1(α)(j−1)(α)

and ∑
σ 6=α

(
Γ
N(α)
1(α)1(σ)Γ

1(σ)
2(α)(j−1)(α) − Γ

N(α)
2(α)1(σ)Γ

1(σ)
1(α)(j−1)(α)

)

combine to form (RN)
N(α)
2(α)1(α)(j−1)(α), which vanishes by (4.99). Thus

(RN+1)
(N+1)(α)
2(α)1(α)j(α) = Γ

(N+1)(α)
1(α)1(α) Γ

1(α)
2(α)j(α) − Γ

(N+1)(α)
2(α)1(α) Γ

1(α)
1(α)j(α)

+
∑
σ 6=α

(
Γ

(N+1)(α)
1(α)1(σ) Γ

1(σ)
2(α)j(α) − Γ

(N+1)(α)
2(α)1(σ) Γ

1(σ)
1(α)j(α)

)
−
∑
σ 6=α

(
Γ
N(α)
1(α)1(σ)Γ

1(σ)
2(α)(j−1)(α) − Γ

N(α)
2(α)1(σ)Γ

1(σ)
1(α)(j−1)(α)

)
(4.69),(4.67)

=
(4.64)

0.

If j = 2 then (4.104) becomes

(RN+1)
(N+1)(α)
2(α)1(α)2(α) = ∂1(α)Γ

(N+1)(α)
2(α)2(α) − ∂2(α)Γ

(N+1)(α)
1(α)2(α)

+
N+1∑
l=1

(
Γ

(N+1)(α)
1(α)l(α) Γ

l(α)
2(α)2(α) − Γ

(N+1)(α)
2(α)l(α) Γ

l(α)
1(α)2(α)

)
+
∑
σ 6=α

(
Γ

(N+1)(α)
1(α)1(σ) Γ

1(σ)
2(α)2(α) − Γ

(N+1)(α)
2(α)1(σ) Γ

1(σ)
1(α)2(α)

)

where in the first summation only the terms for l ≥ 2 survive, as Γ
1(α)
2(α)2(α) = 0 by

(4.69) and Γ
1(α)
1(α)2(α)

(4.79)
= −

∑
σ 6=α

Γ
1(α)
1(σ)2(α)

(4.63)
= 0. This yields

(RN+1)
(N+1)(α)
2(α)1(α)2(α) = ∂1(α)Γ

(N+1)(α)
2(α)2(α) − ∂2(α)Γ

(N+1)(α)
1(α)2(α)
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+
N+1∑
l=2

(
Γ

(N+1)(α)
1(α)l(α) Γ

l(α)
2(α)2(α) − Γ

(N+1)(α)
2(α)l(α) Γ

l(α)
1(α)2(α)

)
+
∑
σ 6=α

(
Γ

(N+1)(α)
1(α)1(σ) Γ

1(σ)
2(α)2(α) − Γ

(N+1)(α)
2(α)1(σ) Γ

1(σ)
1(α)2(α)

)
(4.64)
=

(4.79)
∂1(α)Γ

(N+1)(α)
2(α)2(α) − ∂2(α)Γ

N(α)
1(α)1(α)

−
∑
σ 6=α

N+1∑
l=2

Γ
(N−l+2)(α)
1(σ)1(α) Γ

l(α)
2(α)2(α) −

N+1∑
l=2

Γ
(N−l+3)(α)
2(α)2(α) Γ

l(α)
1(α)2(α)

where

−
N+1∑
l=2

Γ
(N−l+3)(α)
2(α)2(α) Γ

l(α)
1(α)2(α)

(4.79)
=
∑
σ 6=α

N+1∑
l=2

Γ
(N−l+3)(α)
2(α)2(α) Γ

(l−1)(α)
1(σ)1(α)

t:=N−l+3
=

∑
σ 6=α

N+1∑
t=2

Γ
t(α)
2(α)2(α)Γ

(N−t+2)(α)
1(σ)1(α) .

Thus

(RN+1)
(N+1)(α)
2(α)1(α)2(α) = ∂1(α)Γ

(N+1)(α)
2(α)2(α) − ∂2(α)Γ

N(α)
1(α)1(α)

−
∑
σ 6=α

N+1∑
l=2

Γ
(N−l+2)(α)
1(σ)1(α) Γ

l(α)
2(α)2(α) +

∑
σ 6=α

N+1∑
t=2

Γ
t(α)
2(α)2(α)Γ

(N−t+2)(α)
1(σ)1(α)

= ∂1(α)

[
Γ

(N−1)(α)
1(α)1(α) +

(
Γ

(N+1)(α)
2(α)2(α) −Γ

(N−1)(α)
1(α)1(α)

)]
− ∂2(α)Γ

N(α)
1(α)1(α)

where the underlined terms cancel out and where

∂2(α)Γ
N(α)
1(α)1(α)

(4.79)
= −

∑
σ 6=α

∂2(α)Γ
N(α)
1(σ)1(α)

(4.72)
= −

∑
σ 6=α

∂1(α)Γ
(N−1)(α)
1(σ)1(α)

(4.79)
= ∂1(α)Γ

(N−1)(α)
1(α)1(α) .

This implies

(RN+1)
(N+1)(α)
2(α)1(α)2(α) = ∂1(α)Γ

(N−1)(α)
1(α)1(α) + ∂1(α)

(
Γ

(N+1)(α)
2(α)2(α) − Γ

(N−1)(α)
1(α)1(α)

)
− ∂2(α)Γ

N(α)
1(α)1(α)

= ∂1(α)

(
Γ

(N+1)(α)
2(α)2(α) − Γ

(N−1)(α)
1(α)1(α)

)
= 0

because

Γ
(N+1)(α)
2(α)2(α) − Γ

(N−1)(α)
1(α)1(α)

(4.68)
= −Γ

2(α)
2(α)2(α)

u(N+1)(α)

u2(α)
− 1

u2(α)

N−2∑
l=1

(
Γ

(l+2)(α)
2(α)2(α) − Γ

l(α)
1(α)1(α)

)
u(N−l+1)(α)

does not depend on u1(α) (it only depends on {u1(σ) |σ 6= α} and {u2(α) | 2 ≤ s ≤ n}).
If j = 1 then (4.104) becomes

(RN+1)
(N+1)(α)
2(α)1(α)1(α) = ∂1(α)Γ

(N+1)(α)
2(α)1(α) − ∂2(α)Γ

(N+1)(α)
1(α)1(α)
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+
N+1∑
l=1

(
Γ

(N+1)(α)
1(α)l(α) Γ

l(α)
2(α)1(α) − Γ

(N+1)(α)
2(α)l(α) Γ

l(α)
1(α)1(α)

)
+
∑
σ 6=α

(
Γ

(N+1)(α)
1(α)1(σ) Γ

1(σ)
2(α)1(α) − Γ

(N+1)(α)
2(α)1(σ) Γ

1(σ)
1(α)1(α)

)

where Γ
1(σ)
2(α)1(α) vanishes due to (4.64) and where

∂1(α)Γ
(N+1)(α)
2(α)1(α)

(4.67)
= ∂1(α)Γ

N(α)
1(α)1(α)

and

∂2(α)Γ
(N+1)(α)
1(α)1(α)

(4.79)
= −

∑
σ 6=α

∂2(α)Γ
(N+1)(α)
1(σ)1(α)

(4.72)
= −

∑
σ 6=α

∂1(α)Γ
N(α)
1(σ)1(α)

(4.79)
= ∂1(α)Γ

N(α)
1(α)1(α)

mutually cancel out. This yields

(RN+1)
(N+1)(α)
2(α)1(α)1(α) =

N+1∑
l=1

(
Γ

(N+1)(α)
1(α)l(α) Γ

l(α)
2(α)1(α) − Γ

(N+1)(α)
2(α)l(α) Γ

l(α)
1(α)1(α)

)
−
∑
σ 6=α

Γ
(N+1)(α)
2(α)1(σ) Γ

1(σ)
1(α)1(α)

(4.69)
=

(4.67)
Γ

(N+1)(α)
1(α)1(α) Γ

1(α)
2(α)1(α) − Γ

(N+1)(α)
2(α)1(α) Γ

1(α)
1(α)1(α)

+
N+1∑
l=2

Γ
N(α)
1(α)(l−1)(α)Γ

(l−1)(α)
1(α)1(α) −

N+1∑
l=2

Γ
(N−l+3)(α)
2(α)2(α) Γ

l(α)
1(α)1(α)

−
∑
σ 6=α

Γ
N(α)
1(α)1(σ)Γ

1(σ)
1(α)1(α)

(4.67)
= −Γ

(N+1)(α)
2(α)1(α) Γ

1(α)
1(α)1(α) +

N∑
l=1

Γ
N(α)
1(α)l(α)Γ

l(α)
1(α)1(α)

−
N+1∑
l=2

Γ
(N−l+3)(α)
2(α)2(α) Γ

l(α)
1(α)1(α) −

∑
σ 6=α

Γ
N(α)
1(α)1(σ)Γ

1(σ)
1(α)1(α)

(4.67)
= −Γ

N(α)
1(α)1(α)Γ

1(α)
1(α)1(α) + Γ

N(α)
1(α)1(α)Γ

1(α)
1(α)1(α) +

N∑
l=2

Γ
N(α)
1(α)l(α)Γ

l(α)
1(α)1(α)

−
N∑
l=2

Γ
(N−l+3)(α)
2(α)2(α) Γ

l(α)
1(α)1(α) − Γ

2(α)
2(α)2(α)Γ

(N+1)(α)
1(α)1(α) −

∑
σ 6=α

Γ
N(α)
1(α)1(σ)Γ

1(σ)
1(α)1(α)

(4.79)
=

(4.61)

N∑
l=2

(
Γ
N(α)
1(α)l(α) − Γ

(N−l+3)(α)
2(α)2(α)

)
Γ
l(α)
1(α)1(α)

− Γ
2(α)
2(α)2(α)Γ

(N+1)(α)
1(α)1(α) +

∑
σ 6=α

Γ
N(α)
1(α)1(σ)Γ

1(σ)
1(α)1(σ)
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(4.79)
=
∑
σ 6=α

[
Γ
N(α)
1(α)1(σ)Γ

1(σ)
1(α)1(σ) + Γ

2(α)
2(α)2(α)Γ

(N+1)(α)
1(σ)1(α)

+
N∑
l=2

(
Γ

(N−l+3)(α)
2(α)2(α) − Γ

(N−l+1)(α)
1(α)1(α)

)
Γ
l(α)
1(σ)1(α)

]
= 0

because for each σ 6= α we have

Γ
N(α)
1(α)1(σ)Γ

1(σ)
1(α)1(σ) + Γ

2(α)
2(α)2(α)Γ

(N+1)(α)
1(σ)1(α) +

N∑
l=2

(
Γ

(N−l+3)(α)
2(α)2(α) − Γ

(N−l+1)(α)
1(α)1(α)

)
Γ
l(α)
1(σ)1(α)

(4.63)
= Γ

N(α)
1(α)1(σ)

[
− mαεα
u1(α) − u1(σ)

]
+ Γ

2(α)
2(α)2(α)

[
− 1

u1(α) − u1(σ)

N+1∑
s=2

Γ
(N−s+2)(α)
1(σ)1(α) us(α)

]

+
(
Γ

(N+1)(α)
2(α)2(α) − Γ

(N−1)(α)
1(α)1(α)

)
Γ

2(α)
1(σ)1(α) +

N∑
l=3

(
Γ

(N−l+3)(α)
2(α)2(α) − Γ

(N−l+1)(α)
1(α)1(α)

)
Γ
l(α)
1(σ)1(α)

(4.66)
= Γ

N(α)
1(α)1(σ)

[
u2(α) Γ

2(α)
2(α)2(α)

u1(α) − u1(σ)

]
+ Γ

2(α)
2(α)2(α)

[
− 1

u1(α) − u1(σ)
Γ
N(α)
1(σ)1(α) u

2(α)

− 1

u1(α) − u1(σ)

N∑
s=3

Γ
(N−s+2)(α)
1(σ)1(α) us(α) − 1

u1(α) − u1(σ)
Γ

1(α)
1(σ)1(α) u

(N+1)(α)

]

+
(
Γ

(N+1)(α)
2(α)2(α) − Γ

(N−1)(α)
1(α)1(α)

)
Γ

2(α)
1(σ)1(α) +

N∑
l=3

(
Γ

(N−l+3)(α)
2(α)2(α) − Γ

(N−l+1)(α)
1(α)1(α)

)
Γ
l(α)
1(σ)1(α)

(4.63)
=

(4.68)
−

Γ
2(α)
2(α)2(α)

u1(α) − u1(σ)

N∑
s=3

Γ
(N−s+2)(α)
1(σ)1(α) us(α) −

Γ
2(α)
2(α)2(α)

u1(α) − u1(σ)
Γ

1(α)
1(σ)1(α) u

(N+1)(α)

+

(
−Γ

2(α)
2(α)2(α)

u(N+1)(α)

u2(α)
− 1

u2(α)

N−2∑
l=1

(
Γ

(l+2)(α)
2(α)2(α) − Γ

l(α)
1(α)1(α)

)
u(N−l+1)(α)

)[
−

Γ
1(α)
1(σ)1(α) u

2(α)

u1(α) − u1(σ)

]

+
N−2∑
s=1

(
Γ

(s+2)(α)
2(α)2(α) − Γ

s(α)
1(α)1(α)

)
Γ

(N−s+1)(α)
1(σ)1(α)

= −
Γ

2(α)
2(α)2(α)

u1(α) − u1(σ)

N−1∑
s=3

Γ
(N−s+2)(α)
1(σ)1(α) us(α) −

Γ
2(α)
2(α)2(α)

u1(α) − u1(σ)
Γ

2(α)
1(σ)1(α) u

N(α)

+
N−2∑
l=1

(
Γ

(l+2)(α)
2(α)2(α) − Γ

l(α)
1(α)1(α)

)
u(N−l+1)(α)

[
Γ

1(α)
1(σ)1(α)

u1(α) − u1(σ)

]

+
N−2∑
s=1

(
Γ

(s+2)(α)
2(α)2(α) − Γ

s(α)
1(α)1(α)

)
Γ

(N−s+1)(α)
1(σ)1(α)

= −
Γ

2(α)
2(α)2(α)

u1(α) − u1(σ)

N−1∑
s=3

Γ
(N−s+2)(α)
1(σ)1(α) us(α) −

Γ
2(α)
2(α)2(α)

u1(α) − u1(σ)
Γ

2(α)
1(σ)1(α) u

N(α)
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+
N−3∑
s=1

(
Γ

(s+2)(α)
2(α)2(α) − Γ

s(α)
1(α)1(α)

)[
Γ

(N−s+1)(α)
1(σ)1(α) +

Γ
1(α)
1(σ)1(α)

u1(α) − u1(σ)
u(N−s+1)(α)

]

+
(
Γ
N(α)
2(α)2(α) − Γ

(N−2)(α)
1(α)1(α)

)[
Γ

3(α)
1(σ)1(α) +

Γ
1(α)
1(σ)1(α)

u1(α) − u1(σ)
u3(α)

]
(4.63)
=

(4.68)
−

Γ
2(α)
2(α)2(α)

u1(α) − u1(σ)

N−1∑
s=3

Γ
(N−s+2)(α)
1(σ)1(α) us(α) −

Γ
2(α)
2(α)2(α)

u1(α) − u1(σ)
Γ

2(α)
1(σ)1(α) u

N(α)

+
N−3∑
s=1

(
Γ

(s+2)(α)
2(α)2(α) − Γ

s(α)
1(α)1(α)

)[
− 1

u1(α) − u1(σ)

N−s∑
l=2

Γ
(N−s−l+2)(α)
1(σ)1(α) ul(α)

]

+

(
− Γ

2(α)
2(α)2(α)

uN(α)

u2(α)
− 1

u2(α)

N−3∑
l=1

(
Γ

(l+2)(α)
2(α)2(α) − Γ

l(α)
1(α)1(α)

)
u(N−l)(α)

)[
−

Γ
2(α)
1(σ)1(α)

u1(α) − u1(σ)
u2(α)

]

= −
Γ

2(α)
2(α)2(α)

u1(α) − u1(σ)

N−1∑
s=3

Γ
(N−s+2)(α)
1(σ)1(α) us(α)

+
N−3∑
s=1

(
Γ

(s+2)(α)
2(α)2(α) − Γ

s(α)
1(α)1(α)

)[
− 1

u1(α) − u1(σ)

N−s−1∑
l=2

Γ
(N−s−l+2)(α)
1(σ)1(α) ul(α) −

Γ
2(α)
1(σ)1(α) u

(N−s)(α)

u1(α) − u1(σ)

]

+

(N−3∑
l=1

(
Γ

(l+2)(α)
2(α)2(α) − Γ

l(α)
1(α)1(α)

)
u(N−l)(α)

)[
Γ

2(α)
1(σ)1(α)

u1(α) − u1(σ)

]

= −
Γ

2(α)
2(α)2(α)

u1(α) − u1(σ)

N−1∑
s=3

Γ
(N−s+2)(α)
1(σ)1(α) us(α)

− 1

u1(α) − u1(σ)

N−3∑
s=1

(
Γ

(s+2)(α)
2(α)2(α) − Γ

s(α)
1(α)1(α)

)N−s−1∑
l=2

Γ
(N−s−l+2)(α)
1(σ)1(α) ul(α)

= −
Γ

2(α)
2(α)2(α)

u1(α) − u1(σ)
Γ

(N−1)(α)
1(σ)1(α) u3(α) −

Γ
2(α)
2(α)2(α)

u1(α) − u1(σ)

N−1∑
s=4

Γ
(N−s+2)(α)
1(σ)1(α) us(α)

− 1

u1(α) − u1(σ)

(
Γ

3(α)
2(α)2(α) − Γ

1(α)
1(α)1(α)

)N−2∑
l=2

Γ
(N−l+1)(α)
1(σ)1(α) ul(α)

− 1

u1(α) − u1(σ)

N−3∑
s=2

(
Γ

(s+2)(α)
2(α)2(α) − Γ

s(α)
1(α)1(α)

)N−s−1∑
l=2

Γ
(N−s−l+2)(α)
1(σ)1(α) ul(α)

= −
Γ

2(α)
2(α)2(α)

u1(α) − u1(σ)
Γ

(N−1)(α)
1(σ)1(α) u3(α) −

Γ
2(α)
2(α)2(α)

u1(α) − u1(σ)

N−2∑
l=3

Γ
(N−l+1)(α)
1(σ)1(α) u(l+1)(α)

+
1

u1(α) − u1(σ)

(
Γ

2(α)
2(α)2(α)

u3(α)

u2(α)

)[
Γ

(N−1)(α)
1(σ)1(α) u2(α) +

N−2∑
l=3

Γ
(N−l+1)(α)
1(σ)1(α) ul(α)

]

− 1

u1(α) − u1(σ)

N−3∑
s=2

(
Γ

(s+2)(α)
2(α)2(α) − Γ

s(α)
1(α)1(α)

)N−s−1∑
l=2

Γ
(N−s−l+2)(α)
1(σ)1(α) ul(α)
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=
Γ

2(α)
2(α)2(α)

u1(α) − u1(σ)

N−2∑
l=3

Γ
(N−l+1)(α)
1(σ)1(α)

(
u3(α)

u2(α)
ul(α) − u(l+1)(α)

)

− 1

u1(α) − u1(σ)

N−3∑
s=2

(
Γ

(s+2)(α)
2(α)2(α) − Γ

s(α)
1(α)1(α)

)N−s−1∑
l=2

Γ
(N−s−l+2)(α)
1(σ)1(α) ul(α)

=
Γ

2(α)
2(α)2(α)

u1(α) − u1(σ)

N−2∑
l=3

Γ
(N−l+1)(α)
1(σ)1(α)

(
u3(α)

u2(α)
ul(α) − u(l+1)(α)

)

− 1

u1(α) − u1(σ)

N−3∑
s=2

(
Γ

(s+2)(α)
2(α)2(α) − Γ

s(α)
1(α)1(α)

) N−2∑
t=s+1

Γ
(N−t+1)(α)
1(σ)1(α) u(t−s+1)(α)

=
Γ

2(α)
2(α)2(α)

u1(α) − u1(σ)

N−2∑
l=3

Γ
(N−l+1)(α)
1(σ)1(α)

(
u3(α)

u2(α)
ul(α) − u(l+1)(α)

)

− 1

u1(α) − u1(σ)

N−2∑
t=3

t−1∑
s=2

(
Γ

(s+2)(α)
2(α)2(α) − Γ

s(α)
1(α)1(α)

)
Γ

(N−t+1)(α)
1(σ)1(α) u(t−s+1)(α)

=
1

u1(α) − u1(σ)

N−2∑
l=3

Γ
(N−l+1)(α)
1(σ)1(α)

[
Γ

2(α)
2(α)2(α)

(
u3(α)

u2(α)
ul(α) − u(l+1)(α)

)

−
l−1∑
s=2

(
Γ

(s+2)(α)
2(α)2(α) − Γ

s(α)
1(α)1(α)

)
u(l−s+1)(α)

]
(4.75)
= 0.

Case 2: α = β = γ 6= ε. Our goal is to prove that

R
i(α)
h(ε)k(α)j(α) = ∂k(α)Γ

i(α)
h(ε)j(α) − ∂h(ε)Γ

i(α)
k(α)j(α)

+
r∑

σ=1

mσ∑
l=1

(
Γ
i(α)
k(α)l(σ)Γ

l(σ)
h(ε)j(α) − Γ

i(α)
h(ε)l(σ)Γ

l(σ)
k(α)j(α)

)
(4.105)

vanishes. Let us first consider the case where h ≥ 2. We have

R
i(α)
h(ε)k(α)j(α) = ∂k(α)Γ

i(α)
h(ε)j(α) − ∂h(ε)Γ

i(α)
k(α)j(α)

+
r∑

σ=1

mσ∑
l=1

(
Γ
i(α)
k(α)l(σ)Γ

l(σ)
h(ε)j(α) − Γ

i(α)
h(ε)l(σ)Γ

l(σ)
k(α)j(α)

)
where Γ

i(α)
h(ε)j(α) vanishes due to (4.62) and where Γ

i(α)
k(α)j(α) only depends on

{us(α) | 1 ≤ s ≤ mα} and {u1(σ) |σ 6= α} (thus it does not depend on uh(ε) as h ≥ 2,
that is ∂h(ε)Γ

i(α)
k(α)j(α) = 0). This yields

R
i(α)
h(ε)k(α)j(α) =

r∑
σ=1

mσ∑
l=1

(
Γ
i(α)
k(α)l(σ)Γ

l(σ)
h(ε)j(α) − Γ

i(α)
h(ε)l(σ)Γ

l(σ)
k(α)j(α)

)
where the terms Γ

l(σ)
h(ε)j(α) and Γ

i(α)
h(ε)l(σ) trivially vanish for σ /∈ {α, ε} by (4.61). Thus

R
i(α)
h(ε)k(α)j(α) =

mα∑
l=1

(
Γ
i(α)
k(α)l(α)Γ

l(α)
h(ε)j(α) − Γ

i(α)
h(ε)l(α)Γ

l(α)
k(α)j(α)

)
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+
mε∑
l=1

(
Γ
i(α)
k(α)l(ε)Γ

l(ε)
h(ε)j(α) − Γ

i(α)
h(ε)l(ε)Γ

l(ε)
k(α)j(α)

)
(4.62)
=

(4.64)

mε∑
l=h

Γ
i(α)
k(α)l(ε)Γ

l(ε)
h(ε)j(α) = 0

as Γ
i(α)
k(α)l(ε) = 0 by (4.63) for every l ≥ h (h ≥ 2 implies l ≥ 2). Let us now fix h = 1.

We have (the terms Γ
l(σ)
1(ε)j(α) and Γ

i(α)
1(ε)l(σ) trivially vanish for σ /∈ {α, ε} by (4.61))

R
i(α)
1(ε)k(α)j(α) = ∂k(α)Γ

i(α)
1(ε)j(α) − ∂1(ε)Γ

i(α)
k(α)j(α)

+
r∑

σ=1

mσ∑
l=1

(
Γ
i(α)
k(α)l(σ)Γ

l(σ)
1(ε)j(α) − Γ

i(α)
1(ε)l(σ)Γ

l(σ)
k(α)j(α)

)
= ∂k(α)Γ

i(α)
1(ε)j(α) − ∂1(ε)Γ

i(α)
k(α)j(α)

+
mα∑
l=1

(
Γ
i(α)
k(α)l(α)Γ

l(α)
1(ε)j(α) − Γ

i(α)
1(ε)l(α)Γ

l(α)
k(α)j(α)

)
+

mε∑
l=1

(
Γ
i(α)
k(α)l(ε)Γ

l(ε)
1(ε)j(α) − Γ

i(α)
1(ε)l(ε)Γ

l(ε)
k(α)j(α)

)
(4.63)
=

(4.64)
∂k(α)Γ

i(α)
1(ε)j(α) − ∂1(ε)Γ

i(α)
k(α)j(α)

+
mα∑
l=1

(
Γ
i(α)
k(α)l(α)Γ

l(α)
1(ε)j(α) − Γ

i(α)
1(ε)l(α)Γ

l(α)
k(α)j(α)

)
+ Γ

i(α)
k(α)1(ε)Γ

1(ε)
1(ε)j(α) − Γ

i(α)
1(ε)1(ε)Γ

1(ε)
k(α)j(α). (4.106)

We distinguish between the following subcases:

a. both j and k are greater or equal than 2

b. j = k = 1

c. j = 1, k ≥ 2

d. j ≥ 2, k = 1.

Subcase a: both j and k are greater or equal than 2. Let us first claim that in this
case

∂k(α)Γ
i(α)
1(ε)j(α) − ∂1(ε)Γ

i(α)
k(α)j(α) = 0. (4.107)

Indeed, if i < j then both Γ
i(α)
1(ε)j(α) and Γ

i(α)
k(α)j(α) trivially vanish by (4.62) and (4.69)

respectively. If i = j then

∂k(α)Γ
i(α)
1(ε)j(α) − ∂1(ε)Γ

i(α)
k(α)j(α) = ∂k(α)Γ

j(α)
1(ε)j(α) − ∂1(ε)Γ

j(α)
k(α)j(α)
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(4.63)
=

(4.69)
∂k(α)

[
mεεε

u1(α) − u1(ε)

]
− ∂1(ε)Γ

(4−k)(α)
2(α)2(α)

(4.69)
= −∂1(ε)Γ

2(α)
2(α)2(α) δ

2
k

(4.66)
= δ2

k ∂1(ε)

[
mαεα
u2(α)

]
= 0.

We are going to prove (4.107) when i > j by induction over i (starting from the
case i = j that we just proved). Given an integer s ≥ 1, let us suppose that (4.107)
holds true when i = j + t for each t ≤ s− 1 that is

∂k(α)Γ
i(α)
1(ε)j(α) − ∂1(ε)Γ

i(α)
k(α)j(α) = 0 for i = j + t, t ≤ s− 1, (4.108)

and show it holds for t = s as well. We are thus considering i = j + s, so that

∂k(α)Γ
i(α)
1(ε)j(α) − ∂1(ε)Γ

i(α)
k(α)j(α) = ∂k(α)Γ

(j+s)(α)
1(ε)j(α) − ∂1(ε)Γ

(j+s)(α)
k(α)j(α)

(4.63)
=

(4.69)
∂k(α)Γ

(s+1)(α)
1(ε)1(α) − ∂1(ε)Γ

(s−k+4)(α)
2(α)2(α)

(4.76)
= ∂k(α)

[
− 1

u1(α) − u1(ε)

s+1∑
l=2

Γ
(s−l+2)(α)
1(ε)1(α) ul(α)

]
− ∂1(ε)Γ

(s−k+2)(α)
1(α)1(α)

(4.79)
= − 1

u1(α) − u1(ε)

s+1∑
l=2

(
∂k(α)Γ

(s−l+2)(α)
1(ε)1(α)

)
ul(α)

− 1

u1(α) − u1(ε)
Γ

(s−k+2)(α)
1(ε)1(α) + ∂1(ε)Γ

(s−k+2)(α)
1(ε)1(α)

(4.108)
=

(4.69)
− 1

u1(α) − u1(ε)

s+1∑
l=2

(
∂1(ε)Γ

(s−l−k+5)(α)
2(α)2(α)

)
ul(α)

− 1

u1(α) − u1(ε)
Γ

(s−k+2)(α)
1(ε)1(α) + ∂1(ε)Γ

(s−k+2)(α)
1(ε)1(α)

(4.76)
= − 1

u1(α) − u1(ε)

s+1∑
l=2

(
∂1(ε)Γ

(s−l−k+3)(α)
1(α)1(α)

)
ul(α)

− 1

u1(α) − u1(ε)
Γ

(s−k+2)(α)
1(ε)1(α) + ∂1(ε)Γ

(s−k+2)(α)
1(ε)1(α)

where Γ
(s−l−k+3)(α)
1(α)1(α) vanishes for each l ≥ s− k + 3 by (4.67). It follows that

∂k(α)Γ
i(α)
1(ε)j(α) − ∂1(ε)Γ

i(α)
k(α)j(α)

(4.79)
=

(4.63)

1

u1(α) − u1(ε)

s−k+2∑
l=2

(
∂1(ε)Γ

(s−l−k+3)(α)
1(ε)1(α)

)
ul(α)

− 1

u1(α) − u1(ε)
Γ

(s−k+2)(α)
1(ε)1(α)

+ ∂1(ε)

[
− 1

u1(α) − u1(ε)

s−k+2∑
l=2

Γ
(s−l−k+3)(α)
1(ε)1(α) ul(α)

]
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=
1

u1(α) − u1(ε)

s−k+2∑
l=2

(
∂1(ε)Γ

(s−l−k+3)(α)
1(ε)1(α)

)
ul(α)

− 1

u1(α) − u1(ε)
Γ

(s−k+2)(α)
1(ε)1(α)

− 1

(u1(α) − u1(ε))2

s−k+2∑
l=2

Γ
(s−l−k+3)(α)
1(ε)1(α) ul(α)

− 1

u1(α) − u1(ε)

s−k+2∑
l=2

(
∂1(ε)Γ

(s−l−k+3)(α)
1(ε)1(α)

)
ul(α)

(4.63)
=

1

(u1(α) − u1(ε))2

s−k+2∑
l=2

Γ
(s−l−k+3)(α)
1(ε)1(α) ul(α)

− 1

(u1(α) − u1(ε))2

s−k+2∑
l=2

Γ
(s−l−k+3)(α)
1(ε)1(α) ul(α) = 0.

This proves (4.107), thus (4.106) becomes

R
i(α)
1(ε)k(α)j(α) =

mα∑
l=1

(
Γ
i(α)
k(α)l(α)Γ

l(α)
1(ε)j(α) − Γ

i(α)
1(ε)l(α)Γ

l(α)
k(α)j(α)

)
+ Γ

i(α)
k(α)1(ε)Γ

1(ε)
1(ε)j(α) − Γ

i(α)
1(ε)1(ε)Γ

1(ε)
k(α)j(α)

where in the first summation only the terms for j ≤ l ≤ i survive by (4.63) and
where Γ

1(ε)
1(ε)j(α) and Γ

1(ε)
k(α)j(α) vanish due to (4.62) and (4.64). We get

R
i(α)
1(ε)k(α)j(α) =

i∑
l=j

(
Γ
i(α)
k(α)l(α)Γ

l(α)
1(ε)j(α) − Γ

i(α)
1(ε)l(α)Γ

l(α)
k(α)j(α)

)
which trivially vanishes for i < j. For i ≥ j we have

R
i(α)
1(ε)k(α)j(α)

(4.63)
=

(4.69)

i∑
l=j

(
Γ

(i−k−l+4)(α)
2(α)2(α) Γ

(l−j+1)(α)
1(ε)1(α) − Γ

(i−l+1)(α)
1(ε)1(α) Γ

(l−k−j+4)(α)
2(α)2(α)

)

=
i∑
l=j

Γ
(i−k−l+4)(α)
2(α)2(α) Γ

(l−j+1)(α)
1(ε)1(α) −

i∑
l=j

Γ
(i−l+1)(α)
1(ε)1(α) Γ

(l−k−j+4)(α)
2(α)2(α)

=
i∑
l=j

Γ
(i−k−l+4)(α)
2(α)2(α) Γ

(l−j+1)(α)
1(ε)1(α) −

i∑
t=j

Γ
(t−j+1)(α)
1(ε)1(α) Γ

(i−k−t+4)(α)
2(α)2(α) = 0.

Subcase b: j = k = 1. We have

R
i(α)
1(ε)1(α)1(α) = ∂1(α)Γ

i(α)
1(ε)1(α) − ∂1(ε)Γ

i(α)
1(α)1(α)

+
mα∑
l=1

(
Γ
i(α)
1(α)l(α)Γ

l(α)
1(ε)1(α) − Γ

i(α)
1(ε)l(α)Γ

l(α)
1(α)1(α)

)
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+ Γ
i(α)
1(α)1(ε)Γ

1(ε)
1(ε)1(α) − Γ

i(α)
1(ε)1(ε)Γ

1(ε)
1(α)1(α)

where in the summation only the terms for l ≤ i survive (by (4.63) and (4.67)) and

∂1(ε)Γ
i(α)
1(α)1(α)

(4.79)
= −∂1(ε)Γ

i(α)
1(ε)1(α) = ∂1(α)Γ

i(α)
1(ε)1(α)

as Γ
i(α)
1(ε)1(α) only depends on both u1(ε) and u1(α) by means of the term u1(α)−u1(ε). It

follows that

R
i(α)
1(ε)1(α)1(α) =

i∑
l=1

(
Γ
i(α)
1(α)l(α)Γ

l(α)
1(ε)1(α) − Γ

i(α)
1(ε)l(α)Γ

l(α)
1(α)1(α)

)
+ Γ

i(α)
1(α)1(ε)Γ

1(ε)
1(ε)1(α) − Γ

i(α)
1(ε)1(α)Γ

1(ε)
1(α)1(ε)

(4.79)
= −

∑
σ 6=α

i∑
l=1

(
Γ
i(α)
1(σ)l(α)Γ

l(α)
1(ε)1(α) − Γ

i(α)
1(ε)l(α)Γ

l(α)
1(σ)1(α)

)

= −
i∑
l=1

(
Γ
i(α)
1(ε)l(α)Γ

l(α)
1(ε)1(α) − Γ

i(α)
1(ε)l(α)Γ

l(α)
1(ε)1(α)

)

−
∑

σ/∈{α,ε}

i∑
l=1

(
Γ
i(α)
1(σ)l(α)Γ

l(α)
1(ε)1(α) − Γ

i(α)
1(ε)l(α)Γ

l(α)
1(σ)1(α)

)
(4.63)
= = −

∑
σ/∈{α,ε}

( i∑
l=1

Γ
(i−l+1)(α)
1(σ)1(α) Γ

l(α)
1(ε)1(α) −

i∑
l=1

Γ
(i−l+1)(α)
1(ε)1(α) Γ

l(α)
1(σ)1(α)

)

= −
∑

σ/∈{α,ε}

( i∑
l=1

Γ
(i−l+1)(α)
1(σ)1(α) Γ

l(α)
1(ε)1(α) −

i∑
t=1

Γ
t(α)
1(ε)1(α)Γ

(i−t+1)(α)
1(σ)1(α)

)
= 0.

Subcase c: j = 1, k ≥ 2. We have

R
i(α)
1(ε)k(α)1(α) = ∂k(α)Γ

i(α)
1(ε)1(α) − ∂1(ε)Γ

i(α)
k(α)1(α)

+
mα∑
l=1

(
Γ
i(α)
k(α)l(α)Γ

l(α)
1(ε)1(α) − Γ

i(α)
1(ε)l(α)Γ

l(α)
k(α)1(α)

)
+ Γ

i(α)
k(α)1(ε)Γ

1(ε)
1(ε)1(α) − Γ

i(α)
1(ε)1(ε)Γ

1(ε)
k(α)1(α)

(4.79)
=

(4.63),(4.69)
∂k(α)Γ

i(α)
1(ε)1(α) + ∂1(ε)Γ

(i−k+1)(α)
1(ε)1(α)

+
i∑
l=1

(
Γ
i(α)
k(α)l(α)Γ

l(α)
1(ε)1(α) − Γ

i(α)
1(ε)l(α)Γ

l(α)
k(α)1(α)

)
+ Γ

i(α)
k(α)1(ε)Γ

1(ε)
1(ε)1(α) − Γ

i(α)
1(ε)1(α)Γ

1(ε)
k(α)1(ε)

where Γ
1(ε)
k(α)1(ε) vanishes due to (4.62). Let us first claim that in this case

∂k(α)Γ
i(α)
1(ε)1(α) + ∂1(ε)Γ

(i−k+1)(α)
1(ε)1(α) = 0. (4.109)
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Indeed, if i = 1 then

∂k(α)Γ
1(α)
1(ε)1(α) + ∂1(ε)Γ

1(α)
1(ε)k(α)

(4.63)
= ∂k(α)

[
mεεε

u1(α) − u1(ε)

]
= 0.

We are going to prove (4.109) when i ≥ 1 by induction over i (starting from the
case i = 1 that we just proved). Given an integer s ≥ 1, let us suppose that (4.109)
holds true when i = 1 + t for each t ≤ s− 1 that is

∂k(α)Γ
i(α)
1(ε)1(α) + ∂1(ε)Γ

(i−k+1)(α)
1(ε)1(α) = 0 for i = 1 + t, t ≤ s− 1, (4.110)

and show it holds for t = s as well. We are thus considering i = 1 + s, so that

∂k(α)Γ
i(α)
1(ε)1(α) = ∂k(α)Γ

(1+s)(α)
1(ε)1(α)

(4.72)
= ∂(k−1)(α)Γ

s(α)
1(ε)1(α). (4.111)

If k = 2 then (4.111) becomes

∂k(α)Γ
i(α)
1(ε)1(α) = ∂1(α)Γ

s(α)
1(ε)1(α) = −∂1(ε)Γ

s(α)
1(ε)1(α) = −∂1(ε)Γ

(i−k+1)(α)
1(ε)1(α)

as Γ
s(α)
1(ε)1(α) only depends on both u1(ε) and u1(α) by means of the term u1(α)−u1(ε). If

k ≥ 3 then (4.111) becomes

∂k(α)Γ
i(α)
1(ε)1(α) = ∂(k−1)(α)Γ

s(α)
1(ε)1(α)

(4.110)
= −∂1(ε)Γ

(s−k+2)(α)
1(ε)1(α) = −∂1(ε)Γ

(i−k+1)(α)
1(ε)1(α) .

Thus (4.109) holds, yielding

R
i(α)
1(ε)k(α)1(α) =

i∑
l=1

(
Γ
i(α)
k(α)l(α)Γ

l(α)
1(ε)1(α) − Γ

i(α)
1(ε)l(α)Γ

l(α)
k(α)1(α)

)
+ Γ

i(α)
k(α)1(ε)Γ

1(ε)
1(ε)1(α)

(4.69)
=

(4.67)

i−k+2∑
l=1

Γ
i(α)
k(α)l(α)Γ

l(α)
1(ε)1(α) −

i∑
l=k

Γ
i(α)
1(ε)l(α)Γ

l(α)
k(α)1(α)

+ Γ
i(α)
k(α)1(ε)Γ

1(ε)
1(ε)1(α)

which trivially vanishes for i < k by (4.63) and (4.67). For i ≥ k we get

R
i(α)
1(ε)k(α)1(α) =

i−k+2∑
l=1

Γ
i(α)
k(α)l(α)Γ

l(α)
1(ε)1(α) −

i∑
l=k

Γ
i(α)
1(ε)l(α)Γ

l(α)
k(α)1(α)

+ Γ
i(α)
k(α)1(ε)Γ

1(ε)
1(ε)1(α)

(4.63)
=

(4.69)
Γ

(i−k+1)(α)
1(α)1(α) Γ

1(α)
1(ε)1(α) +

i−k+2∑
l=2

Γ
(i−k−l+4)(α)
2(α)2(α) Γ

l(α)
1(ε)1(α)

−
i∑
l=k

Γ
(i−l+1)(α)
1(ε)1(α) Γ

l(α)
k(α)1(α) + Γ

(i−k+1)(α)
1(α)1(ε) Γ

1(ε)
1(ε)1(α)
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= Γ
(i−k+1)(α)
1(α)1(α) Γ

1(α)
1(ε)1(α) +

i−k+2∑
l=2

Γ
(i−k−l+4)(α)
2(α)2(α) Γ

l(α)
1(ε)1(α)

−
i−k+1∑
t=���

2

1

Γ
t(α)
1(ε)1(α)Γ

(i−t+1)(α)
k(α)1(α) + Γ

(i−k+1)(α)
1(α)1(ε) Γ

1(ε)
1(ε)1(α)

=
i−k+1∑
l=2

Γ
l(α)
1(ε)1(α)

(
Γ

(i−k−l+4)(α)
2(α)2(α) − Γ

(i−l+1)(α)
k(α)1(α)

)
+ Γ

2(α)
2(α)2(α)Γ

(i−k+2)(α)
1(ε)1(α) + Γ

(i−k+1)(α)
1(α)1(ε) Γ

1(ε)
1(ε)1(α)

(4.67)
=

i−k+1∑
l=2

Γ
l(α)
1(ε)1(α)

(
Γ

(i−k−l+4)(α)
2(α)2(α) − Γ

(i−k−l+2)(α)
1(α)1(α)

)
+ Γ

2(α)
2(α)2(α)Γ

(i−k+2)(α)
1(ε)1(α) + Γ

(i−k+1)(α)
1(α)1(ε) Γ

1(ε)
1(ε)1(α)

where

Γ
2(α)
2(α)2(α)Γ

(i−k+2)(α)
1(ε)1(α) + Γ

(i−k+1)(α)
1(α)1(ε) Γ

1(ε)
1(ε)1(α)

(4.63)
=

(4.66)

mαεα
u2(α)

1

u1(α) − u1(ε)

i−k+2∑
s=2

Γ
(i−k−s+3)(α)
1(ε)1(α) us(α)

+ Γ
(i−k+1)(α)
1(α)1(ε) Γ

1(ε)
1(ε)1(α)

(4.63)
= −

Γ
1(ε)
1(α)1(ε)

u2(α)

[
Γ

(i−k+1)(α)
1(ε)1(α) u2(α)

+
i−k+2∑
s=3

Γ
(i−k−s+3)(α)
1(ε)1(α) us(α)

]
+ Γ

(i−k+1)(α)
1(α)1(ε) Γ

1(ε)
1(ε)1(α)

= −
Γ

1(ε)
1(α)1(ε)

u2(α)

i−k+2∑
s=3

Γ
(i−k−s+3)(α)
1(ε)1(α) us(α)

thus

R
i(α)
1(ε)k(α)1(α) =

i−k+1∑
l=2

Γ
l(α)
1(ε)1(α)

(
Γ

(i−k−l+4)(α)
2(α)2(α) − Γ

(i−k−l+2)(α)
1(α)1(α)

)

−
Γ

1(ε)
1(α)1(ε)

u2(α)

i−k+2∑
s=3

Γ
(i−k−s+3)(α)
1(ε)1(α) us(α). (4.112)

We are going to prove that (4.112) vanishes for each i ≥ k by induction over i
(starting from the case i = k, where (4.112) vanishes trivially). Given an integer
s ≥ 1, let us suppose that (4.112) vanishes when i = k + t for each t ≤ s− 1 that is

t+1∑
l=2

Γ
l(α)
1(ε)1(α)

(
Γ

(t−l+4)(α)
2(α)2(α) − Γ

(t−l+2)(α)
1(α)1(α)

)
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−
Γ

1(ε)
1(α)1(ε)

u2(α)

t+2∑
s=3

Γ
(t−s+3)(α)
1(ε)1(α) us(α) = 0, t ≤ s− 1, (4.113)

and show that (4.112) vanishes for t = s as well. We are thus considering i = k+ s,
so that

R
i(α)
1(ε)k(α)1(α) =

s+1∑
l=2

Γ
l(α)
1(ε)1(α)

(
Γ

(s−l+4)(α)
2(α)2(α) − Γ

(s−l+2)(α)
1(α)1(α)

)

−
Γ

1(ε)
1(α)1(ε)

u2(α)

s+2∑
l=3

Γ
(s−l+3)(α)
1(ε)1(α) ul(α)

where
s+1∑
l=2

Γ
l(α)
1(ε)1(α)

(
Γ

(s−l+4)(α)
2(α)2(α) − Γ

(s−l+2)(α)
1(α)1(α)

)
=

s∑
t=1

Γ
(s−t+2)(α)
1(ε)1(α)

(
Γ

(t+2)(α)
2(α)2(α) − Γ

t(α)
1(α)1(α)

)
(4.63)
=

s∑
t=1

[
− 1

u1(α) − u1(ε)

s−t+2∑
r=2

Γ
(s−t−r+3)(α)
1(ε)1(α) ur(α)

](
Γ

(t+2)(α)
2(α)2(α) − Γ

t(α)
1(α)1(α)

)

= − 1

u1(α) − u1(ε)

s∑
t=1

[s−t+1∑
l=1

Γ
l(α)
1(ε)1(α) u

(s−t−l+3)(α)

](
Γ

(t+2)(α)
2(α)2(α) − Γ

t(α)
1(α)1(α)

)

= − 1

u1(α) − u1(ε)

s∑
l=1

Γ
l(α)
1(ε)1(α)

s−l+1∑
t=1

(
Γ

(t+2)(α)
2(α)2(α) − Γ

t(α)
1(α)1(α)

)
u(s−t−l+3)(α)

= − 1

u1(α) − u1(ε)

s∑
l=1

Γ
l(α)
1(ε)1(α)

[(
Γ

3(α)
2(α)2(α) − Γ

1(α)
1(α)1(α)

)
u(s−l+2)(α)

+
s−l+1∑
t=2

(
Γ

(t+2)(α)
2(α)2(α) − Γ

t(α)
1(α)1(α)

)
u(s−t−l+3)(α)

]
(4.75)
=

(4.68)
− 1

u1(α) − u1(ε)

s∑
l=1

Γ
l(α)
1(ε)1(α)

[
− Γ

2(α)
2(α)2(α)

u3(α)

u2(α)
u(s−l+2)(α)

+ Γ
2(α)
2(α)2(α)

(
u3(α)

u2(α)
u(s−l+2)(α) − u(s−l+3)(α)

)]
=

Γ
2(α)
2(α)2(α)

u1(α) − u1(ε)

s∑
l=1

Γ
l(α)
1(ε)1(α) u

(s−l+3)(α)

thus

R
i(α)
1(ε)k(α)1(α) =

Γ
2(α)
2(α)2(α)

u1(α) − u1(ε)

s∑
l=1

Γ
l(α)
1(ε)1(α) u

(s−l+3)(α)
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−
Γ

1(ε)
1(α)1(ε)

u2(α)

s+2∑
l=3

Γ
(s−l+3)(α)
1(ε)1(α) ul(α)

=
Γ

2(α)
2(α)2(α)

u1(α) − u1(ε)

s∑
l=1

Γ
l(α)
1(ε)1(α) u

(s−l+3)(α)

−
Γ

1(ε)
1(α)1(ε)

u2(α)

s∑
t=1

Γ
t(α)
1(ε)1(α) u

(s−t+3)(α)

=
s∑
l=1

Γ
l(α)
1(ε)1(α) u

(s−l+3)(α)

(
Γ

2(α)
2(α)2(α)

u1(α) − u1(ε)
−

Γ
1(ε)
1(α)1(ε)

u2(α)

)
(4.63)
=

(4.66)

s∑
l=1

Γ
l(α)
1(ε)1(α) u

(s−l+3)(α)

(
− mαεα

u2(α)

1

u1(α) − u1(ε)
+

1

u2(α)

mαεα
u1(α) − u1(ε)

)
= 0.

Subcase d: j ≥ 2, k = 1. We have

R
i(α)
1(ε)1(α)j(α) = ∂1(α)Γ

i(α)
1(ε)j(α) − ∂1(ε)Γ

i(α)
1(α)j(α)

+
mα∑
l=1

(
Γ
i(α)
1(α)l(α)Γ

l(α)
1(ε)j(α) − Γ

i(α)
1(ε)l(α)Γ

l(α)
1(α)j(α)

)
+ Γ

i(α)
1(α)1(ε)Γ

1(ε)
1(ε)j(α) − Γ

i(α)
1(ε)1(ε)Γ

1(ε)
1(α)j(α)

where Γ
1(ε)
1(ε)j(α) and Γ

1(ε)
1(α)j(α) vanish due to (4.62) and (4.64) and where

∂1(ε)Γ
i(α)
1(α)j(α)

(4.79)
= −

∑
σ 6=α

∂1(ε)Γ
i(α)
1(σ)j(α) = −∂1(ε)Γ

i(α)
1(ε)j(α) −

∑
σ/∈{α,ε}

∂1(ε)Γ
i(α)
1(σ)j(α)

= ∂1(α)Γ
i(α)
1(ε)j(α)

as Γ
i(α)
1(ε)j(α) only depends on both u1(ε) and u1(α) by means of the term u1(α)−u1(ε). It

follows that

R
i(α)
1(ε)1(α)j(α) =

mα∑
l=1

(
Γ
i(α)
1(α)l(α)Γ

l(α)
1(ε)j(α) − Γ

i(α)
1(ε)l(α)Γ

l(α)
1(α)j(α)

)
(4.63)
=

(4.67)

i∑
l=j

Γ
(i−l+1)(α)
1(α)1(α) Γ

(l−j+1)(α)
1(ε)1(α) −

i∑
l=j

Γ
(i−l+1)(α)
1(ε)1(α) Γ

(l−j+1)(α)
1(α)1(α)

=
i∑
l=j

Γ
(i−l+1)(α)
1(α)1(α) Γ

(l−j+1)(α)
1(ε)1(α) −

i∑
t=j

Γ
(t−j+1)(α)
1(ε)1(α) Γ

(i−t+1)(α)
1(α)1(α) = 0.

Case 3: α = γ = ε 6= β. Out goal is to prove that

R
i(α)
h(α)k(α)j(β) = ∂k(α)Γ

i(α)
h(α)j(β) − ∂h(α)Γ

i(α)
k(α)j(β)
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+
r∑

σ=1

mσ∑
l=1

(
Γ
i(α)
k(α)l(σ)Γ

l(σ)
h(α)j(β) − Γ

i(α)
h(α)l(σ)Γ

l(σ)
k(α)j(β)

)
(4.61)
= ∂k(α)Γ

i(α)
h(α)j(β) − ∂h(α)Γ

i(α)
k(α)j(β)

+
mα∑
l=1

(
Γ
i(α)
k(α)l(α)Γ

l(α)
h(α)j(β) − Γ

i(α)
h(α)l(α)Γ

l(α)
k(α)j(β)

)

+

mβ∑
l=1

(
Γ
i(α)
k(α)l(β)Γ

l(β)
h(α)j(β) − Γ

i(α)
h(α)l(β)Γ

l(β)
k(α)j(β)

)
(4.114)

vanishes. If j ≥ 2 we get

R
i(α)
h(α)k(α)j(β) = ∂k(α)Γ

i(α)
h(α)j(β) − ∂h(α)Γ

i(α)
k(α)j(β)

+
mα∑
l=1

(
Γ
i(α)
k(α)l(α)Γ

l(α)
h(α)j(β) − Γ

i(α)
h(α)l(α)Γ

l(α)
k(α)j(β)

)

+

mβ∑
l=1

(
Γ
i(α)
k(α)l(β)Γ

l(β)
h(α)j(β) − Γ

i(α)
h(α)l(β)Γ

l(β)
k(α)j(β)

)
where, by means of (4.62), only the last summation survives, in which only the
terms for l = 1 survive. Thus

R
i(α)
h(α)k(α)j(β) = Γ

i(α)
k(α)1(β)Γ

1(β)
h(α)j(β) − Γ

i(α)
h(α)1(β)Γ

1(β)
k(α)j(β)

(4.63)
= 0

for j ≥ 2. Let us then fix j = 1. We have

R
i(α)
h(α)k(α)1(β) = ∂k(α)Γ

i(α)
h(α)1(β) − ∂h(α)Γ

i(α)
k(α)1(β)

+
mα∑
l=1

(
Γ
i(α)
k(α)l(α)Γ

l(α)
h(α)1(β) − Γ

i(α)
h(α)l(α)Γ

l(α)
k(α)1(β)

)

+

mβ∑
l=1

(
Γ
i(α)
k(α)l(β)Γ

l(β)
h(α)1(β) − Γ

i(α)
h(α)l(β)Γ

l(β)
k(α)1(β)

)
. (4.115)

Let us recall that, as we have already seen in (4.109),

∂t(α)Γ
i(α)
1(ε)1(α) = −∂1(ε)Γ

(i−t+1)(α)
1(ε)1(α) (4.116)

for every ε 6= α and t ≥ 2. We distinguish between the following subcases:

a. both h and k are greater or equal than 2

b. h = 1, k ≥ 2 (this covers h ≥ 2, k = 1 as well)

observing that Ri(α)
h(ε)k(γ)1(β) = 0 automatically whenever k = h.

Subcase a: both k and h are greater or equal than 2. We have

R
i(α)
h(α)k(α)1(β)

(4.63)
=

(4.69)
∂k(α)Γ

i(α)
h(α)1(β) − ∂h(α)Γ

i(α)
k(α)1(β)
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+
i−k+2∑
l=h

Γ
i(α)
k(α)l(α)Γ

l(α)
h(α)1(β) −

i−h+2∑
l=k

Γ
i(α)
h(α)l(α)Γ

l(α)
k(α)1(β)

+

mβ∑
l=1

(
Γ
i(α)
k(α)l(β)Γ

l(β)
h(α)1(β) − Γ

i(α)
h(α)l(β)Γ

l(β)
k(α)1(β)

)

where Γ
l(β)
h(α)1(β) and Γ

l(β)
k(α)1(β) vanish due to (4.62) and where

∂k(α)Γ
i(α)
h(α)1(β) − ∂h(α)Γ

i(α)
k(α)1(β)

(4.63)
= ∂k(α)Γ

(i−h+1)(α)
1(α)1(β) − ∂h(α)Γ

(i−k+1)(α)
1(α)1(β)

(4.116)
= −∂1(β)Γ

(i−h−k+2)(α)
1(α)1(β) + ∂1(β)Γ

(i−k−h+2)(α)
1(α)1(β) = 0.

This yields

R
i(α)
h(α)k(α)1(β) =

i−k+2∑
l=h

Γ
i(α)
k(α)l(α)Γ

l(α)
h(α)1(β) −

i−h+2∑
l=k

Γ
i(α)
h(α)l(α)Γ

l(α)
k(α)1(β) (4.117)

which automatically vanishes for i < k. For i ≥ k (4.117) becomes

R
i(α)
h(α)k(α)1(β)

(4.63)
=

(4.69)

i−k+2∑
l=h

Γ
(i−k−l+4)(α)
2(α)2(α) Γ

(l−h+1)(α)
1(α)1(β) −

i−h+2∑
l=k

Γ
(i−h−l+4)(α)
2(α)2(α) Γ

(l−k+1)(α)
1(α)1(β)

=
i−k+2∑
l=h

Γ
(i−k−l+4)(α)
2(α)2(α) Γ

(l−h+1)(α)
1(α)1(β) −

i−k+2∑
t=h

Γ
(i−k−t+4)(α)
2(α)2(α) Γ

(t−h+1)(α)
1(α)1(β) = 0.

Subcase b: h = 1, k ≥ 2. We have

R
i(α)
1(α)k(α)1(β)

(4.69)
=

(4.67)
∂k(α)Γ

i(α)
1(α)1(β) − ∂1(α)Γ

i(α)
k(α)1(β)

+
i−k+2∑
l=1

Γ
i(α)
k(α)l(α)Γ

l(α)
1(α)1(β) −

i∑
l=k

Γ
i(α)
1(α)l(α)Γ

l(α)
k(α)1(β)

+

mβ∑
l=1

(
Γ
i(α)
k(α)l(β)Γ

l(β)
1(α)1(β) − Γ

i(α)
1(α)l(β)Γ

l(β)
k(α)1(β)

)

where, by means of (4.62), Γ
l(β)
k(α)1(β) vanishes and in the last summation only the

term for l = 1 survives and where

∂k(α)Γ
i(α)
1(α)1(β) − ∂1(α)Γ

i(α)
k(α)1(β)

(4.116)
= −∂1(β)Γ

(i−k+1)(α)
1(α)1(β) + ∂1(β)Γ

i(α)
k(α)1(β) = 0.

This yields

R
i(α)
1(α)k(α)1(β) =

i−k+2∑
l=1

Γ
i(α)
k(α)l(α)Γ

l(α)
1(α)1(β) −

i∑
l=k

Γ
i(α)
1(α)l(α)Γ

l(α)
k(α)1(β)
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+ Γ
i(α)
k(α)1(β)Γ

1(β)
1(α)1(β)

(4.63),(4.69)
=

(4.67)
Γ
i(α)
k(α)1(α)Γ

1(α)
1(α)1(β) +

i−k+2∑
l=2

Γ
(i−k−l+4)(α)
2(α)2(α) Γ

l(α)
1(α)1(β) −

i∑
l=k

Γ
(i−l+1)(α)
1(α)1(α) Γ

(l−k+1)(α)
1(α)1(β)

+ Γ
i(α)
k(α)1(β)Γ

1(β)
1(α)1(β)

= Γ
i(α)
k(α)1(α)Γ

1(α)
1(α)1(β) +

i−k+2∑
l=2

Γ
(i−k−l+4)(α)
2(α)2(α) Γ

l(α)
1(α)1(β) −

i−k+1∑
t=1

Γ
(i−k−t+2)(α)
1(α)1(α) Γ

t(α)
1(α)1(β)

+ Γ
i(α)
k(α)1(β)Γ

1(β)
1(α)1(β)

(4.67)
= Γ

(i−k+1)(α)
1(α)1(α) Γ

1(α)
1(α)1(β) +

i−k+2∑
l=2

Γ
(i−k−l+4)(α)
2(α)2(α) Γ

l(α)
1(α)1(β)

− Γ
(i−k+1)(α)
1(α)1(α) Γ

1(α)
1(α)1(β) −

i−k+1∑
l=2

Γ
(i−k−l+2)(α)
1(α)1(α) Γ

l(α)
1(α)1(β)

+ Γ
i(α)
k(α)1(β)Γ

1(β)
1(α)1(β)

(4.63)
=

i−k+1∑
l=2

(
Γ

(i−k−l+4)(α)
2(α)2(α) − Γ

(i−k−l+2)(α)
1(α)1(α)

)
Γ
l(α)
1(α)1(β) + Γ

2(α)
2(α)2(α)Γ

(i−k+2)(α)
1(α)1(β)

+ Γ
(i−k+1)(α)
1(α)1(β) Γ

1(β)
1(α)1(β)

(4.78)
= 0. (4.118)

Case 4: β = γ = ε 6= α. Our goal is to prove that

R
i(α)
h(β)k(β)j(β) = ∂k(β)Γ

i(α)
h(β)j(β) − ∂h(β)Γ

i(α)
k(β)j(β)

+
r∑

σ=1

mσ∑
l=1

(
Γ
i(α)
k(β)l(σ)Γ

l(σ)
h(β)j(β) − Γ

i(α)
h(β)l(σ)Γ

l(σ)
k(β)j(β)

)
(4.61)
= ∂k(β)Γ

i(α)
h(β)j(β) − ∂h(β)Γ

i(α)
k(β)j(β)

+
mα∑
l=1

(
Γ
i(α)
k(β)l(α)Γ

l(α)
h(β)j(β) − Γ

i(α)
h(β)l(α)Γ

l(α)
k(β)j(β)

)

+

mβ∑
l=1

(
Γ
i(α)
k(β)l(β)Γ

l(β)
h(β)j(β) − Γ

i(α)
h(β)l(β)Γ

l(β)
k(β)j(β)

)
vanishes. Without loss of generality, by the symmetries of R, we can set h > k. In
particular, h ≥ 2. We get

R
i(α)
h(β)k(β)j(β) = ∂k(β)Γ

i(α)
h(β)j(β) − ∂h(β)Γ

i(α)
k(β)j(β)

+
mα∑
l=1

(
Γ
i(α)
k(β)l(α)Γ

l(α)
h(β)j(β) − Γ

i(α)
h(β)l(α)Γ

l(α)
k(β)j(β)

)

+

mβ∑
l=1

(
Γ
i(α)
k(β)l(β)Γ

l(β)
h(β)j(β) − Γ

i(α)
h(β)l(β)Γ

l(β)
k(β)j(β)

)
(4.119)
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which vanishes due to (4.64) for k ≥ 2. For k = 1 (4.119) becomes

R
i(α)
h(β)1(β)j(β) = −∂h(β)Γ

i(α)
1(β)j(β) +

mβ∑
l=1

Γ
i(α)
1(β)l(β)Γ

l(β)
h(β)j(β)

(4.79),(4.61)
=

(4.62)
∂h(β)Γ

i(α)
1(α)j(β) − Γ

i(α)
1(α)1(β)Γ

1(β)
h(β)j(β)

which is

R
i(α)
h(β)1(β)j(β) = ∂h(β)Γ

i(α)
1(α)j(β) − Γ

i(α)
1(α)1(β)Γ

1(β)
h(β)j(β)

(4.62)
=

(4.69)
0

for j ≥ 2 and

R
i(α)
h(β)1(β)1(β) = ∂h(β)Γ

i(α)
1(α)1(β) − Γ

i(α)
1(α)1(β)Γ

1(β)
h(β)1(β) = 0

for j = 1, as Γ
i(α)
1(α)1(β) does not depend on any of the uh(β)s for h ≥ 2 and (1 < 2 ≤ h)

Γ
1(β)
h(β)1(β)

(4.79)
= −

∑
σ 6=β

Γ
1(β)
h(β)1(σ)

(4.63)
= 0.

Case 5: α = β 6= γ = ε. Our goal is to prove that

R
i(α)
h(γ)k(γ)j(α) = ∂k(γ)Γ

i(α)
h(γ)j(α) − ∂h(γ)Γ

i(α)
k(γ)j(α)

+
r∑

σ=1

mσ∑
l=1

(
Γ
i(α)
k(γ)l(σ)Γ

l(σ)
h(γ)j(α) − Γ

i(α)
h(γ)l(σ)Γ

l(σ)
k(γ)j(α)

)
(4.61)
= ∂k(γ)Γ

i(α)
h(γ)j(α) − ∂h(γ)Γ

i(α)
k(γ)j(α)

+
mα∑
l=1

(
Γ
i(α)
k(γ)l(α)Γ

l(α)
h(γ)j(α) − Γ

i(α)
h(γ)l(α)Γ

l(α)
k(γ)j(α)

)

+

mγ∑
l=1

(
Γ
i(α)
k(γ)l(γ)Γ

l(γ)
h(γ)j(α) − Γ

i(α)
h(γ)l(γ)Γ

l(γ)
k(γ)j(α)

)
(4.120)

vanishes. Without loss of generality, by the symmetries of R, we can set h > k. In
particular, h ≥ 2. We get

R
i(α)
h(γ)k(γ)j(α) = ∂k(γ)Γ

i(α)
h(γ)j(α) − ∂h(γ)Γ

i(α)
k(γ)j(α)

+
mα∑
l=1

(
Γ
i(α)
k(γ)l(α)Γ

l(α)
h(γ)j(α) − Γ

i(α)
h(γ)l(α)Γ

l(α)
k(γ)j(α)

)

+

mγ∑
l=1

(
Γ
i(α)
k(γ)l(γ)Γ

l(γ)
h(γ)j(α) − Γ

i(α)
h(γ)l(γ)Γ

l(γ)
k(γ)j(α)

)
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where Γ
i(α)
h(γ)j(α), Γ

l(α)
h(γ)j(α), Γ

i(α)
h(γ)l(α) and Γ

i(α)
h(γ)l(γ) vanish due to (4.62) and (4.64) and

where

mγ∑
l=1

Γ
i(α)
k(γ)l(γ)Γ

l(γ)
h(γ)j(α)

(4.62)
=

(4.63)

mγ∑
l=h

Γ
i(α)
k(γ)l(γ)Γ

l(γ)
h(γ)j(α)

(4.64)
= 0.

It follows that

R
i(α)
h(γ)k(γ)j(α) = −∂h(γ)Γ

i(α)
k(γ)j(α) = 0

as Γ
i(α)
k(γ)j(α) does not depend on any of the uh(γ)s for h ≥ 2.

Case 6: α = γ 6= β = ε. Our goal is to prove that

R
i(α)
h(β)k(α)j(β) = ∂k(α)Γ

i(α)
h(β)j(β) − ∂h(β)Γ

i(α)
k(α)j(β)

+
r∑

σ=1

mσ∑
l=1

(
Γ
i(α)
k(α)l(σ)Γ

l(σ)
h(β)j(β) − Γ

i(α)
h(β)l(σ)Γ

l(σ)
k(α)j(β)

)
= ∂k(α)Γ

i(α)
h(β)j(β) − ∂h(β)Γ

i(α)
k(α)j(β)

+
mα∑
l=1

(
Γ
i(α)
k(α)l(α)Γ

l(α)
h(β)j(β) − Γ

i(α)
h(β)l(α)Γ

l(α)
k(α)j(β)

)

+

mβ∑
l=1

(
Γ
i(α)
k(α)l(β)Γ

l(β)
h(β)j(β) − Γ

i(α)
h(β)l(β)Γ

l(β)
k(α)j(β)

)
+

∑
σ/∈{α,β}

mσ∑
l=1

(
Γ
i(α)
k(α)l(σ)Γ

l(σ)
h(β)j(β) − Γ

i(α)
h(β)l(σ)Γ

l(σ)
k(α)j(β)

)
(4.121)

(where Γ
i(α)
h(β)l(σ) vanishes due to (4.61)) vanishes. For j ≥ 2 (4.121) vanishes trivially,

as

R
i(α)
h(β)k(α)j(β) = ∂k(α)Γ

i(α)
h(β)j(β) − ∂h(β)Γ

i(α)
k(α)j(β)

+
mα∑
l=1

(
Γ
i(α)
k(α)l(α)Γ

l(α)
h(β)j(β) − Γ

i(α)
h(β)l(α)Γ

l(α)
k(α)j(β)

)

+

mβ∑
l=1

(
Γ
i(α)
k(α)l(β)Γ

l(β)
h(β)j(β) − Γ

i(α)
h(β)l(β)Γ

l(β)
k(α)j(β)

)
+

∑
σ/∈{α,β}

mσ∑
l=1

Γ
i(α)
k(α)l(σ)Γ

l(σ)
h(β)j(β)

(4.62)
=

(4.64)
Γ
i(α)
k(α)1(β)Γ

1(β)
h(β)j(β) − Γ

i(α)
h(β)1(β)Γ

1(β)
k(α)j(β)

(4.62)
=

(4.63)
Γ
i(α)
k(α)1(β)Γ

1(β)
h(β)j(β)
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=


Γ
i(α)
k(α)1(β)Γ

1(β)
1(β)j(β)

(4.79)
= −Γ

i(α)
k(α)1(β)

∑
σ 6=β

Γ
1(β)
1(σ)j(β)

(4.63)
= 0 if h = 1

Γ
i(α)
k(α)1(β)Γ

1(β)
h(β)j(β)

1−h−j≤−3
=

(4.69)
0 if h ≥ 2.

Let us then fix j = 1. (4.121) becomes

R
i(α)
h(β)k(α)1(β) = ∂k(α)Γ

i(α)
h(β)1(β) − ∂h(β)Γ

i(α)
k(α)1(β)

+
mα∑
l=1

(
Γ
i(α)
k(α)l(α)Γ

l(α)
h(β)1(β) − Γ

i(α)
h(β)l(α)Γ

l(α)
k(α)1(β)

)

+

mβ∑
l=1

(
Γ
i(α)
k(α)l(β)Γ

l(β)
h(β)1(β) − Γ

i(α)
h(β)l(β)Γ

l(β)
k(α)1(β)

)
+

∑
σ/∈{α,β}

mσ∑
l=1

Γ
i(α)
k(α)l(σ)Γ

l(σ)
h(β)1(β). (4.122)

We distinguish between the following subcases:

a. both h and k are greater or equal than 2

b. h = k = 1

c. h ≥ 2, k = 1

d. h = 1, k ≥ 2.

Subcase a: both k and h are greater or equal than 2. We have

R
i(α)
h(β)k(α)1(β) = ∂k(α)Γ

i(α)
h(β)1(β) − ∂h(β)Γ

i(α)
k(α)1(β)

+
mα∑
l=1

(
Γ
i(α)
k(α)l(α)Γ

l(α)
h(β)1(β) − Γ

i(α)
h(β)l(α)Γ

l(α)
k(α)1(β)

)

+

mβ∑
l=1

(
Γ
i(α)
k(α)l(β)Γ

l(β)
h(β)1(β) − Γ

i(α)
h(β)l(β)Γ

l(β)
k(α)1(β)

)
+

∑
σ/∈{α,β}

mσ∑
l=1

Γ
i(α)
k(α)l(σ)Γ

l(σ)
h(β)1(β)

(4.62)
=

(4.64)
−∂k(α)Γ

i(α)
h(β)1(α) − ∂h(β)Γ

i(α)
k(α)1(β) + Γ

i(α)
k(α)1(β)Γ

1(β)
h(β)1(β)

where Γ
i(α)
h(β)1(α) and Γ

1(β)
h(β)1(β) vanish due to (4.62) and (4.67) and where Γ

i(α)
k(α)1(β) does

not depend on uh(β) for h ≥ 2. Thus Ri(α)
h(β)k(α)1(β) = 0.

Subcase b: h = k = 1. (4.122) reads

R
i(α)
1(β)1(α)1(β) = ∂1(α)Γ

i(α)
1(β)1(β) − ∂1(β)Γ

i(α)
1(α)1(β)
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+
mα∑
l=1

(
Γ
i(α)
1(α)l(α)Γ

l(α)
1(β)1(β) − Γ

i(α)
1(β)l(α)Γ

l(α)
1(α)1(β)

)

+

mβ∑
l=1

(
Γ
i(α)
1(α)l(β)Γ

l(β)
1(β)1(β) − Γ

i(α)
1(β)l(β)Γ

l(β)
1(α)1(β)

)
+

∑
σ/∈{α,β}

mσ∑
l=1

Γ
i(α)
1(α)l(σ)Γ

l(σ)
1(β)1(β)

where in the second and in the third summation only the terms for l = 1 survive
(by (4.62) and (4.64)) and

∂1(α)Γ
i(α)
1(β)1(β) − ∂1(β)Γ

i(α)
1(α)1(β)

(4.79)
=

(4.61)
−∂1(α)Γ

i(α)
1(α)1(β) + ∂1(α)Γ

i(α)
1(α)1(β) = 0.

We get

R
i(α)
1(β)1(α)1(β) =

mα∑
l=1

(
Γ
i(α)
1(α)l(α)Γ

l(α)
1(β)1(β) − Γ

i(α)
1(β)l(α)Γ

l(α)
1(α)1(β)

)
+ Γ

i(α)
1(α)1(β)Γ

1(β)
1(β)1(β) − Γ

i(α)
1(β)1(β)Γ

1(β)
1(α)1(β)

+
∑

σ/∈{α,β}

Γ
i(α)
1(α)1(σ)Γ

1(σ)
1(β)1(β)

(4.63)
=

(4.67)

i∑
l=1

(
Γ
i(α)
1(α)l(α)Γ

l(α)
1(β)1(β) − Γ

i(α)
1(β)l(α)Γ

l(α)
1(α)1(β)

)
+ Γ

i(α)
1(α)1(β)Γ

1(β)
1(β)1(β) − Γ

i(α)
1(β)1(β)Γ

1(β)
1(α)1(β)

+
∑

σ/∈{α,β}

Γ
i(α)
1(α)1(σ)Γ

1(σ)
1(β)1(β)

(4.79)
=

(4.61)

i∑
l=1

(
− Γ

i(α)
1(β)l(α)Γ

l(α)
1(β)1(β) −

∑
σ/∈{α,β}

Γ
i(α)
1(σ)l(α)Γ

l(α)
1(β)1(β) + Γ

i(α)
1(β)l(α)Γ

l(α)
1(β)1(β)

)

− Γ
i(α)
1(α)1(β)

(
Γ

1(β)
1(α)1(β) +

∑
σ/∈{α,β}

Γ
1(β)
1(σ)1(β)

)
+ Γ

i(α)
1(β)1(α)Γ

1(β)
1(α)1(β)

+
∑

σ/∈{α,β}

Γ
i(α)
1(α)1(σ)Γ

1(σ)
1(β)1(β)

(4.63)
=

∑
σ/∈{α,β}

(
−

i∑
l=1

Γ
(i−l+1)(α)
1(σ)1(α) Γ

l(α)
1(β)1(β) − Γ

i(α)
1(α)1(β)Γ

1(β)
1(σ)1(β) + Γ

i(α)
1(α)1(σ)Γ

1(σ)
1(β)1(β)

)
(4.79)
=

(4.61)

∑
σ/∈{α,β}

( i∑
l=1

Γ
(i−l+1)(α)
1(σ)1(α) Γ

l(α)
1(β)1(α) − Γ

i(α)
1(α)1(β)Γ

1(β)
1(σ)1(β) − Γ

i(α)
1(α)1(σ)Γ

1(σ)
1(β)1(σ)

)
which vanishes by (4.77).
Subcase c: h ≥ 2, k = 1. The argument of subcase a applies here as well.
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Subcase d: h = 1, k ≥ 2. (4.122) reads

R
i(α)
1(β)k(α)1(β) = ∂k(α)Γ

i(α)
1(β)1(β) − ∂1(β)Γ

i(α)
k(α)1(β)

+
mα∑
l=1

(
Γ
i(α)
k(α)l(α)Γ

l(α)
1(β)1(β) − Γ

i(α)
1(β)l(α)Γ

l(α)
k(α)1(β)

)

+

mβ∑
l=1

(
Γ
i(α)
k(α)l(β)Γ

l(β)
1(β)1(β) − Γ

i(α)
1(β)l(β)Γ

l(β)
k(α)1(β)

)
+

∑
σ/∈{α,β}

mσ∑
l=1

Γ
i(α)
k(α)l(σ)Γ

l(σ)
1(β)1(β)

where in the second and in the third summation only the terms for l = 1 survive
(by (4.62) and (4.64)) and

∂k(α)Γ
i(α)
1(β)1(β) − ∂1(β)Γ

i(α)
k(α)1(β)

(4.79),(4.61)
=

(4.63)
−∂k(α)Γ

i(α)
1(β)1(α) − ∂1(β)Γ

(i−k+1)(α)
1(α)1(β)

(4.109)
= ∂1(β)Γ

(i−k+1)(α)
1(β)1(α) − ∂1(β)Γ

(i−k+1)(α)
1(α)1(β) = 0.

We get

R
i(α)
1(β)k(α)1(β)

(4.63)
=

(4.69)

i−k+2∑
l=1

Γ
i(α)
k(α)l(α)Γ

l(α)
1(β)1(β) −

i∑
l=k

Γ
i(α)
1(β)l(α)Γ

l(α)
k(α)1(β)

+ Γ
i(α)
k(α)1(β)Γ

1(β)
1(β)1(β) − Γ

i(α)
1(β)1(β)Γ

1(β)
k(α)1(β)

+
∑

σ/∈{α,β}

Γ
i(α)
k(α)1(σ)Γ

1(σ)
1(β)1(β)

(4.79),(4.61),(4.62)
=

(4.63),(4.69),(4.67)
−Γ

(i−k+1)(α)
1(α)1(α) Γ

1(α)
1(β)1(α) −

i−k+2∑
l=2

Γ
(i−k−l+4)(α)
2(α)2(α) Γ

l(α)
1(β)1(α)

−
i∑
l=k

Γ
(i−l+1)(α)
1(β)1(α) Γ

(l−k+1)(α)
1(α)1(β)

− Γ
(i−k+1)(α)
1(α)1(β) Γ

1(β)
1(α)1(β) −

∑
σ/∈{α,β}

Γ
(i−k+1)(α)
1(α)1(β) Γ

1(β)
1(σ)1(β)

−
∑

σ/∈{α,β}

Γ
(i−k+1)(α)
1(α)1(σ) Γ

1(σ)
1(β)1(σ)

(4.79)
= Γ

(i−k+1)(α)
1(β)1(α) Γ

1(α)
1(β)1(α) +

∑
σ/∈{α,β}

Γ
(i−k+1)(α)
1(σ)1(α) Γ

1(α)
1(β)1(α)

−
i−k+2∑
l=2

Γ
(i−k−l+4)(α)
2(α)2(α) Γ

l(α)
1(β)1(α) −

i∑
l=k

Γ
(i−l+1)(α)
1(β)1(α) Γ

(l−k+1)(α)
1(α)1(β)

− Γ
(i−k+1)(α)
1(α)1(β) Γ

1(β)
1(α)1(β) −

∑
σ/∈{α,β}

Γ
(i−k+1)(α)
1(α)1(β) Γ

1(β)
1(σ)1(β)
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−
∑

σ/∈{α,β}

Γ
(i−k+1)(α)
1(α)1(σ) Γ

1(σ)
1(β)1(σ)

= Γ
(i−k+1)(α)
1(β)1(α) Γ

1(α)
1(β)1(α) −

i−k+2∑
l=2

Γ
(i−k−l+4)(α)
2(α)2(α) Γ

l(α)
1(β)1(α)

− Γ
(i−k+1)(α)
1(β)1(α) Γ

1(α)
1(α)1(β) −

i∑
l=k+1

Γ
(i−l+1)(α)
1(β)1(α) Γ

(l−k+1)(α)
1(α)1(β)

− Γ
(i−k+1)(α)
1(α)1(β) Γ

1(β)
1(α)1(β)

+
∑

σ/∈{α,β}

(
Γ

(i−k+1)(α)
1(σ)1(α) Γ

1(α)
1(β)1(α) − Γ

(i−k+1)(α)
1(α)1(β) Γ

1(β)
1(σ)1(β) − Γ

(i−k+1)(α)
1(α)1(σ) Γ

1(σ)
1(β)1(σ)

)

= −
i−k+2∑
l=2

Γ
(i−k−l+4)(α)
2(α)2(α) Γ

l(α)
1(β)1(α) −

i−k+1∑
t=2

Γ
(i−k−t+2)(α)
1(β)1(α) Γ

t(α)
1(α)1(β)

− Γ
(i−k+1)(α)
1(α)1(β) Γ

1(β)
1(α)1(β)

+
∑

σ/∈{α,β}

(
Γ

(i−k+1)(α)
1(σ)1(α) Γ

1(α)
1(β)1(α) − Γ

(i−k+1)(α)
1(α)1(β) Γ

1(β)
1(σ)1(β) − Γ

(i−k+1)(α)
1(α)1(σ) Γ

1(σ)
1(β)1(σ)

)

= −Γ
2(α)
2(α)2(α)Γ

(i−k+2)(α)
1(β)1(α) −

i−k+1∑
l=2

(
Γ

(i−k−l+4)(α)
2(α)2(α) + Γ

(i−k−l+2)(α)
1(β)1(α)

)
Γ
l(α)
1(β)1(α)

− Γ
(i−k+1)(α)
1(α)1(β) Γ

1(β)
1(α)1(β)

+
∑

σ/∈{α,β}

(
Γ

(i−k+1)(α)
1(σ)1(α) Γ

1(α)
1(β)1(α) − Γ

(i−k+1)(α)
1(α)1(β) Γ

1(β)
1(σ)1(β) − Γ

(i−k+1)(α)
1(α)1(σ) Γ

1(σ)
1(β)1(σ)

)
(4.79)
= −Γ

2(α)
2(α)2(α)Γ

(i−k+2)(α)
1(β)1(α) −

i−k+1∑
l=2

(
Γ

(i−k−l+4)(α)
2(α)2(α) − Γ

(i−k−l+2)(α)
1(α)1(α)

)
Γ
l(α)
1(β)1(α)

+
∑

σ/∈{α,β}

i−k+1∑
l=2

Γ
(i−k−l+2)(α)
1(σ)1(α) Γ

l(α)
1(β)1(α) − Γ

(i−k+1)(α)
1(α)1(β) Γ

1(β)
1(α)1(β)

+
∑

σ/∈{α,β}

(
Γ

(i−k+1)(α)
1(σ)1(α) Γ

1(α)
1(β)1(α) − Γ

(i−k+1)(α)
1(α)1(β) Γ

1(β)
1(σ)1(β) − Γ

(i−k+1)(α)
1(α)1(σ) Γ

1(σ)
1(β)1(σ)

)

where

−Γ
2(α)
2(α)2(α)Γ

(i−k+2)(α)
1(β)1(α) − Γ

(i−k+1)(α)
1(α)1(β) Γ

1(β)
1(α)1(β) =

i−k+1∑
l=2

(
Γ

(i−k−l+4)(α)
2(α)2(α) − Γ

(i−k−l+2)(α)
1(α)1(α)

)
Γ
l(α)
1(β)1(α)

by means of (4.78). This yields

R
i(α)
1(β)k(α)1(β) =

∑
σ/∈{α,β}

i−k+1∑
l=2

Γ
(i−k−l+2)(α)
1(σ)1(α) Γ

l(α)
1(β)1(α)
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+
∑

σ/∈{α,β}

(
Γ

(i−k+1)(α)
1(σ)1(α) Γ

1(α)
1(β)1(α) − Γ

(i−k+1)(α)
1(α)1(β) Γ

1(β)
1(σ)1(β) − Γ

(i−k+1)(α)
1(α)1(σ) Γ

1(σ)
1(β)1(σ)

)
where for each σ /∈ {α, β}we have

−Γ
(i−k+1)(α)
1(α)1(β) Γ

1(β)
1(σ)1(β) − Γ

(i−k+1)(α)
1(α)1(σ) Γ

1(σ)
1(β)1(σ) = −

i−k+1∑
t=1

Γ
(i−k−t+2)(α)
1(σ)1(α) Γ

t(α)
1(β)1(α)

by means of (4.77). Thus

R
i(α)
1(β)k(α)1(β) =

∑
σ/∈{α,β}

i−k+1∑
l=2

Γ
(i−k−l+2)(α)
1(σ)1(α) Γ

l(α)
1(β)1(α)

+
∑

σ/∈{α,β}

(
Γ

(i−k+1)(α)
1(σ)1(α) Γ

1(α)
1(β)1(α) −

i−k+1∑
t=1

Γ
(i−k−t+2)(α)
1(σ)1(α) Γ

t(α)
1(β)1(α)

)

=
∑

σ/∈{α,β}

(i−k+1∑
l=2

Γ
(i−k−l+2)(α)
1(σ)1(α) Γ

l(α)
1(β)1(α) + Γ

(i−k+1)(α)
1(σ)1(α) Γ

1(α)
1(β)1(α)

− Γ
(i−k+1)(α)
1(σ)1(α) Γ

1(α)
1(β)1(α) −

i−k+1∑
t=2

Γ
(i−k−t+2)(α)
1(σ)1(α) Γ

t(α)
1(β)1(α)

)
= 0.

Case 7: α = β /∈ {γ, ε}, γ 6= ε. Our goal is to prove that

R
i(α)
h(ε)k(γ)j(α) = ∂k(γ)Γ

i(α)
h(ε)j(α) − ∂h(ε)Γ

i(α)
k(γ)j(α)

+
r∑

σ=1

mσ∑
l=1

(
Γ
i(α)
k(γ)l(σ)Γ

l(σ)
h(ε)j(α) − Γ

i(α)
h(ε)l(σ)Γ

l(σ)
k(γ)j(α)

)
(4.79)
=

(4.61)

mα∑
l=1

(
Γ
i(α)
k(γ)l(α)Γ

l(α)
h(ε)j(α) − Γ

i(α)
h(ε)l(α)Γ

l(α)
k(γ)j(α)

)
(4.123)

vanishes. This trivially holds when h ≥ 2 or k ≥ 2, by (4.62). Let us then fix
h = k = 1. We have

R
i(α)
1(ε)1(γ)j(α) =

mα∑
l=1

(
Γ
i(α)
1(γ)l(α)Γ

l(α)
1(ε)j(α) − Γ

i(α)
1(ε)l(α)Γ

l(α)
1(γ)j(α)

)
(4.63)
=

i∑
l=j

Γ
(i−l+1)(α)
1(γ)1(α) Γ

(l−j+1)(α)
1(ε)1(α) −

i∑
l=j

Γ
(i−l+1)(α)
1(ε)1(α) Γ

(l−j+1)(α)
1(γ)1(α)

=
i∑
l=j

Γ
(i−l+1)(α)
1(γ)1(α) Γ

(l−j+1)(α)
1(ε)1(α) −

i∑
t=j

Γ
(t−j+1)(α)
1(ε)1(α) Γ

(i−t+1)(α)
1(γ)1(α) = 0.

Case 8: α = γ /∈ {β, ε}, β 6= ε. Our goal is to prove that

R
i(α)
h(ε)k(α)j(β) = ∂k(α)Γ

i(α)
h(ε)j(β) − ∂h(ε)Γ

i(α)
k(α)j(β)
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+
r∑

σ=1

mσ∑
l=1

(
Γ
i(α)
k(α)l(σ)Γ

l(σ)
h(ε)j(β) − Γ

i(α)
h(ε)l(σ)Γ

l(σ)
k(α)j(β)

)
(4.61)
=

mα∑
l=1

(
Γ
i(α)
k(α)l(α)Γ

l(α)
h(ε)j(β) − Γ

i(α)
h(ε)l(α)Γ

l(α)
k(α)j(β)

)

+

mβ∑
l=1

(
Γ
i(α)
k(α)l(β)Γ

l(β)
h(ε)j(β) − Γ

i(α)
h(ε)l(β)Γ

l(β)
k(α)j(β)

)
+

mε∑
l=1

(
Γ
i(α)
k(α)l(ε)Γ

l(ε)
h(ε)j(β) − Γ

i(α)
h(ε)l(ε)Γ

l(ε)
k(α)j(β)

)
(4.61),(4.62)

=
(4.63)

−
i∑
l=k

Γ
i(α)
h(ε)l(α)Γ

l(α)
k(α)j(β) + Γ

i(α)
k(α)1(β)Γ

1(β)
h(ε)j(β) + Γ

i(α)
k(α)1(ε)Γ

1(ε)
h(ε)j(β)

(4.124)

vanishes. If j ≥ 2 or h ≥ 2 then (4.124) trivially vanishes, by (4.62) and (4.63). Let
us then fix j = 1 and h = 1. We have

R
i(α)
1(ε)k(α)1(β) = −

i∑
l=k

Γ
i(α)
1(ε)l(α)Γ

l(α)
k(α)1(β) + Γ

i(α)
k(α)1(β)Γ

1(β)
1(ε)1(β) + Γ

i(α)
k(α)1(ε)Γ

1(ε)
1(ε)1(β)

(4.63)
= −

i∑
l=k

Γ
(i−l+1)(α)
1(ε)1(α) Γ

(l−k+1)(α)
1(α)1(β) + Γ

(i−k+1)(α)
1(α)1(β) Γ

1(β)
1(ε)1(β) + Γ

(i−k+1)(α)
1(α)1(ε) Γ

1(ε)
1(ε)1(β)

= −
i−k+1∑
t=1

Γ
(i−t−k+2)(α)
1(ε)1(α) Γ

t(α)
1(α)1(β) + Γ

(i−k+1)(α)
1(α)1(β) Γ

1(β)
1(ε)1(β) + Γ

(i−k+1)(α)
1(α)1(ε) Γ

1(ε)
1(ε)1(β)

which vanishes by means of (4.77).
Case 9: β = γ /∈ {α, ε}, α 6= ε. Our goal is to prove that

R
i(α)
h(ε)k(β)j(β) = ∂k(β)Γ

i(α)
h(ε)j(β) − ∂h(ε)Γ

i(α)
k(β)j(β)

+
r∑

σ=1

mσ∑
l=1

(
Γ
i(α)
k(β)l(σ)Γ

l(σ)
h(ε)j(β) − Γ

i(α)
h(ε)l(σ)Γ

l(σ)
k(β)j(β)

)
(4.61)
=

mα∑
l=1

(
Γ
i(α)
k(β)l(α)Γ

l(α)
h(ε)j(β) − Γ

i(α)
h(ε)l(α)Γ

l(α)
k(β)j(β)

)

+

mβ∑
l=1

(
Γ
i(α)
k(β)l(β)Γ

l(β)
h(ε)j(β) − Γ

i(α)
h(ε)l(β)Γ

l(β)
k(β)j(β)

)
+

mε∑
l=1

(
Γ
i(α)
k(β)l(ε)Γ

l(ε)
h(ε)j(β) − Γ

i(α)
h(ε)l(ε)Γ

l(ε)
k(β)j(β)

)
(4.61),(4.63)

=
(4.64)

−
i∑
l=1

Γ
i(α)
h(ε)l(α)Γ

l(α)
k(β)j(β) + Γ

i(α)
k(β)1(β)Γ

1(β)
h(ε)j(β) − Γ

i(α)
h(ε)1(ε)Γ

1(ε)
k(β)j(β)

(4.125)
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vanishes. If j ≥ 2 or h ≥ 2 or k ≥ 2 then (4.125) trivially vanishes, by (4.62), (4.63)
and (4.64). Let us then fix j = h = k = 1. We have

R
i(α)
1(ε)1(β)1(β) = −

i∑
l=1

Γ
(i−l+1)(α)
1(ε)1(α) Γ

l(α)
1(β)1(β) + Γ

i(α)
1(β)1(β)Γ

1(β)
1(ε)1(β) − Γ

i(α)
1(ε)1(ε)Γ

1(ε)
1(β)1(β)

(4.79)
=

(4.61)

i∑
l=1

Γ
(i−l+1)(α)
1(ε)1(α) Γ

l(α)
1(β)1(α) − Γ

i(α)
1(β)1(α)Γ

1(β)
1(ε)1(β) − Γ

i(α)
1(ε)1(α)Γ

1(ε)
1(β)1(ε)

which vanishes by means of (4.77).
Case 10: γ = ε /∈ {α, β}, α 6= β. Our goal is to prove that

R
i(α)
h(γ)k(γ)j(β) = ∂k(γ)Γ

i(α)
h(γ)j(β) − ∂h(γ)Γ

i(α)
k(γ)j(β)

+
r∑

σ=1

mσ∑
l=1

(
Γ
i(α)
k(γ)l(σ)Γ

l(σ)
h(γ)j(β) − Γ

i(α)
h(γ)l(σ)Γ

l(σ)
k(γ)j(β)

)
(4.61)
=

mγ∑
l=1

(
Γ
i(α)
k(γ)l(γ)Γ

l(γ)
h(γ)j(β) − Γ

i(α)
h(γ)l(γ)Γ

l(γ)
k(γ)j(β)

)
(4.64)
= Γ

i(α)
k(γ)1(γ)Γ

1(γ)
h(γ)j(β) − Γ

i(α)
h(γ)1(γ)Γ

1(γ)
k(γ)j(β) (4.126)

vanishes. If j ≥ 2 or h ≥ 2 or k ≥ 2 then (4.126) trivially vanishes, by (4.62), (4.63)
and (4.64). Let us then fix j = h = k = 1. We have

R
i(α)
1(γ)1(γ)1(β) = Γ

i(α)
1(γ)1(γ)Γ

1(γ)
1(γ)1(β) − Γ

i(α)
1(γ)1(γ)Γ

1(γ)
1(γ)1(β) = 0.

Case 11: α, β, γ and ε are pairwise distinct. Our goal is to prove that

R
i(α)
h(ε)k(γ)j(β) = ∂k(γ)Γ

i(α)
h(ε)j(β) − ∂h(ε)Γ

i(α)
k(γ)j(β)

+
r∑

σ=1

mσ∑
l=1

(
Γ
i(α)
k(γ)l(σ)Γ

l(σ)
h(ε)j(β) − Γ

i(α)
h(ε)l(σ)Γ

l(σ)
k(γ)j(β)

)
(4.127)

vanishes. Since the only Christoffel symbols appearing have each of the three in-
dices belonging to a different block, (4.127) trivially vanishes by (4.61).

This concludes the proof about the flatness of∇.

4.6.8 Uniqueness

In order to prove uniqueness we have to prove that (part of the) conditions (1), (2),
(3), (4) and (5) force ∇ to be of the form given in Proposition 4.15. We have seen
that the condition ∇e = 0 is equivalent to (4.79). Let α, β, γ be pairwise distinct.
By means of the condition

∇ic
l
jk = ∇jc

l
ik, i, j, k, l ∈ {1, . . . , n},

after a long but straightforward computation one obtains the following relations:
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(i) Γ
l(β)
i(α)(j+k)(α) = Γ

l(β)
(i+k)(α)j(α),

(ii) Γ
k(β)
i(α)j(β) = Γ

l(β)
i(α)m(β) when k − j = l −m,

(iii) Γ
k(α)
(i−1)(α)j(α) = Γ

k(α)
i(α)(j−1)(α) when the lower indices are both different from 1

and not simultaneously equal to 2,

(iv) Γ
k(α)
i(α)j(α) = Γ

(k+1)(α)
i(α)(j+1)(α) when j 6= 1,

(v) Γ
k(α)
i(α)j(β) = −Γ

(k−i+1)(α)
1(β)j(β) ,

(vi) Γ
k(γ)
i(α)j(β) = 0.

The above quantities must be considered non-null when the indices do not exceed
the size of the corresponding block. By virtue of the condition (4.81), a straightfor-
ward computation leads to the following relations:

1. Γ
k(α)
i(α)j(α) =

Γ
(k−i−j+4)(α)
2(α)2(α) if k − i− j ≥ −2,

0 if k − i− j ≤ −3,
when i, j > 1,

2. Γ
2(α)
2(α)2(α) = −mαεα

u2(α)
,

3. Γ
1(α)
1(α)j(α) = 0 when or j ≥ 2,

4. Γ
k(α)
i(α)j(β) = 0 when k < i or j ≥ 2,

5. Γ
i(α)
i(α)1(β) =

mβεβ
u1(α)−u1(β) ,

6. Γ
(i+h)(α)
i(α)1(β) = − 1

u1(α)−u1(β)
h+1∑
s=2

Γ
(i+h−s+1)(α)
i(α)1(β) us(α) for h ≥ 1,

7. Γ
n(α)
2(α)2(α) = Γ

(n−2)(α)
1(α)1(α) − Γ

2(α)
2(α)2(α)

un(α)

u2(α)
− 1

u2(α)

n−3∑
l=1

(
Γ

(l+2)(α)
2(α)2(α) − Γ

l(α)
1(α)1(α)

)
u(n−l)(α)

for n ≥ 36.

By collecting all of the conditions above, one obtains Christoffel symbols of the
form given in Proposition 4.15.

6The last summation is not to be considered for n ∈ {2, 3}.
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4.7 The dual structure

In this section we study in more detail the dual structure (∇∗, ∗, E), where

• E is the Euler vector field,

• ∗ is the dual product defined by the formula

X ∗ Y = E−1 ◦X ◦ Y

for arbitrary vector fields X and Y ,

• ∇∗ is the connection defined by the Christoffel symbols

Γ∗kij = Γkij − c∗lji∇lE
k, i, j, k ∈ {1, . . . , n}.

Proposition 4.28 For each α ∈ {1, . . . , r} the components of the inverse of the Euler
vector field E are given by

(E−1)1(α) =
1

u1(α)
(4.128)

(E−1)(k+1)(α) = − 1

u1(α)

k∑
s=1

(E−1)(k−s+1)(α) u(s+1)(α) for 1 ≤ k ≤ mα − 1. (4.129)

Proof: By definition we have

E−1 ◦ E = e =
r∑

τ=1

∂1(τ)

which (by taking the k(α)-th component) yields

r∑
τ=1

δ
k(α)
1(τ) = (E−1 ◦ E)k(α) =

n∑
i,j=1

(E−1)i c
k(α)
ij Ej

=
r∑

σ,τ=1

mσ∑
i=1

mτ∑
j=1

(E−1)i(σ) c
k(α)
i(σ)j(τ) E

j(τ)

=
mα∑
i,j=1

(E−1)i(α) c
k(α)
i(α)j(α) E

j(α) =
mα∑
i,j=1

(E−1)i(α) δki+j−1E
j(α)

=
mα∑
j=1

(E−1)(k−j+1)(α) Ej(α).

Since
r∑

τ=1

δ
k(α)
1(τ) = δk1
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we obtain

δk1 =
mα∑
j=1

(E−1)(k−j+1)(α) Ej(α). (4.130)

By taking k = 1 we get

1 =
mα∑
j=1

(E−1)(2−j)(α) Ej(α)

where the quantity (E−1)(2−j)(α) only makes sense for j = 1, thus

1 = (E−1)1(α) E1(α) = (E−1)1(α) u1(α)

which yields

(E−1)1(α) =
1

u1(α)
.

By taking k ≥ 2 in (4.130) we get

0 =
mα∑
j=1

(E−1)(k−j+1)(α) Ej(α)

where the quantity (E−1)(k−j+1)(α) only makes sense for j ≤ k, thus

0 =
k∑
j=1

(E−1)(k−j+1)(α) Ej(α)

= (E−1)k(α) u1(α) +
k∑
j=2

(E−1)(k−j+1)(α) uj(α)

= (E−1)k(α) u1(α) +
k−1∑
s=1

(E−1)(k−s)(α) u(s+1)(α)

which yields

(E−1)k(α) = − 1

u1(α)

k−1∑
s=1

(E−1)(k−s)(α) u(s+1)(α).

In particular, by relabelling k = h+ 1 this becomes

(E−1)(h+1)(α) = − 1

u1(α)

h∑
s=1

(E−1)(h−s+1)(α) u(s+1)(α).
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Remark 4.29 By definition, the dual product ∗ must verify the following relation:

X ∗ Y = E−1 ◦X ◦ Y (4.131)

for X , Y arbitrary vector fields. This means that

Xjc∗ijkY
k = (E−1)aciabX

jcbjkY
k, X , Y ∈ X(M),

namely

c∗ijk = (E−1)aciabc
b
jk, i, j, k ∈ {1, . . . , n}.

Therefore

c∗
i(α)
j(β)k(γ) =

r∑
σ,τ=1

mσ∑
a=1

mτ∑
b=1

(E−1)a(σ)c
i(α)
a(σ)b(τ)c

b(τ)
j(β)k(γ) =

mα∑
a,b=1

(E−1)a(α)c
i(α)
a(α)b(α)c

b(α)
j(β)k(γ)

=
mα∑
a,b=1

(E−1)a(α)δia+b−1 δ
α
β δ

α
γ δ

b
j+k−1 = δαβ δ

α
γ

mα∑
b=1

(E−1)(i−b+1)(α)δbj+k−1

= δαβ δ
α
γ (E−1)(i−j−k+2)(α) (4.132)

for all suitable indices.

Proposition 4.30 The Christoffel symbols of the dual connection∇∗ are given by

Γ∗
k(α)
i(β)j(γ) = Γ

k(α)
i(β)j(γ) − δ

α
β δ

α
γ (E−1)(k−i−j+2)(α)

[
δk1

(
1−

∑
σ 6=α

mσεσ

)

+ (1− δk1)

(
1−

r∑
τ=1

mτετ

)]
− (1− δαβ ) δβγ δ

1
i δ

1
j δ
k
1

mβεβ
u1(β)

(4.133)

for every choice of α, β, γ ∈ {1, . . . , r} and every k ∈ {1, . . . ,mα}, i ∈ {1, . . . ,mβ},
j ∈ {1, . . . ,mγ}.

Proof: By means of (1.60) we have

Γ∗
k(α)
i(β)j(γ) = Γ

k(α)
i(β)j(γ) −

n∑
l=1

c∗li(β)j(γ)∇lE
k(α)

= Γ
k(α)
i(β)j(γ) −

r∑
τ=1

mτ∑
l=1

c∗
l(τ)
i(β)j(γ)∇l(τ)E

k(α)

where ∇l(τ)E
k(α) 6= 0 only for τ = α and for τ 6= α and l = k = 1 by (4.74). It

follows that

Γ∗
k(α)
i(β)j(γ) = Γ

k(α)
i(β)j(γ) −

mα∑
l=1

c∗
l(α)
i(β)j(γ)∇l(α)E

k(α)
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−
∑
τ 6=α

c∗
1(τ)
i(β)j(γ)∇1(τ)E

1(α) δk1

= Γ
k(α)
i(β)j(γ) −

mα∑
l=1

δαβ δ
α
γ (E−1)(l−i−j+2)(α)∇l(α)E

k(α)

−
∑
τ 6=α

δτβδ
τ
γ (E−1)(3−i−j)(τ)∇1(τ)E

1(α) δk1

which immediately implies

Γ∗
k(α)
i(β)j(γ) = Γ

k(α)
i(β)j(γ)

whenever β 6= γ. If α = β = γ then we get

Γ∗
k(α)
i(α)j(α) = Γ

k(α)
i(α)j(α) −

mα∑
l=1

(E−1)(l−i−j+2)(α)∇l(α)E
k(α)

as δτβ = δτα = 0 for every τ 6= α, where

∇l(α)E
k(α) = δkl

[
δk1

(
1−

∑
σ 6=α

mσεσ

)
+ (1− δk1)

(
1−

r∑
τ=1

mτετ

)]

by (4.74). It follows that

Γ∗
k(α)
i(α)j(α) = Γ

k(α)
i(α)j(α) − (E−1)(k−i−j+2)(α)

[
δk1

(
1−

∑
σ 6=α

mσεσ

)

+ (1− δk1)

(
1−

r∑
τ=1

mτετ

)]
.

If α 6= β = γ then we have

Γ∗
k(α)
i(β)j(β) = Γ

k(α)
i(β)j(β) −

∑
τ 6=α

δτβ (E−1)(3−i−j)(τ)∇1(τ)E
1(α) δk1

= Γ
k(α)
i(β)j(β) − (E−1)(3−i−j)(β)∇1(β)E

1(α) δk1

= Γ
k(α)
i(β)j(β) − (E−1)(3−i−j)(β) mβεβ δ

k
1

by (4.74), where (E−1)(3−i−j)(β) only makes sense for 3 − i − j ≥ 1 that is i + j ≤ 2

namely i = j = 1. Thus (E−1)(3−i−j)(β) = δ1
i δ

1
j (E−1)1(β) = δ1

i δ
1
j

1
u1(β)

yielding

Γ∗
k(α)
i(β)j(β) = Γ

k(α)
i(β)j(β) − δ

1
i δ

1
j δ
k
1

mβεβ
u1(β)

.
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4.8 Generalized Lenard-Magri chains and the princi-
pal hierarchy

The main idea at the origin of our work was to identify the integrable hierarchy
obtained by applying the construction of [62] starting from a (1, 1)-type tensor field
L with vanishing Nijenhuis torsion with a set of symmetries of the principal hier-
archy associated with a bi-flat F-manifold, for each of the canonical forms found
by David and Hertling in [18] for L = E◦ in the case of regular F-manifolds with
Euler vector field. This amounts to requiring that all of the tensor fields

V0 = X(0)◦ = e◦ = I

V1 = X(1)◦ = (E − a0 e)◦ = L− a0I

V2 = X(2)◦ = (E ◦ E − a0E − a1 e)◦ = L2 − a0L− a1I

...

Vk+1 = X(k+1)◦ = LVk − akI = (Ek+1 − a0E
k − a1E

k−1 + · · · − ake) ◦
= Lk+1 − a0L

k − a1L
k−1 + · · · − akI

...

defined recursively by

dak+1 = dLak − akda0, k ≥ 0,

starting from

a0 =
r∑

α=1

mαεα u
1(α)

satisfy the condition d∇Vk = 0. Actually, in order to get the connection ∇, we
needed to impose only the first non-trivial condition

d∇(L− a0I) = 0.

In this section we will prove that the same condition is satisfied by all tensor fields
Vk. In other words, as it is natural to expect, the connection ∇ is associated to the
full hierarchy and not only to a single special flow. In order to prove this fact, we
will use the commutativity of the associated flows [62]. According to the results of
[64], the commutativity of the flows associated with Vα and Vβ can be written as

cris

[(
LX(α)

c
)i
jk
Xk

(β) −
(
LX(β)

c
)i
jk
Xk

(α) + cijk[X(α), X(β)]
k

]
+

crij

[(
LX(α)

c
)i
sk
Xk

(β) −
(
LX(β)

c
)i
sk
Xk

(α) + cisk[X(α), X(β)]
k

]
= 0
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where, as above, LX denotes the Lie derivative along a vector field X . We have the
following lemma.

Lemma 4.31 The commutativity condition can be written as

V s
i (d∇W )ljs + V s

j (d∇W )lis +W s
i (d∇V )ljs +W s

j (d∇V )lis = 0 (4.134)

for all indices, where V = X(α)◦ and W = X(β)◦.

The proof is a straightforward computation. This lemma leads to the following
proposition.

Proposition 4.32 The tensor fields Vβ satisfy the condition

d∇Vβ = 0, β ∈ {2, 3, 4, . . . }.

Proof: Due to the previous lemma and taking into account that d∇V1 = 0, we
can assume the validity of the equation

V s
i (d∇W )ljs + V s

j (d∇W )lis = 0, (4.135)

with V = L− a0I and W = Vβ for some fixed β ≥ 2. We recall that

V
a(α)
b(β) = δαβ

(
u(a−b+1)(α)1{a≥b} − δaba0

)
.

In particular, V a(α)
b(β) = 0 whenever α 6= β. Using these facts, it is immediate to check

that the condition (4.135) in David-Hertling canonical coordinates reads

V
s(σ)
j(α) (d∇W )

i(γ)
l(β)s(σ) + V

s(σ)
l(β) (d∇W )

i(γ)
j(α)s(σ) = 0.

Let us study its consequences. We consider the following cases:

1. α = β

2. α 6= β.

Case 1: α = β. We fix the index i. In this case we have

0 = V
s(σ)
j(α) (d∇W )

i(γ)
l(α)s(σ) + V

s(σ)
l(α) (d∇W )

i(γ)
j(α)s(σ)

= V
s(α)
j(α) (d∇W )

i(γ)
l(α)s(α) + V

s(α)
l(α) (d∇W )

i(γ)
j(α)s(α).

We show that (d∇W )
i(γ)
(mα−q)(α)(mα−h)(α) = 0 by a double procedure of induction, over

q and h. By taking j = mα we get

0 = V
s(α)
mα(α)(d∇W )

i(γ)
l(α)s(α) + V

s(α)
l(α) (d∇W )

i(γ)
mα(α)s(α)

203



which gives

0 = V
s(α)
mα(α)(d∇W )

i(γ)
(mα−1)(α)s(α) + V

s(α)
(mα−1)(α)(d∇W )

i(γ)
mα(α)s(α)

= V
mα(α)
mα(α) (d∇W )

i(γ)
(mα−1)(α)mα(α) + V

(mα−1)(α)
(mα−1)(α) (d∇W )

i(γ)
mα(α)(mα−1)(α)

+ V
mα(α)

(mα−1)(α)(d∇W )
i(γ)
mα(α)mα(α) = u2(α)(d∇W )

i(γ)
mα(α)mα(α)

thus (d∇W )
i(γ)
mα(α)mα(α) = 0 for l = mα − 1 (we already knew it, due to the antisym-

metry of d∇W in the lower indices),

0 = V
s(α)
mα(α)(d∇W )

i(γ)
(mα−2)(α)s(α) + V

s(α)
(mα−2)(α)(d∇W )

i(γ)
mα(α)s(α)

= V
mα(α)
mα(α) (d∇W )

i(γ)
(mα−2)(α)mα(α) + V

(mα−2)(α)
(mα−2)(α) (d∇W )

i(γ)
mα(α)(mα−2)(α)

+ V
(mα−1)(α)

(mα−2)(α) (d∇W )
i(γ)
mα(α)(mα−1)(α) + V

mα(α)
(mα−2)(α)(d∇W )

i(γ)
mα(α)mα(α)

= u2(α)(d∇W )
i(γ)
mα(α)(mα−1)(α)

thus (d∇W )
i(γ)
mα(α)(mα−1)(α) = 0 for l = mα − 2 and

0 = V
s(α)
mα(α)(d∇W )

i(γ)
(mα−h−1)(α)s(α) + V

s(α)
(mα−h−1)(α)(d∇W )

i(γ)
mα(α)s(α)

= V
mα(α)(α)
mα(α) (d∇W )

i(γ)
(mα−h−1)(α)mα(α)(α) + V

(mα−h−1)(α)
(mα−h−1)(α) (d∇W )

i(γ)
mα(α)(mα−h−1)(α)

+
mα∑

s=mα−h

V
s(α)

(mα−h−1)(α)(d∇W )
i(γ)
mα(α)s(α)

= V
(mα−h)(α)

(mα−h−1)(α)(d∇W )
i(γ)
mα(α)(mα−h)(α) +

mα∑
s=mα−h+1

V
s(α)

(mα−h−1)(α)(d∇W )
i(γ)
mα(α)s(α)

for l = mα−h− 1 (for a given h ≥ 1). This last condition, if we inductively assume
that (d∇W )

i(γ)
mα(α)(mα−r)(α) = 0 for each r ≤ h − 1, yields (d∇W )

i(γ)
mα(α)(mα−h)(α) = 0.

We have just proved that (d∇W )
i(γ)
mα(α)j(α) = 0 for every choice of j. We want to

prove now that (d∇W )
i(γ)
(mα−q)(α)j(α) = 0 for each choice of j for a given q ≥ 1. We

inductively assume that (d∇W )
i(γ)
(mα−r)(α)j(α) = 0 for each choice of j and r ≤ q − 1.

By taking l = mα − q we get

0 = V
s(α)
j(α) (d∇W )

i(γ)
(mα−q)(α)s(α) + V

s(α)
(mα−q)(α)(d∇W )

i(γ)
j(α)s(α)

where (d∇W )
i(γ)
(mα−q)(α)s(α) = 0 and (d∇W )

i(γ)
j(α)s(α) = 0 for each s ≥ mα − q + 1 thus

0 =

mα−q∑
s=j

V
s(α)
j(α) (d∇W )

i(γ)
(mα−q)(α)s(α) +

mα−q∑
s=mα−q

V
s(α)

(mα−q)(α)(d∇W )
i(γ)
j(α)s(α)

=

mα−q∑
s=j

V
s(α)
j(α) (d∇W )

i(γ)
(mα−q)(α)s(α) + V

(mα−q)(α)
(mα−q)(α) (d∇W )

i(γ)
j(α)(mα−q)(α)
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= V
j(α)
j(α) (d∇W )

i(γ)
(mα−q)(α)j(α) +

mα−q∑
s=j+1

V
s(α)
j(α) (d∇W )

i(γ)
(mα−q)(α)s(α)

+ V
(mα−q)(α)

(mα−q)(α) (d∇W )
i(γ)
j(α)(mα−q)(α) =

mα−q∑
s=j+1

V
s(α)
j(α) (d∇W )

i(γ)
(mα−q)(α)s(α)

which is trivially verified whenever j ≥ mα − q and gives

0 = V
(mα−q)(α)

(mα−q−1)(α)(d∇W )
i(γ)
(mα−q)(α)(mα−q)(α)

thus (d∇W )
i(γ)
(mα−q)(α)(mα−q)(α) = 0 for j = mα − q − 1 and

0 =

mα−q∑
s=mα−t

V
s(α)

(mα−t−1)(α)(d∇W )
i(γ)
(mα−q)(α)s(α)

= V
(mα−t)(α)

(mα−t−1)(α)(d∇W )
i(γ)
(mα−q)(α)(mα−t)(α) +

mα−q∑
s=mα−t+1

V
s(α)

(mα−t−1)(α)(d∇W )
i(γ)
(mα−q)(α)s(α)

for j = mα − t − 1 (given some t ≥ 1). This last condition, together with the
inductive assumption of (d∇W )

i(γ)
(mα−q)(α)(mα−r)(α) = 0 for each choice of r ≤ t − 1,

yields (d∇W )
i(γ)
(mα−q)(α)(mα−t)(α) = 0. This proves that (d∇W )

i(γ)
(mα−q)(α)j(α) = 0 for each

choice of j and in turn that (d∇W )
i(γ)
j(α)l(α) = 0 for each choice of j and l.

Case 2: α 6= β. We fix the index i. In this case we have

0 = V
s(σ)
j(α) (d∇W )

i(γ)
l(β)s(σ) + V

s(σ)
l(β) (d∇W )

i(γ)
j(α)s(σ) =

mα∑
s=j

V
s(α)
j(α) (d∇W )

i(γ)
l(β)s(α)

+

mβ∑
s=l

V
s(β)
l(β) (d∇W )

i(γ)
j(α)s(β) =

(
u1(α) − a0

)
(d∇W )

i(γ)
l(β)j(α) +

mα∑
s=j+1

V
s(α)
j(α) (d∇W )

i(γ)
l(β)s(α)

+
(
u1(β) − a0

)
(d∇W )

i(γ)
j(α)l(β) +

mβ∑
s=l+1

V
s(β)
l(β) (d∇W )

i(γ)
j(α)s(β)

=
(
u1(α) − u1(β)

)
(d∇W )

i(γ)
l(β)j(α) +

mα∑
s=j+1

V
s(α)
j(α) (d∇W )

i(γ)
l(β)s(α) +

mβ∑
s=l+1

V
s(β)
l(β) (d∇W )

i(γ)
j(α)s(β)

which is trivially verified when γ 6= α, γ 6= β since

(d∇W )
i(γ)
j(α)l(β) = ∂j(α)W

i(γ)
l(β) + Γ

i(γ)
j(α)s(σ)W

s(σ)
l(β) − ∂l(β)W

i(γ)
j(α) − Γ

i(γ)
l(β)s(σ)W

s(σ)
j(α)

whereW a(µ)
b(ν) = 0 whenever µ 6= ν (becauseW = Vk is a polynomial in L and La(µ)

b(ν) =

0 whenever µ 6= ν) and Γ
a(µ)
b(ν)c(τ) = 0 whenever µ, ν and τ are pairwise distinct. We

are then left to consider the case where γ = α 6= β (due to the antisymmetry of
d∇W in the lower indices, this covers the case γ = β 6= α as well). We have

0 =
(
u1(α) − u1(β)

)
(d∇W )

i(α)
l(β)j(α)
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+
mα∑

s=j+1

V
s(α)
j(α) (d∇W )

i(α)
l(β)s(α) +

mβ∑
s=l+1

V
s(β)
l(β) (d∇W )

i(α)
j(α)s(β)

where

(d∇W )
i(α)
j(α)l(β) = ∂j(α)W

i(α)
l(β) + Γ

i(α)
j(α)s(β)W

s(β)
l(β) − ∂l(β)W

i(α)
j(α) − Γ

i(α)
l(β)s(α)W

s(α)
j(α)

= Γ
i(α)
j(α)1(β)W

1(β)
l(β) − ∂l(β)W

i(α)
j(α) − Γ

i(α)
l(β)s(α)W

s(α)
j(α)

trivially vanishes whenever i < j (W i(α)
j(α) = 0 for i < j because W = Vk is a polyno-

mial in L and L
i(α)
j(α) = 0 for i < j). We are then left to consider i ≥ j. For i = j we

get

0 =
(
u1(α) − u1(β)

)
(d∇W )

j(α)
l(β)j(α)

+
mα∑

s=j+1

V
s(α)
j(α) (d∇W )

j(α)
l(β)s(α) +

mβ∑
s=l+1

V
s(β)
l(β) (d∇W )

j(α)
j(α)s(β)

=
(
u1(α) − u1(β)

)
(d∇W )

j(α)
l(β)j(α) +

mβ∑
s=l+1

V
s(β)
l(β) (d∇W )

j(α)
j(α)s(β)

which gives

0 =
(
u1(α) − u1(β)

)
(d∇W )

j(α)
mβ(β)j(α)

thus (d∇W )
j(α)
mβ(β)j(α) = 0 for l = mβ and

0 =
(
u1(α) − u1(β)

)
(d∇W )

j(α)
(mβ−h)(β)j(α) +

mβ∑
s=mβ−h+1

V
s(β)

(mβ−h)(β)(d∇W )
j(α)
j(α)s(β)

for l = mβ − h (for a given h ≥ 1). This last condition, together with the in-
ductive assumption of (d∇W )

j(α)
j(α)(mβ−r)(β) = 0 for each choice of r ≤ h − 1, yields

(d∇W )
j(α)
j(α)(mβ−h)(β) = 0. This proves (d∇W )

j(α)
j(α)l(β) = 0 for every choice of l. We

inductively assume that (d∇W )
(j+t)(α)
j(α)l(β) = 0 for every l and for every t ≤ p− 1 (for a

fixed p ≥ 1). We want to show that (d∇W )
(j+p)(α)
j(α)l(β) = 0 for every l. For i = j + p we

get

0 =
(
u1(α) − u1(β)

)
(d∇W )

(j+p)(α)
l(β)j(α)

+
mα∑

s=j+1

V
s(α)
j(α) (d∇W )

(j+p)(α)
l(β)s(α) +

mβ∑
s=l+1

V
s(β)
l(β) (d∇W )

(j+p)(α)
j(α)s(β)

where (d∇W )
(j+p)(α)
l(β)s(α) = 0 for every s ≥ j + 1 by the inductive hypothesis, so

0 =
(
u1(α) − u1(β)

)
(d∇W )

(j+p)(α)
l(β)j(α) +

mβ∑
s=l+1

V
s(β)
l(β) (d∇W )

(j+p)(α)
j(α)s(β)
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which gives

0 =
(
u1(α) − u1(β)

)
(d∇W )

(j+p)(α)
mβ(β)j(α)

thus (d∇W )
(j+p)(α)
mβ(β)j(α) = 0 for l = mβ and

0 =
(
u1(α) − u1(β)

)
(d∇W )

(j+p)(α)
(mβ−h)(β)j(α) +

mβ∑
s=mβ−h+1

V
s(β)

(mβ−h)(β)(d∇W )
(j+p)(α)
j(α)s(β)

for l = mβ − h (for a fixed h ≥ 1). This last condition, together with the induc-
tive assumption of (d∇W )

(j+p)(α)
(mβ−r)(β)j(α) = 0 for each choice of r ≤ h − 1, yields

(d∇W )
(j+p)(α)
(mβ−h)(β)j(α) = 0. This proves (d∇W )

(j+p)(α)
j(α)l(β) = 0 for every choice of l and in

turn (d∇W )
i(α)
j(α)l(β) = 0 for every choice of i, j and l.

This concludes the proof of the fact that (4.135) implies d∇W = 0 for the choice of
V = L− a0I and W = Vk.
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Open perspectives

As seen above, Frobenius manifolds provide a geometric reformulation of the
WDVV equations and a way to investigate two-dimensional topological field theo-
ries. The correlators of the fields of these theories can be generated by the so-called
(full) free energy, a part of which, the primary free energy, satisfies the WDVV
equations. The full free energy can be written as a genus expansion

F =
∑
g≥0

Fg,

the term F0 providing the primary free energy when suitably restricted to the so-
called small phase space. One may wonder how to reconstruct the full free energy
starting from a solution to the WDVV equations.

From an integrable system point of view, this problem can be formulated in
terms of perturbations of an integrable hierarchy, the times of the hierarchy being
the arguments of the free energy.

In the semisimple case, Dubrovin and Zhang [34] showed that, for any solution
to the WDVV equations, the genus one approximation of the integrable hierarchy,
also known as one-loop deformation of the genus zero hierarchy, exists and it is
uniquely determined by properties of the genus one correlators, proved by Dijk-
graaf and Witten [26] and E. Getzler [41]. More precisely, the genus one part of the
free energy is expressed in terms of a function

G = log
τI
J1/24

which takes the name of G-function. Here τI is a function related to a system of
equations, equations of isomonodromy deformations of some linear differential
operator with rational coefficients, to which the WDVV equations can be reduced
in the semisimple case [27], while J denotes the Jacobian of the transformation
from the canonical coordinates to the flat ones. As a byproduct, this result proves
conjectures formulated by A. Givental in [42].

Thus, such a G-function provides a tool for the reconstruction of genus one
information starting from genus zero data. In turn, it influences different areas of
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mathematics. For instance, in enumerative geometry it governs Gromov-Witten
invariants, while in the theory of integrable systems it appears in the first order
corrections of bi-Hamiltonian structures.

When the semisimplicity assumption is dropped, little is understood. The
knowledge about dispersive integrable deformations may be broadened by tack-
ling the problem of reconstructing, starting from a solution to the WDVV equa-
tions, the genus one contribution to the full free energy in the non-semisimple
case.

Just as relevant are integrable deformations of integrable systems. In this area, a
good deal of progress has been recently made. For instance, in the semisimple
bi-Hamiltonian case we know that bi-Hamiltonian deformations are parametrized
by functions of a single variable and in the special case related to Frobenius mani-
folds we know that there exists a special deformation of topological type, uniquely
determined by the dispersionless limit (mirroring the Givental reconstruction pro-
cedure of higher genus information starting from the genus zero information en-
coded in the underlying Frobenius manifold).

Again, few results are available in the non-semisimple case, other than some
preliminary work about deformations of non-semisimple bi-Hamiltonian struc-
tures of hydrodynamic type, carried out in [23]. In the wake of the contents pre-
sented in this thesis, it is natural to wonder whether it is possible to construct in-
tegrable deformations of the integrable systems of hydrodynamic type associated
with Lauricella functions [66], with particular interest in deformations of topolog-
ical type.

More in general, non-semisimple structures are related to integrable systems of
hydrodynamic type without Riemann invariants, thus not reducible to a diagonal
form. In this context, first results have been obtained in [39, 38]. In particular, in
[39], the authors introduced the notion of quasilinear systems of Jordan block type
and studied their connection with the mKP hierarchy. Our works [65, 66] also fit
in this context and may provide the starting point for future developments.

210



Bibliography

[1] A. Arsie, A. Buryak, P. Lorenzoni, P. Rossi. Flat F-manifolds, F-CohFTs, and in-
tegrable hierarchies. Comm. Math. Phys. 388, 291–328 (2021).

[2] A. Arsie, A. Buryak, P. Lorenzoni, P. Rossi. Semisimple flat F-manifolds in higher
genus, Comm. Math. Phys. 397, 141–197 (2023).

[3] A. Arsie, P. Lorenzoni, F-manifolds with eventual identities, bidifferential calculus
and twisted Lenard-Magri chains, International Mathematics Research Notices,
Vol. 2013, No. 17, 3931–3976 (2013).

[4] A. Arsie, P. Lorenzoni, From Darboux-Egorov system to bi-flat F-manifolds, Jour-
nal of Geometry and Physics, Vol 70, (2013), 98–116.

[5] A. Arsie, P. Lorenzoni Complex reflection groups, logarithmic connections and bi-
flat F-manifolds, Lett. Math. Phys. (2017) 107, 1919–1961.

[6] A. Arsie, P. Lorenzoni, F-manifolds, multi-flat structures and and Painlevé trascen-
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Appendix A

Four-dimensional regular
non-semisimple Frobenius manifolds

This appendix integrates Chapter 3 by completing the description of the four-
dimensional regular non-semisimple cases corresponding to a Jordan canonical
form of the operator of multiplication by the Euler vector field having at least one
Jordan block of size 2.

In the first place, we give the formulas expressing the flatness conditions. In the
case of two blocks of size 2, the flatness conditions amount to the system of PDEs

∂3
zf =

1

2z3(∂wf)2(w∂wf + z∂zf + (d− 1)f − C2)2
(((2(d− 1) f + z C1 (A.1)

− 2C2)w2 (∂wf)2 − 2 (−(d− 1) f + C2) (z ∂zf + (d− 1) f − C2)w ∂wf

− z ∂zf (z ∂zf + (d− 1) f − C2)2)w2 (∂2
wf)2 + 4 ((((2(d− 1) f + z C1

− 2C2)w2 (∂wf)2 − 2 (−(d− 1) f + C2) (z ∂zf + (d− 1) f − C2)w ∂wf

− z ∂zf (z ∂zf + (d− 1) f − C2)2) z ∂z∂wf)1
2

+ (z2 (z ∂zf + (d− 1) f − C2) (w ∂wf + z ∂zf + (d− 1) f − C2) ∂2
zf

1
2

+ w (−w2 (d− 1) (∂wf)2 + 2w (−z (d− 1) ∂zf − ((−(d− 1) f

+ C2) (2− d))1
2
) ∂wf + ((−z (d− 2) ∂zf + 2(d− 1) f − 2C2) (z ∂zf

+ (d− 1) f − C2))1
2
) ∂wf) ∂wf)w ∂2

wf + z3 (w2 (C1 − 2 ∂zf) (∂wf)2

− 2 ∂zf (z ∂zf + (d− 1) f − C2)w ∂wf − ∂zf (z ∂zf + (d− 1) f

− C2)2) (∂z∂wf)2 + 4 z (z2 (w ∂wf + z ∂zf
1
2

+ d−1
2
f

− C2

2
) (w ∂wf + z ∂zf + (d− 1) f − C2) ∂2

zf + (w2 (1− d) (∂wf)2

+ (z ∂zf + (d− 1) f − C2)w (2− d) ∂wf − ((z ∂zf + (d− 1) f

− C2) (−z (d+ 2) ∂zf − 2(d− 1) f + 2C2))1
2
)w ∂wf) ∂wf ∂z∂wf

− 4 (−z4 (w ∂wf + z ∂zf + (d− 1) f − C2) (∂2
zf)2 1

2
− z2 (−w (d+ 2) ∂wf
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+ 2 z (d− 1) ∂zf − 2(d− 1) f + 2C2) (w ∂wf + z ∂zf + (d− 1) f

− C2) ∂2
zf

1
2
− d (−w3 (d− 1) (∂wf)3 + 2 (−z (d− 3

4
) ∂zf

− 3 (−(d− 1) f + C2) (4
3
− d)1

4
)w2 (∂wf)2 − (−(d− 1) f

+ C2) (−z (d− 1) ∂zf − ((−(d− 1) f + C2) (2− d))1
2
)w ∂wf

− (3 z ∂zf (z (2
3
− d) ∂zf − ((−(d− 1) f + C2) (2− d))1

3
) (z ∂zf

+ (d− 1) f − C2))1
4
)) (∂wf)2)

∂2
z∂wf =

1

2z2∂wf(w∂wf + z∂zf + (d− 1)f − C2)2
(2 z2 (w2 (∂wf)2 − ((−4 z ∂zf

(A.2)

− 3(d− 1) f + z C1 + 3C2)w ∂wf)1
2

+ (z ∂zf + (d− 1) f

− C2)2 1
2
) (∂z∂wf)2 − 2 z (w (w ((d− 1) f + z C1 − C2) ∂wf + (z ∂zf

+ (d− 1) f − C2)2) ∂2
wf + (−z2 (w ∂wf + z ∂zf + (d− 1) f − C2) ∂2

zf

− w2 (d− 2) (∂wf)2 + 3w (−z (d− 4
3
) ∂zf − ((−(d− 1) f

+ C2) (4− d))1
3
) ∂wf + (−z (d− 2) ∂zf + 2(d− 1) f − 2C2) (z ∂zf

+ (d− 1) f − C2)) ∂wf) ∂z∂wf − w2 (w ((d− 1) f + z C1 − C2) ∂wf

+ (z ∂zf + (d− 1) f − C2)2) (∂2
wf)2 − 2w (−z2 (w ∂wf + z ∂zf

+ (d− 1) f − C2) ∂2
zf − w2 (d− 1) (∂wf)2 + 3 (z (2

3
− d) ∂zf

− ((−(d− 1) f + C2) (2− d))1
3
)w ∂wf + (z ∂zf + (d− 1) f

− C2) (−z (d− 1) ∂zf + (d− 1) f − C2)) ∂wf ∂
2
wf + 2 (−z2 (w ∂wf

+ z ∂zf + (d− 1) f − C2) ∂2
zf − w2 (d− 1) (∂wf)2

+ 3 (z (2
3
− d) ∂zf − ((−(d− 1) f + C2) (4

3
− d))1

2
)w ∂wf

+ 3 (z (2
3
− d) ∂zf − ((−(d− 1) f + C2) (2− d))1

3
) (z ∂zf

+ (d− 1) f − C2)1
2
) (−d) (∂wf)2)

∂z∂
2
wf =

1

2∂wf(w∂wf + z∂zf + (d− 1)f − C2)2
(2 z (w ∂wf + z ∂zf

1
2

(A.3)

+ (d− 1) f + z C1

2
− C2) ∂wf (∂z∂wf)2 + ((4w2 (∂wf)2

+ 2w (2 z ∂zf + 3(d− 1) f + z C1 − 3C2) ∂wf + 2 (z ∂zf

+ (d− 1) f − C2)2) ∂2
wf − 2 (w ∂wf + (d− 1) f

− C2) (∂wf)2 (−d)) ∂z∂wf + ∂wf (w2 (−∂zf + C1) (∂2
wf)2

− 2w ∂wf ∂zf d ∂
2
wf − (∂wf)2 ∂zf d

2))

∂3
wf =

1

2∂wf(w∂wf + z∂zf + (d− 1)f − C2)2w
(3 (w2 (∂wf)2 (A.4)

− ((−6 z ∂zf − 5(d− 1) f + z C1 + 5C2)w ∂wf)1
3

+ (2 (z ∂zf + (d− 1) f − C2)2)1
3
)w (∂2

wf)2 − 2 (w z2 (−∂zf

220



+ C1) ∂z∂wf − w2 (d− 1) (∂wf)2 + 2w (−z (d− 1) ∂zf − ((−(d− 1) f

+ C2) (2− d))1
2
) ∂wf + (z ∂zf + (d− 1) f − C2)2) ∂wf ∂

2
wf

− (z2 (w ∂wf + (d− 1) f + z C1 − C2) (∂z∂wf)2

− 2 ∂zf ∂wf z
2 d ∂z∂wf − (w ∂wf + 2 z ∂zf + (d− 1) f

− C2) d2 (∂wf)2) ∂wf).

for the third derivatives of the funciton f of the variables

z =
u3 − u1

u2
, w =

u4

u2

realizing

F1(z, w) = −∂zf(z, w) + C1

F2(z, w) = −z ∂zf(z, w)− w ∂wf(z, w)− (d− 1) f(z, w) + C2

F3(z, w) = ∂zf(z, w)

F4(z, w) = ∂wf(z, w)

for

η = (u2)−d


F1 F2 0 0

F2 0 0 0

0 0 F3 F4

0 0 F4 0


where C1, C2 are constants. In the case of three blocks of sizes 2, 1 and 1 respec-
tively, the flatness conditions amount to the following system of PDEs

∂3
zf =

1

2(w∂wf + z∂zf + (d− 1)f − C2)2 (w − z)∂wf z2∂zf
(−z∂zf(2z2(w (A.5)

− z) (∂zf)2 + (w − z) z (w ∂wf + 4(d− 1) f − 4C2) ∂zf

+ (−(2w − z) (1− d) f + (C1 z − 2C2)w + z C2)w ∂wf

+ 2 (w − z) (−(d− 1) f + C2)2)w (∂z∂wf)2 − (−3 ((4 z (w − z) ∂zf)1
3

+ w (w − z) ∂wf − (w − 4
3
z) (1− d) f + (−C1

3
z − C2)w

+ 4
3
z C2) ∂wf z

2 ∂2
zf + (z2 (w − z) (∂zf)2 − 2 (w − z) z (−(d− 1) f

+ C2) ∂zf + ((d− 1) f + C1 z − C2)w2 ∂wf

+ (w − z) (−(d− 1) f + C2)2)w ∂2
wf + ∂wf (5 ((2

5
− d)w

− (−4 z d)1
5
) z2 (∂zf)2 + 6 z ((w (2

3
− d)

− (−2 z d)1
3
)w ∂wf − 2 (−w (d− 1) + z d) (−(d− 1) f

+ C2)1
3
) ∂zf + (−w2 (d− 2) (∂wf)2 − (−(d− 1) f + C2) (−w (d− 4)
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+ z d) ∂wf + 2 (−(d− 1) f + C2)2)w)) ∂zf w ∂z∂wf

− ∂wf (−(w ∂wf + z ∂zf + (d− 1) f − C2) (w − z) z2 (3 z ∂zf

+ w ∂wf + (d− 1) f − C2) (∂2
zf)2 + z (((z − w) ∂zf

+ (d− 1) f + wC1 − C2) z w2 ∂2
wf − 4 z2 (d− 1) (w − z) (∂zf)2

+ 5 ((w (8
5
− d)− (4 z (2− d))1

5
)w ∂wf − 4 (w − z) (2

− d) (−(d− 1) f + C2)1
5
) z ∂zf + 4 (w − z (d+ 4)1

4
)w2 (∂wf)2

− 8 (w − z) (−(d− 1) f + C2)w ∂wf + 4 (w − z) (−(d− 1) f

+ C2)2) ∂zf ∂
2
zf + (((2w z − z2) ∂zf + w2 ∂wf − (w − z) (−(d− 1) f

+ C2))w2 ∂2
wf − 3 (w − z) z2 (2

3
− d) (∂zf)2 − 6 z ((w (2

3
− d)

− (2 z (1− d))1
3
)w ∂wf − 2 (w − z) (1− d) (−(d− 1) f + C2)1

3
) ∂zf

− 2 (−z + w (1− d))w2 (∂wf)2 + 3 (−(d− 1) f + C2) (w (4
3
− d)

− (2 z (2− d))1
3
)w ∂wf − (w − z) (2− d) (−(d− 1) f

+ C2)2) (−d) (∂zf)2))

∂2
z∂wf =

1

2(w∂wf + z∂zf + (d− 1)f − C2)2(w − z)∂wf ∂zf
(2 ∂zf (w2 (w (A.6)

− z) (∂wf)2 + ((2 z (w − z) ∂zf − (3w − 2 z) (1− d) f

+ (C1 z − 3C2)w + 2 z C2)w ∂wf)1
2

+ ((w − z) (z ∂zf

+ (d− 1) f − C2)2)1
2
) (∂z∂wf)2 + ∂wf ((w2 (w − z) (∂wf)2

+ 4 (w − z) (z ∂zf + d−1
2
f − C2

2
)w ∂wf

+ 2 z2 (w − z) (∂zf)2 + z (−(4w − 3 z) (1− d) f + (C1 z

− 4C2)w + 3 z C2) ∂zf + (w − z) (−(d− 1) f + C2)2) ∂2
zf

+ ∂zf (((z − w) ∂zf + (d− 1) f + wC1 − C2)w2 ∂2
wf

− w2 (d− 2) (∂wf)2 + 2 (−z (d− 2) ∂zf + 2(d− 1) f

− 2C2)w ∂wf − z2 (d− 2) (∂zf)2 + (−w d+ z (d− 4)) ((1

− d) f + C2) ∂zf + 2 (−(d− 1) f + C2)2)) ∂z∂wf

+ ((((w − z) ∂wf + (d− 1) f + C1 z − C2)w2 ∂2
wf − (w (w − 2 z) ∂wf

− z2 ∂zf − (w − z) (−(d− 1) f + C2)) (−d) ∂wf) ∂2
zf

+ (w2 (∂wf + ∂zf) ∂2
wf − (2w ∂wf + (w + z) ∂zf + (d− 1) f

− C2) (−d) ∂wf) ∂zf (−d)) ∂zf ∂wf)

∂z∂
2
wf =

1

2 (w∂wf + z∂zf + (d− 1)f − C2)2(w − z)∂wf ∂zf
((w2 (w (A.7)

− z) (∂wf)2 + 2 (w − z) (z ∂zf + (d− 1) f − C2)w ∂wf

+ 2 z2 (w − z) (∂zf)2 − z (2 (w − (3 z)1
2
) (1− d) f + (C1w − 3C2) z

+ 2wC2) ∂zf + (w − z) (−(d− 1) f + C2)2) ∂wf (∂z∂wf)2
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+ 2 ((w2 (w − z) (∂wf)2 − ((−4 z (w − z) ∂zf + (3w − 4 z) (1− d) f

+ (C1w − 4C2) z + 3wC2)w ∂wf)1
2

+ ((w − z) (z ∂zf + (d− 1) f

− C2)2)1
2
) ∂2

wf − ∂wf (((w − z) ∂wf + (d− 1) f + C1 z − C2) z2 ∂2
zf

+ w2 (2− d) (∂wf)2 + (2w z (2− d) ∂zf − (−(d− 1) f + C2) (d z

− w (d− 4))) ∂wf + z2 (2− d) (∂zf)2 − 4 (−(d− 1) f + C2) z ∂zf

+ 2 (−(d− 1) f + C2)2)1
2
) ∂zf ∂z∂wf − ∂wf ((z2 ((z − w) ∂zf

+ (d− 1) f + wC1 − C2) ∂2
zf + ((2w z − z2) ∂zf + w2 ∂wf

− (w − z) (−(d− 1) f + C2)) (−d) ∂zf) ∂2
wf − (−z2 (∂wf + ∂zf) ∂2

zf

+ ((w + z) ∂wf + 2 z ∂zf + (d− 1) f − C2) (−d) ∂zf) ∂wf (−d)) ∂zf)

∂3
wf =

1

2(w∂wf + z∂zf + (d− 1)f − C2)2(w − z)∂wf ∂zf w2
(−2zw∂wf(w2(w

(A.8)

− z) (∂wf)2 + ((w − z) (z ∂zf + 4(d− 1) f

− 4C2)w ∂wf)1
2
− z (−(d− 1) (w − 2 z) f + (C1w − 2C2) z

+ wC2) ∂zf
1
2

+ (w − z) (−(d− 1) f + C2)2) (∂z∂wf)2

+ 4 ∂wf z ((w (w − z) ∂wf + (3 z (w − z) ∂zf)1
4
− (w − 3

4
z) (1− d) f

+ (w C1

4
+ 3

4
C2) z − wC2) ∂zf w

2 ∂2
wf − ((w2 (w − z) (∂wf)2

− 2 (w − z) (−(d− 1) f + C2)w ∂wf − ((d− 1) f + wC1 − C2) z2 ∂zf

+ (w − z) (−(d− 1) f + C2)2) z ∂2
zf)1

4
− ((5 d−2

4
z

− w d)w2 (∂wf)2 + (z (3 d−2
2

z − w d) ∂zf − ((d− 1) z

− w d) (−(d− 1) f + C2))w ∂wf − ((−z2 (d− 2) (∂zf)2

+ ((d− 4) z − w d) (−(d− 1) f + C2) ∂zf + 2 (−(d− 1) f

+ C2)2) z)1
4
) ∂zf) ∂z∂wf + 3 ((w ∂wf + z ∂zf + (d− 1) f

− C2) (w − z) (z ∂zf
1
3

+ w ∂wf + d−1
3
f − C2

3
)w2 (∂2

wf)2

− (4 ∂wf (−(((w − z) ∂wf + (d− 1) f + C1 z − C2) z2w ∂2
zf)1

4

− w2 (d− 1) (w − z) (∂wf)2 + (z (5 d−8
4

z − w (d− 2)) ∂zf

+ (w − z) (d− 2) (−(d− 1) f + C2))w ∂wf − ((4 z

− w (d− 4)) z2 (∂zf)2)1
4
− 2 (w − z) z (−(d− 1) f + C2) ∂zf

+ (w − z) (−(d− 1) f + C2)2)w ∂2
wf)1

3
− (∂wf)2 d (−z2 (w (w

− 2 z) ∂wf − z2 ∂zf − (w − z) (−(d− 1) f + C2)) ∂2
zf

1
3

− (d− 2
3
) (w − z)w2 (∂wf)2 + 4 ((3 d−2

2
z − w (d− 1)) z ∂zf

+ (w − z) (d− 1) (−(d− 1) f + C2))w ∂wf
1
3

+ (2 z2 ((d− 1) z

+ w) (∂zf)2)1
3
− 2 (3 d−4

2
z − w (d− 2)) (−(d− 1) f + C2) z ∂zf

1
3

223



+ ((w − z) (2− d) (−(d− 1) f + C2)2)1
3
)) ∂zf).

for the third derivatives of the function f of the variables

z =
u3 − u1

u2
, w =

u4 − u1

u2

realizing

F1(z, w) = −∂zf(z, w)− ∂wf(z, w) + C1

F2(z, w) = −z ∂zf(z, w)− w ∂wf(z, w)− (d− 1) f(z, w) + C2

F3(z, w) = ∂zf(z, w)

F4(z, w) = ∂wf(z, w)

for

η = (u2)−d


F1 F2 0 0

F2 0 0 0

0 0 F3 0

0 0 0 F4


where C1, C2 are constants.

As seen in Chapter 3, when d = 0 a solution to the system of PDEs amounting to
the flatness conditions is provided by (3.64)

f(z, w) = a z + bw + c

for some constants a, b and c and for this choice of f the Frobenius metric turns out
to be constant in canonical coordinates. In the following example we provide such
a metric and the Frobenius potential in the cases when L = E ◦ has two Jordan
blocks of size 2 and three Jordan blocks of sizes 2, 1 and 1.

Example A.1 Let the function f(z, w) be of the form (3.64), d = 0. When L = E ◦ has
two Jordan blocks of size 2 the metric is given by

η =


C1 − a C2 + c 0 0

C2 + c 0 0 0

0 0 a b

0 0 b 0


and up to second-order polynomial terms the Frobenius potential is

F (u1, u2, u3, u4) =
C1 − a

6
(u1)3 +

C2 + c

2
(u1)2 u2 +

a

6
(u3)3 +

b

2
(u3)2 u4.
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When L = E ◦ has three Jordan blocks of sizes 2, 1 and 1 the metric is given by

η =


C1 − a− b C2 + c 0 0

C2 + c 0 0 0

0 0 a 0

0 0 0 b


and up to second-order polynomial terms the Frobenius potential is

F (u1, u2, u3, u4) =
C1 − a− b

6
(u1)3 +

C2 + c

2
(u1)2 u2 +

a

6
(u3)3 +

b

6
(u4)3.

We conclude this appendix by providing one last example of non-trivial solution
for the case where L = E ◦ has two Jordan blocks of size 2 and for the one where
L = E ◦ has three Jordan blocks of sizes 2, 1 and 1.

Example A.2 Let L = E ◦ have two Jordan blocks of size 2. When looking for a function
f of the form

f(z, w) = g(z) + h(w)

for some functions g(z) and h(w), the system (A.1)–(A.4) yields

h(w) = a1 + a2w
1−d

g(z) = a4 z
d−a3 + a5 z

1−d − a1 +
C2

d− 1

when d 6= 1 and

h(w) = a1 +
a2

w

g(z) = a4 z
a3 + (C2 − a2) ln z + a5

when d = 1, for some constants a1, a2, a3, a4, a5. For instance, when d = 2 in the flat
coordinates

x1(u1, u2, u3, u4) = − 1

u2
− a5

2 a4 (u3 − u1)

x2(u1, u2, u3, u4) = − 1

u4
− a5

2 a2 (u3 − u1)

x3(u1, u2, u3, u4) = u1

x4(u1, u2, u3, u4) = u3

the metric becomes

∼
η =


0 0 −a4 0

0 0 0 −a2

−a4 0 0 0

0 −a2 0 0
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and up to second-order polynomial terms the Frobenius potential is

F (x1, x2, x3, x4) =
a5

2
(x3 − x4) ln (x3 − x4)− a4

2
x1 (x3)2 − a2

2
x2 (x4)2.

In flat coordinates the unit and the Euler vector fields are respectively written as

e = ∂̃3 + ∂̃4

and
E = −x1 ∂̃1 − x2 ∂̃2 + x3 ∂̃3 + x4 ∂̃4.

Example A.3 Let L = E ◦ have three Jordan blocks of sizes 2, 1 and 1. When looking for
a function f of the form

f(z, w) = g(z) + h(w)

for some functions g(z) and h(w), the system (A.5)–(A.8) yields

g(z) = a1 + a2 z
1−d

h(w) = a3 + a4w
1−d

when d 6= 1 and

g(z) = a1 + ln z

h(w) = a3 + lnw

when d = 1, for some constants a1, a2, a3, a4. For instance, when d = 2 in the flat
coordinates

x1(u1, u2, u3, u4) = − 1

u2
+

a2

(C2 − a1 − a3) (u3 − u1)
+

a4

(C2 − a1 − a3) (u4 − u1)

x2(u1, u2, u3, u4) = − ln (u3 − u1)

x3(u1, u2, u3, u4) = − ln (u4 − u1)

x4(u1, u2, u3, u4) = u1

the metric becomes

∼
η =


0 0 0 C2 − a1 − a3

0 −a2 0 0

0 0 −a4 0

C2 − a1 − a3 0 0 0


and up to second-order polynomial terms the Frobenius potential is

F (x1, x2, x3, x4) =− a2 e
−x2 − a4 e

−x3 +
C2 − a1 − a3

2
x1 (x4)2
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− a2

2
(x2)2 x4 − a4

2
(x3)2 x4.

In flat coordinates the unit and the Euler vector fields are respectively written as

e = ∂̃4

and
E = −x1 ∂̃1 − ∂̃2 − ∂̃3 + x4 ∂̃4.
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Appendix B

Technical lemmas about regular
Lauricella bi-flat F-manifolds

This appendix integrates Chapter 4 by proving technical lemmas which are crucial
in the construction of regular Lauricella bi-flat F-manifolds.

Proof of Lemma 4.21

In the wake of the previous result, we consider the following significative cases:

1. α, β, γ are pairwise distinct

2. α = γ 6= β

3. α = β 6= γ

4. α = β = γ.

Case 1: α 6= β 6= γ 6= α. Since in this case all the quantities Γ
k(γ)
i(α)j(β) vanish by (4.61),

(4.72) holds trivially for each choice of δ.
Case 2: α = γ 6= β. We are going to prove that

∂Γ
k(α)
i(α)j(β)

∂ul(δ)
=
∂Γ

(k−1)(α)
i(α)j(β)

∂u(l−1)(δ)
(B.1)

for all k ∈ {2, . . . ,mα}, l ∈ {3, . . . ,mδ} and δ ∈ {1, . . . , r}. This holds trivially for
each δ 6= α, as Γ

k(α)
i(α)j(β) does not depend on ul(δ) and Γ

(k−1)(α)
i(α)j(β) does not depend on

u(l−1)(δ) for any l ≥ 3. Moreover, by (4.62) and (4.63), both Γ
k(α)
i(α)j(β) and Γ

(k−1)(α)
i(α)j(β)

vanish if j ≥ 2 or k < i. Therefore we are left to show that

∂Γ
k(α)
i(α)1(β)

∂ul(α)
=
∂Γ

(k−1)(α)
i(α)1(β)

∂u(l−1)(α)
(B.2)
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for k ≥ i. We are going to prove (B.2) by induction over k. If k = i we get

∂Γ
k(α)
i(α)1(β)

∂ul(α)
=
∂Γ

i(α)
i(α)1(β)

∂ul(α)

(4.63)
=

∂Γ
1(α)
1(α)1(β)

∂ul(α)
= 0

(as Γ
1(α)
1(α)1(β) does not depend on ul(α) for any l ≥ 3) and

∂Γ
(k−1)(α)
i(α)1(β)

∂u(l−1)(α)
=
∂Γ

(i−1)(α)
i(α)1(β)

∂u(l−1)(α)
= 0

(as Γ
(i−1)(α)
i(α)1(β)

(4.63)
= 0), thus (B.2) is verified for k = i. Given an integer h ≥ 1, let us

suppose that (B.2) holds whenever k ≤ i + h − 1. We now want to prove that it
holds for k = i+ h as well, that is

∂Γ
(i+h)(α)
i(α)1(β)

∂ul(α)
=
∂Γ

(i+h−1)(α)
i(α)1(β)

∂u(l−1)(α)
. (B.3)

The left-hand side term reads

∂Γ
(i+h)(α)
i(α)1(β)

∂ul(α)

(4.63)
=

∂

∂ul(α)

(
− 1

u1(α) − u1(β)

h+1∑
s=2

Γ
(i+h−s+1)(α)
i(α)1(β) us(α)

)
l>2
= − 1

u1(α) − u1(β)

h+1∑
s=2

∂

∂ul(α)

(
Γ

(i+h−s+1)(α)
i(α)1(β) us(α)

)

= − 1

u1(α) − u1(β)

h+1∑
s=2

∂Γ
(i+h−s+1)(α)
i(α)1(β)

∂ul(α)
us(α)

− 1

u1(α) − u1(β)
Γ

(i+h−l+1)(α)
i(α)1(β)

= − 1

u1(α) − u1(β)

h∑
s=2

∂Γ
(i+h−s+1)(α)
i(α)1(β)

∂ul(α)
us(α)

− 1

u1(α) − u1(β)

∂Γ
i(α)
i(α)1(β)

∂ul(α)
u(h+1)(α)

− 1

u1(α) − u1(β)
Γ

(i+h−l+1)(α)
i(α)1(β)

where

∂Γ
(i+h−s+1)(α)
i(α)1(β)

∂ul(α)
=
∂Γ

(i+h−s)(α)
i(α)1(β)

∂u(l−1)(α)

by the inductive hypothesis for each s ≥ 2 and

∂Γ
i(α)
i(α)1(β)

∂ul(α)

(4.63)
=

∂Γ
1(α)
1(α)1(β)

∂ul(α)
= 0
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for every l ≥ 3. Therefore the left-hand side of (B.3) is

∂Γ
(i+h)(α)
i(α)1(β)

∂ul(α)
= − 1

u1(α) − u1(β)

h∑
s=2

∂Γ
(i+h−s)(α)
i(α)1(β)

∂u(l−1)(α)
us(α)

− 1

u1(α) − u1(β)
Γ

(i+h−l+1)(α)
i(α)1(β)

which amounts the right-hand side term

∂Γ
(i+h−1)(α)
i(α)1(β)

∂u(l−1)(α)

(4.63)
=

∂

∂u(l−1)(α)

(
− 1

u1(α) − u1(β)

h∑
s=2

Γ
(i+h−s)(α)
i(α)1(β) us(α)

)
l>2
= − 1

u1(α) − u1(β)

h∑
s=2

∂Γ
(i+h−s)(α)
i(α)1(β)

∂u(l−1)(α)
us(α)

− 1

u1(α) − u1(β)
Γ

(i+h−l+1)(α)
i(α)1(β) .

This proves (B.2) for k ≥ i.
Case 3: α = β 6= γ. For every k ∈ {2, . . . ,mγ}, l ∈ {3, . . . ,mδ} and δ ∈ {1, . . . , r}we
have

∂Γ
k(γ)
i(α)j(α)

∂ul(δ)
Prop.8.3 (i)

=
∂Γ

k(γ)
(i+j−1)(α)1(α)

∂ul(δ)
(4.79)
=

(4.61)
−
∂Γ

k(γ)
(i+j−1)(α)1(γ)

∂ul(δ)
Case 2

= −
∂Γ

(k−1)(γ)
(i+j−1)(α)1(γ)

∂u(l−1)(δ)

(4.79)
=

(4.61)

∂Γ
(k−1)(γ)
(i+j−1)(α)1(α)

∂u(l−1)(δ)

Prop.8.3 (i)
=

∂Γ
(k−1)(γ)
i(α)j(α)

∂u(l−1)(δ)
.

Case 4: α = β = γ. We are going to show that

∂Γ
k(α)
i(α)j(α)

∂ul(δ)
=
∂Γ

(k−1)(α)
i(α)j(α)

∂u(l−1)(δ)
(B.4)

for all δ ∈ {1, . . . , r}, k ∈ {2, . . . ,mα} and l ∈ {3, . . . ,mδ}. If i = 1 (or equivalently
j = 1) then (B.4) is verified by means of Case 2 and (4.79), as

∂Γ
k(α)
1(α)j(α)

∂ul(δ)
(4.79)
= −

∑
σ 6=α

∂Γ
k(α)
1(σ)j(α)

∂ul(δ)
= −

∑
σ 6=α

∂Γ
(k−1)(α)
1(σ)j(α)

∂u(l−1)(δ)

(4.79)
=

∂Γ
(k−1)(α)
1(α)j(α)

∂u(l−1)(δ)

for every choice of δ and every k ∈ {2, . . . ,mα}, l ∈ {3, . . . ,mδ}. Let us now con-
sider i, j ≥ 2. Without loss of generality, by (4.69), we can restrict ourselves to the
case where i = j = 2. If δ 6= α then

∂Γ
k(α)
2(α)2(α)

∂ul(δ)
= 0 =

∂Γ
(k−1)(α)
2(α)2(α)

∂u(l−1)(δ)

231



as Γ
k(α)
2(α)2(α) only contains the terms {us(α) | 2 ≤ s ≤ k} and {u1(σ) | 1, . . . , r}, where

l(δ) is not included (l ≥ 3). It only remains to prove (B.4) for i = j = 2 and δ = α,
that is

∂Γ
k(α)
2(α)2(α)

∂ul(α)
=
∂Γ

(k−1)(α)
2(α)2(α)

∂u(l−1)(α)
(B.5)

for all k ∈ {2, . . . ,mα} and l ∈ {3, . . . ,mα}. We will proceed by induction over k.
For k = 2 both the left and the right-hand sides vanish, as Γ

2(α)
2(α)2(α) = −mαεα

u2(α)
does

not depend on any of the terms {ul(α) | l ≥ 3} and Γ
1(α)
2(α)2(α) = 0. Let us suppose

that (B.5) holds for all k ∈ {2, . . . , h} (given an integer 2 ≤ h ≤ mα − 1) and
l ∈ {3, . . . ,mα}. We must prove that

∂Γ
(h+1)(α)
2(α)2(α)

∂ul(α)
=
∂Γ

h(α)
2(α)2(α)

∂u(l−1)(α)
(B.6)

for all l ∈ {3, . . . ,mα}. The left-hand side term reads

∂Γ
(h+1)(α)
2(α)2(α)

∂ul(α)

(4.68)
=

∂

∂ul(α)

(
Γ

(h−1)(α)
1(α)1(α) − Γ

2(α)
2(α)2(α)

u(h+1)(α)

u2(α)

− 1

u2(α)

h−2∑
s=1

(
Γ

(s+2)(α)
2(α)2(α) − Γ

s(α)
1(α)1(α)

)
u(h−s+1)(α)

)
l>2
=

∂Γ
(h−1)(α)
1(α)1(α)

∂ul(α)
−

Γ
2(α)
2(α)2(α)

u2(α)
δh+1
l

− 1

u2(α)

h−2∑
s=1

(
∂Γ

(s+2)(α)
2(α)2(α)

∂ul(α)
−
∂Γ

s(α)
1(α)1(α)

∂ul(α)

)
u(h−s+1)(α)

− 1

u2(α)

(
Γ

(h−l+3)(α)
2(α)2(α) − Γ

(h−l+1)(α)
1(α)1(α)

)
where by what we said above (i = 1) we have

∂Γ
(h−1)(α)
1(α)1(α)

∂ul(α)
=
∂Γ

(h−2)(α)
1(α)1(α)

∂u(l−1)(α)
,

∂Γ
s(α)
1(α)1(α)

∂ul(α)
=
∂Γ

(s−1)(α)
1(α)1(α)

∂u(l−1)(α)
, 1 ≤ s ≤ h− 2,

and by the inductive hypothesis

∂Γ
(s+2)(α)
2(α)2(α)

∂ul(α)
=
∂Γ

(s+1)(α)
2(α)2(α)

∂u(l−1)(α)
, 1 ≤ s ≤ h− 2.

It follows that the left-hand side of (B.6) is

∂Γ
(h+1)(α)
2(α)2(α)

∂ul(α)
=
∂Γ

(h−2)(α)
1(α)1(α)

∂u(l−1)(α)
−

Γ
2(α)
2(α)2(α)

u2(α)
δh+1
l
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− 1

u2(α)

h−2∑
s=1

(
∂Γ

(s+1)(α)
2(α)2(α)

∂u(l−1)(α)
−
∂Γ

(s−1)(α)
1(α)1(α)

∂u(l−1)(α)

)
u(h−s+1)(α)

− 1

u2(α)

(
Γ

(h−l+3)(α)
2(α)2(α) − Γ

(h−l+1)(α)
1(α)1(α)

)
=
∂Γ

(h−2)(α)
1(α)1(α)

∂u(l−1)(α)
−

Γ
2(α)
2(α)2(α)

u2(α)
δh+1
l

− 1

u2(α)

∂Γ
2(α)
2(α)2(α)

∂u(l−1)(α)
uh(α)

− 1

u2(α)

h−2∑
s=2

(
∂Γ

(s+1)(α)
2(α)2(α)

∂u(l−1)(α)
−
∂Γ

(s−1)(α)
1(α)1(α)

∂u(l−1)(α)

)
u(h−s+1)(α)

− 1

u2(α)

(
Γ

(h−l+3)(α)
2(α)2(α) − Γ

(h−l+1)(α)
1(α)1(α)

)
.

When l ≥ 4, since the right-hand side reads

∂Γ
h(α)
2(α)2(α)

∂u(l−1)(α)

(4.68)
=

∂

∂u(l−1)(α)

(
Γ

(h−2)(α)
1(α)1(α) − Γ

2(α)
2(α)2(α)

uh(α)

u2(α)

− 1

u2(α)

h−3∑
s=1

(
Γ

(s+2)(α)
2(α)2(α) − Γ

s(α)
1(α)1(α)

)
u(h−s)(α)

)
l−1>2

=
∂Γ

(h−2)(α)
1(α)1(α)

∂u(l−1)(α)
−

Γ
2(α)
2(α)2(α)

u2(α)
δhl−1 −

uh(α)

u2(α)

∂Γ
2(α)
2(α)2(α)

∂u(l−1)(α)

− 1

u2(α)

h−3∑
s=1

(
∂Γ

(s+2)(α)
2(α)2(α)

∂u(l−1)(α)
−
∂Γ

s(α)
1(α)1(α)

∂u(l−1)(α)

)
u(h−s)(α)

− 1

u2(α)

(
Γ

(h−l+3)(α)
2(α)2(α) − Γ

(h−l+1)(α)
1(α)1(α)

)
we get that the difference between the left and the right-hand side terms is

∂Γ
(h+1)(α)
2(α)2(α)

∂ul(α)
−
∂Γ

h(α)
2(α)2(α)

∂u(l−1)(α)
=
∂Γ

(h−2)(α)
1(α)1(α)

∂u(l−1)(α)
−

Γ
2(α)
2(α)2(α)

u2(α)
δh+1
l

− 1

u2(α)

∂Γ
2(α)
2(α)2(α)

∂u(l−1)(α)
uh(α)

− 1

u2(α)

h−2∑
s=2

(
∂Γ

(s+1)(α)
2(α)2(α)

∂u(l−1)(α)
−
∂Γ

(s−1)(α)
1(α)1(α)

∂u(l−1)(α)

)
u(h−s+1)(α)

− 1

u2(α)

(
Γ

(h−l+3)(α)
2(α)2(α) − Γ

(h−l+1)(α)
1(α)1(α)

)
−
∂Γ

(h−2)(α)
1(α)1(α)

∂u(l−1)(α)
+

Γ
2(α)
2(α)2(α)

u2(α)
δhl−1 +

uh(α)

u2(α)

∂Γ
2(α)
2(α)2(α)

∂u(l−1)(α)

+
1

u2(α)

h−3∑
s=1

(
∂Γ

(s+2)(α)
2(α)2(α)

∂u(l−1)(α)
−
∂Γ

s(α)
1(α)1(α)

∂u(l−1)(α)

)
u(h−s)(α)
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+
1

u2(α)

(
Γ

(h−l+3)(α)
2(α)2(α) − Γ

(h−l+1)(α)
1(α)1(α)

)
= − 1

u2(α)

h−2∑
s=2

(
∂Γ

(s+1)(α)
2(α)2(α)

∂u(l−1)(α)
−
∂Γ

(s−1)(α)
1(α)1(α)

∂u(l−1)(α)

)
u(h−s+1)(α)

+
1

u2(α)

h−3∑
s=1

(
∂Γ

(s+2)(α)
2(α)2(α)

∂u(l−1)(α)
−
∂Γ

s(α)
1(α)1(α)

∂u(l−1)(α)

)
u(h−s)(α) = 0

by changing the variable in one of the summations. When l = 3, the left-hand side
term reads

∂Γ
(h+1)(α)
2(α)2(α)

∂u3(α)
=
∂Γ

(h−1)(α)
1(α)1(α)

∂u3(α)
−

Γ
2(α)
2(α)2(α)

u2(α)
δh+1

3

− 1

u2(α)

h−2∑
s=1

(
∂Γ

(s+2)(α)
2(α)2(α)

∂u3(α)
−
∂Γ

s(α)
1(α)1(α)

∂u3(α)

)
u(h−s+1)(α)

− 1

u2(α)

(
Γ
h(α)
2(α)2(α) − Γ

(h−2)(α)
1(α)1(α)

)
=
∂Γ

(h−1)(α)
1(α)1(α)

∂u3(α)
−
∂Γ

2(α)
2(α)2(α)

u2(α)
δh+1

3 − 1

u2(α)

(
∂Γ

3(α)
2(α)2(α)

∂u3(α)
−
∂Γ

1(α)
1(α)1(α)

∂u3(α)

)
uh(α)

− 1

u2(α)

h−2∑
s=2

(
∂Γ

(s+2)(α)
2(α)2(α)

∂u3(α)
−
∂Γ

s(α)
1(α)1(α)

∂u3(α)

)
u(h−s+1)(α)

− 1

u2(α)

(
Γ
h(α)
2(α)2(α) − Γ

(h−2)(α)
1(α)1(α)

)
and the right-hand side one reads

∂Γ
h(α)
2(α)2(α)

∂u2(α)
=
∂Γ

(h−2)(α)
1(α)1(α)

∂u2(α)
−
∂Γ

2(α)
2(α)2(α)

∂u2(α)

uh(α)

u2(α)
+

Γ
2(α)
2(α)2(α)

(u2(α))2
uh(α) −

Γ
2(α)
2(α)2(α)

u2(α)
δh2

+
1

(u2(α))2

h−3∑
s=1

(
Γ

(s+2)(α)
2(α)2(α) − Γ

s(α)
1(α)1(α)

)
u(h−s)(α)

− 1

u2(α)

h−3∑
s=1

(
∂Γ

(s+2)(α)
2(α)2(α)

∂u2(α)
−
∂Γ

s(α)
1(α)1(α)

∂u2(α)

)
u(h−s)(α)

where, by means of the inductive hypotesis, we have

∂Γ
(h−1)(α)
1(α)1(α)

∂u3(α)
=
∂Γ

(h−2)(α)
1(α)1(α)

∂u2(α)

∂Γ
(s+2)(α)
2(α)2(α)

∂u3(α)
−
∂Γ

s(α)
1(α)1(α)

∂u3(α)
=
∂Γ

(s+1)(α)
2(α)2(α)

∂u2(α)
−
∂Γ

(s−1)(α)
1(α)1(α)

∂u2(α)
for each s ≤ h− 2
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thus (by changing the variable in the last summation of the right-hand side term)
their difference is

∂Γ
(h−2)(α)
1(α)1(α)

∂u2(α)
−

Γ
2(α)
2(α)2(α)

u2(α)
δh+1

3 − 1

u2(α)

∂

∂u3(α)

(
Γ

3(α)
2(α)2(α) − Γ

1(α)
1(α)1(α)

)
uh(α)

− 1

u2(α)

h−2∑
s=2

(
∂Γ

(s+1)(α)
2(α)2(α)

∂u2(α)
−
∂Γ

(s−1)(α)
1(α)1(α)

∂u2(α)

)
u(h−s+1)(α)

− 1

u2(α)

(
Γ
h(α)
2(α)2(α) − Γ

(h−2)(α)
1(α)1(α)

)
−
∂Γ

(h−2)(α)
1(α)1(α)

∂u2(α)
+
∂Γ

2(α)
2(α)2(α)

∂u2(α)

uh(α)

u2(α)
−

Γ
2(α)
2(α)2(α)

(u2(α))2
uh(α) +

Γ
2(α)
2(α)2(α)

u2(α)
δh2

− 1

(u2(α))2

h−3∑
s=1

(
Γ

(s+2)(α)
2(α)2(α) − Γ

s(α)
1(α)1(α)

)
u(h−s)(α)

+
1

u2(α)

h−2∑
t=2

(
∂Γ

(t+1)(α)
2(α)2(α)

∂u2(α)
−
∂Γ

(t−1)(α)
1(α)1(α)

∂u2(α)

)
u(h−t+1)(α)

(4.68)
= − 1

u2(α)

∂

∂u3(α)

(
− Γ

2(α)
2(α)2(α)

u3(α)

u2(α)

)
uh(α)

+
1

(u2(α))2
Γ

2(α)
2(α)2(α)u

h(α) +
1

(u2(α))2

h−3∑
l=1

(
Γ

(l+2)(α)
2(α)2(α) − Γ

l(α)
1(α)1(α)

)
u(h−l)(α)

+
∂Γ

2(α)
2(α)2(α)

∂u2(α)

uh(α)

u2(α)
−

Γ
2(α)
2(α)2(α)

(u2(α))2
uh(α)

− 1

(u2(α))2

h−3∑
s=1

(
Γ

(s+2)(α)
2(α)2(α) − Γ

s(α)
1(α)1(α)

)
u(h−s)(α)

=
Γ

2(α)
2(α)2(α)

(u2(α))2
uh(α) +

Γ
2(α)
2(α)2(α)

(u2(α))2
uh(α) +

∂Γ
2(α)
2(α)2(α)

∂u2(α)

uh(α)

u2(α)
−

Γ
2(α)
2(α)2(α)

(u2(α))2
uh(α)

=
uh(α)

u2(α)

(
Γ

2(α)
2(α)2(α)

u2(α)
+
∂Γ

2(α)
2(α)2(α)

∂u2(α)

)
(4.66)
=

uh(α)

u2(α)

(
− mαεα

(u2(α))2
+

mαεα
(u2(α))2

)
= 0.

This proves (B.6), thus (B.4) has been proved for all δ ∈ {1, . . . , r}, k ∈ {2, . . . ,mα}
and l ∈ {3, . . . ,mδ}.

Let us now prove that (4.72) holds for l = 2 as well when β 6= α = γ = δ, that is

∂Γ
k(α)
i(α)j(β)

∂u2(α)
=
∂Γ

(k−1)(α)
i(α)j(β)

∂u1(α)

for all k ∈ {2, . . . ,mγ}. As in the proof of Case 2, this is trivially true when j ≥ 2 or
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k < i. We are going to prove (by induction over k) that

∂Γ
k(α)
i(α)1(β)

∂u2(α)
=
∂Γ

(k−1)(α)
i(α)1(β)

∂u1(α)
(B.7)

for k ≥ i. If k = i we get

∂Γ
k(α)
i(α)1(β)

∂u2(α)
=
∂Γ

i(α)
i(α)1(β)

∂u2(α)

(4.63)
=

∂Γ
1(α)
1(α)1(β)

∂u2(α)
= 0

(as Γ
1(α)
1(α)1(β) does not depend on u2(α)) and

∂Γ
(k−1)(α)
i(α)1(β)

∂u1(α)
=
∂Γ

(i−1)(α)
i(α)1(β)

∂u1(α)
= 0

(as Γ
(i−1)(α)
i(α)1(β)

(4.63)
= 0). This proves (B.7) for k = i. Let us suppose that (B.7) holds

whenever k ≤ i + h − 1, for a given integer h ≥ 1. Let us show that it holds when
k = i+ h as well, that is

∂Γ
(i+h)(α)
i(α)1(β)

∂u2(α)
=
∂Γ

(i+h−1)(α)
i(α)1(β)

∂u1(α)
. (B.8)

The left-hand side of (B.8) reads

∂Γ
(i+h)(α)
i(α)1(β)

∂u2(α)

(4.63)
=

∂

∂u2(α)

(
− 1

u1(α) − u1(β)

h+1∑
s=2

Γ
(i+h−s+1)(α)
i(α)1(β) us(α)

)

= − 1

u1(α) − u1(β)

h+1∑
s=2

∂Γ
(i+h−s+1)(α)
i(α)1(β)

∂u2(α)
us(α)

− 1

u1(α) − u1(β)
Γ

(i+h−1)(α)
i(α)1(β)

where in the first summation only the terms for s ≤ h survive, as for s = h + 1 we
get

∂Γ
i(α)
i(α)1(β)

∂u2(α)
=
∂Γ

1(α)
1(α)1(β)

∂u2(α)
= 0,

and (by the inductive hypothesis)

∂Γ
(i+h−s+1)(α)
i(α)1(β)

∂u2(α)
=
∂Γ

(i+h−s)(α)
i(α)1(β)

∂u1(α)

for each 2 ≤ s ≤ h. Then

∂Γ
(i+h)(α)
i(α)1(β)

∂u2(α)
= − 1

u1(α) − u1(β)

h∑
s=2

∂Γ
(i+h−s)(α)
i(α)1(β)

∂u1(α)
us(α)
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− 1

u1(α) − u1(β)
Γ

(i+h−1)(α)
i(α)1(β) .

The right-hand side of (B.8) reads

∂Γ
(i+h−1)(α)
i(α)1(β)

∂u1(α)

(4.63)
=

∂

∂u1(α)

(
− 1

u1(α) − u1(β)

h∑
s=2

Γ
(i+h−s)(α)
i(α)1(β) us(α)

)

=
1

(u1(α) − u1(β))2

h∑
s=2

Γ
(i+h−s)(α)
i(α)1(β) us(α)

− 1

u1(α) − u1(β)

h∑
s=2

∂Γ
(i+h−s)(α)
i(α)1(β)

∂u1(α)
us(α)

thus their difference is

∂Γ
(i+h)(α)
i(α)1(β)

∂u2(α)
−
∂Γ

(i+h−1)(α)
i(α)1(β)

∂u1(α)
= − 1

u1(α) − u1(β)

h∑
s=2

∂Γ
(i+h−s)(α)
i(α)1(β)

∂u1(α)
us(α)

− 1

u1(α) − u1(β)
Γ

(i+h−1)(α)
i(α)1(β)

− 1

(u1(α) − u1(β))2

h∑
s=2

Γ
(i+h−s)(α)
i(α)1(β) us(α)

+
1

u1(α) − u1(β)

h∑
s=2

∂Γ
(i+h−s)(α)
i(α)1(β)

∂u1(α)
us(α)

(4.63)
=

1

(u1(α) − u1(β))2

h∑
s=2

Γ
(i+h−s)(α)
i(α)1(β) us(α)

− 1

(u1(α) − u1(β))2

h∑
s=2

Γ
(i+h−s)(α)
i(α)1(β) us(α) = 0.

Proof of Lemma 4.22

Let us first consider α 6= β and prove
n∑
k=1

Γ
i(α)
j(β)k u

k = δi1δ
1
j mβεβ . We have

n∑
k=1

Γ
i(α)
j(β)k u

k =
r∑

γ=1

mγ∑
k=1

Γ
i(α)
j(β)k(γ) u

k(γ) (4.61)
=

mα∑
k=1

Γ
i(α)
j(β)k(α) u

k(α) +

mβ∑
k=1

Γ
i(α)
j(β)k(β) u

k(β)

which vanishes automatically when j ≥ 2, by (4.62). Let us then fix j = 1, thus

n∑
k=1

Γ
i(α)
j(β)k u

k =
n∑
k=1

Γ
i(α)
1(β)k u

k =
mα∑
k=1

Γ
i(α)
1(β)k(α) u

k(α) +

mβ∑
k=1

Γ
i(α)
1(β)k(β) u

k(β)

237



(4.63)
=

(4.64)

i∑
k=1

Γ
i(α)
1(β)k(α) u

k(α) −
mβ∑
k=1

Γ
i(α)
1(α)k(β) δ

1
k u

k(β)

=
i∑

k=1

Γ
i(α)
1(β)k(α) u

k(α) − Γ
i(α)
1(α)1(β) u

1(β)

=
i∑

k=2

Γ
i(α)
1(β)k(α) u

k(α) + Γ
i(α)
1(β)1(α)(u

1(α) − u1(β))

(4.63)
=


Γ

1(α)
1(β)1(α)(u

1(α) − u1(β)) if i = 1
i∑

k=2

Γ
(i−k+1)(α)
1(β)1(α) uk(α) −

i∑
s=2

Γ
(i−s+1)(α)
1(β)1(α) us(α) if i ≥ 2

(4.63)
=

mβεβ if i = 1,

0 if i ≥ 2,
= mβεβ δ

i
1.

In order to complete the proof we must show that

n∑
k=1

Γ
i(α)
j(α)k u

k =


0 if i 6= j,

−
∑
σ 6=α

mσεσ if i = j = 1,

−
r∑

τ=1

mτετ if i = j 6= 1.

Let us first consider the case where i 6= j. Without loss of generality we assume
i > j, as Γ

i(α)
j(α)k = 0 trivially whenever i < j, by (4.63) and (4.69). We have

n∑
k=1

Γ
i(α)
j(α)k u

k (4.62)
=

mα∑
k=1

Γ
i(α)
j(α)k(α) u

k(α) +
∑
σ 6=α

mσ∑
k=1

Γ
i(α)
j(α)k(σ) u

k(σ)δ1
k

= Γ
i(α)
j(α)1(α) u

1(α) +
mα∑
k=2

Γ
i(α)
j(α)k(α) u

k(α) +
∑
σ 6=α

Γ
i(α)
j(α)1(σ) u

1(σ)

(4.79)
= −

∑
σ 6=α

Γ
i(α)
j(α)1(σ) u

1(α) +
mα∑
k=2

Γ
i(α)
j(α)k(α) u

k(α) +
∑
σ 6=α

Γ
i(α)
j(α)1(σ) u

1(σ)

(4.69)
= −

∑
σ 6=α

Γ
i(α)
j(α)1(σ) (u1(α) − u1(σ)) +

i−j+2∑
k=2

Γ
(i−j−k+4)(α)
2(α)2(α) uk(α)

where

i−j+2∑
k=2

Γ
(i−j−k+4)(α)
2(α)2(α) uk(α) = Γ

(i−j+2)(α)
2(α)2(α) u2(α) +

i−j+2∑
k=3

Γ
(i−j−k+4)(α)
2(α)2(α) uk(α)

(4.68)
=

(
Γ

(i−j)(α)
1(α)1(α) − Γ

2(α)
2(α)2(α)

u(i−j+2)(α)

u2(α)
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− 1

u2(α)

i−j−1∑
l=1

(
Γ

(l+2)(α)
2(α)2(α) − Γ

l(α)
1(α)1(α)

)
u(i−j+2−l)(α)

)
u2(α)

+

i−j+2∑
k=3

Γ
(i−j−k+4)(α)
2(α)2(α) uk(α)

= Γ
(i−j)(α)
1(α)1(α) u

2(α) − Γ
2(α)
2(α)2(α) u

(i−j+2)(α)

−
i−j−1∑
l=1

Γ
(l+2)(α)
2(α)2(α) u

(i−j+2−l)(α) +

i−j−1∑
l=1

Γ
l(α)
1(α)1(α) u

(i−j+2−l)(α)

+

i−j+2∑
k=3

Γ
(i−j−k+4)(α)
2(α)2(α) uk(α)

= Γ
(i−j)(α)
1(α)1(α) u

2(α) − Γ
2(α)
2(α)2(α) u

(i−j+2)(α)

−
i−j+1∑
k=3

Γ
(i−j−k+4)(α)
2(α)2(α) uk(α) +

i−j+1∑
k=3

Γ
(i−j−k+2)(α)
1(α)1(α) uk(α)

+

i−j+2∑
k=3

Γ
(i−j−k+4)(α)
2(α)2(α) uk(α)

= −Γ
2(α)
2(α)2(α) u

(i−j+2)(α) +

i−j+1∑
k=2

Γ
(i−j−k+2)(α)
1(α)1(α) uk(α)

+ Γ
2(α)
2(α)2(α) u

(i−j+2)(α) =

i−j+1∑
k=2

Γ
(i−j−k+2)(α)
1(α)1(α) uk(α).

It follows that
n∑
k=1

Γ
i(α)
j(α)k u

k = −
∑
σ 6=α

Γ
i(α)
j(α)1(σ) (u1(α) − u1(σ)) +

i−j+1∑
k=2

Γ
(i−j−k+2)(α)
1(α)1(α) uk(α)

(4.79)
=

(4.63)

∑
σ 6=α

i−j+1∑
s=2

Γ
(i−j−s+2)(α)
1(α)1(σ) us(α) −

∑
σ 6=α

i−j+1∑
k=2

Γ
(i−j−k+2)(α)
1(α)1(σ) uk(α) = 0.

Let us now consider the case where i = j. We have
n∑
k=1

Γ
i(α)
i(α)k u

k (4.62)
=

mα∑
k=1

Γ
i(α)
i(α)k(α) u

k(α) +
∑
σ 6=α

mσ∑
k=1

Γ
i(α)
i(α)k(σ) u

k(σ)δ1
k

= Γ
i(α)
i(α)1(α) u

1(α) +
mα∑
k=2

Γ
i(α)
i(α)k(α) u

k(α) +
∑
σ 6=α

Γ
i(α)
i(α)1(σ) u

1(σ)

(4.79)
= −

∑
σ 6=α

Γ
i(α)
i(α)1(σ)(u

1(α) − u1(σ)) +
mα∑
k=2

Γ
i(α)
i(α)k(α) u

k(α)

(4.63)
= −

∑
σ 6=α

Γ
1(α)
1(α)1(σ)(u

1(α) − u1(σ)) +
mα∑
k=2

Γ
i(α)
i(α)k(α) u

k(α).
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If i = 1 then

n∑
k=1

Γ
1(α)
1(α)k u

k = −
∑
σ 6=α

Γ
1(α)
1(α)1(σ)(u

1(α) − u1(σ)) +
mα∑
k=2

Γ
1(α)
1(α)k(α) u

k(α)

where

Γ
1(α)
1(α)k(α)

(4.79)
= −

∑
σ 6=α

Γ
1(α)
1(σ)k(α)

(4.63)
= 0

for every k ≥ 2. It follows that

n∑
k=1

Γ
1(α)
1(α)k u

k = −
∑
σ 6=α

Γ
1(α)
1(α)1(σ)(u

1(α) − u1(σ))
(4.63)
= −

∑
σ 6=α

mσεσ.

If i 6= 1 then

n∑
k=1

Γ
i(α)
i(α)k u

k (4.69)
= −

∑
σ 6=α

Γ
1(α)
1(α)1(σ)(u

1(α) − u1(σ)) +
mα∑
k=2

Γ
(4−k)(α)
2(α)2(α) δ

2
k u

k(α)

(4.63)
= −

∑
σ 6=α

mσεσ + Γ
2(α)
2(α)2(α) u

2(α)

(4.66)
= −

∑
σ 6=α

mσεσ −mαεα = −
r∑

τ=1

mτετ .

Proof of Lemma 4.23

Let us recall that

∇j(β)E
i(α) = ∂j(β)E

i(α) +
n∑
k=1

Γ
i(α)
j(β)k E

k = δ
i(α)
j(β) +

n∑
k=1

Γ
i(α)
j(β)k u

k.

If α 6= β then

∇j(β)E
i(α) = δi1δ

1
j mβεβ

by (4.73). Let us now consider the case where α = β. Here we have

∇j(α)E
i(α) = δij +

n∑
k=1

Γ
i(α)
j(α)k u

k
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which vanishes if i 6= j by (4.73). Let now consider i = j. By virtue of (4.73), we
get

∇i(α)E
i(α) = 1 +

n∑
k=1

Γ
i(α)
i(α)k u

k

=


1−

∑
σ 6=α

mσεσ if i = 1,

1−
r∑

τ=1

mτετ if i 6= 1.

Proof of Lemma 4.24

We will proceed by induction over l. For l = 3 we get

A3(α) = Γ
2(α)
2(α)2(α)

(
u3(α)

u2(α)
u3(α) − u4(α)

)
−
(
Γ

4(α)
2(α)2(α) − Γ

2(α)
1(α)1(α)

)
u2(α)

where

Γ
4(α)
2(α)2(α) − Γ

2(α)
1(α)1(α)

(4.68)
= −Γ

2(α)
2(α)2(α)

u4(α)

u2(α)
− 1

u2(α)

(
Γ

3(α)
2(α)2(α) − Γ

1(α)
1(α)1(α)

)
u3(α)

(4.68)
= −Γ

2(α)
2(α)2(α)

u4(α)

u2(α)
+
u3(α)

u2(α)
Γ

2(α)
2(α)2(α)

u3(α)

u2(α)
.

It follows that

A3(α) = Γ
2(α)
2(α)2(α)

(
u3(α)

u2(α)
u3(α) − u4(α)

)
−
(
− Γ

2(α)
2(α)2(α) u

4(α)

+
u3(α)

u2(α)
Γ

2(α)
2(α)2(α) u

3(α)

)
= 0.

Given an integer h ≥ 1, h ≤ mα − 2, let us suppose that

Al(α) = 0, 3 ≤ l ≤ h, (B.9)

and show A(h+1)(α) = 0. We have

A(h+1)(α) = Γ
2(α)
2(α)2(α)

(
u3(α)

u2(α)
u(h+1)(α) − u(h+2)(α)

)
−

h∑
s=2

(
Γ

(s+2)(α)
2(α)2(α) − Γ

s(α)
1(α)1(α)

)
u(h−s+2)(α)

= Γ
2(α)
2(α)2(α)

(
u3(α)

u2(α)
u(h+1)(α) − u(h+2)(α)

)
−

h−1∑
s=2

(
Γ

(s+2)(α)
2(α)2(α) − Γ

s(α)
1(α)1(α)

)
u(h−s+2)(α)

−
(
Γ

(h+2)(α)
2(α)2(α) − Γ

h(α)
1(α)1(α)

)
u2(α)
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where

Γ
(h+2)(α)
2(α)2(α) − Γ

h(α)
1(α)1(α)

(4.68)
= −Γ

2(α)
2(α)2(α)

u(h+2)(α)

u2(α)

− 1

u2(α)

h−1∑
l=1

(
Γ

(l+2)(α)
2(α)2(α) − Γ

l(α)
1(α)1(α)

)
u(h−l+2)(α).

It follows that

A(h+1)(α) = Γ
2(α)
2(α)2(α)

(
u3(α)

u2(α)
u(h+1)(α) − u(h+2)(α)

)
−

h−1∑
s=2

(
Γ

(s+2)(α)
2(α)2(α) − Γ

s(α)
1(α)1(α)

)
u(h−s+2)(α)

+ Γ
2(α)
2(α)2(α) u

(h+2)(α) +
h−1∑
l=1

(
Γ

(l+2)(α)
2(α)2(α) − Γ

l(α)
1(α)1(α)

)
u(h−l+2)(α)

= Γ
2(α)
2(α)2(α)

u3(α)

u2(α)
u(h+1)(α) −

h−1∑
s=2

(
Γ

(s+2)(α)
2(α)2(α) − Γ

s(α)
1(α)1(α)

)
u(h−s+2)(α)

+
(
Γ

3(α)
2(α)2(α) − Γ

1(α)
1(α)1(α)

)
u(h+1)(α) +

h−1∑
l=2

(
Γ

(l+2)(α)
2(α)2(α) − Γ

l(α)
1(α)1(α)

)
u(h−l+2)(α)

(4.68)
= Γ

2(α)
2(α)2(α)

u3(α)

u2(α)
u(h+1)(α) − Γ

2(α)
2(α)2(α)

u3(α)

u2(α)
u(h+1)(α) = 0.

Proof of Lemma 4.25

We will proceed by induction over l. For l = 1 we get

∂1(σ)

(
Γ

3(α)
2(α)2(α) − Γ

1(α)
1(α)1(α)

) (4.68)
= ∂1(σ)

(
− Γ

2(α)
2(α)2(α)

u3(α)

u2(α)

)
= 0

as Γ
2(α)
2(α)2(α) does not depend on u1(σ) for any choice of σ. Given an integer h ≥ 2,

h ≤ mα − 2, let us suppose

∂1(σ)

(
Γ

(l+2)(α)
2(α)2(α) − Γ

l(α)
1(α)1(α)

)
= 0, l ≤ h− 1, (B.10)

and show ∂1(σ)

(
Γ

(h+2)(α)
2(α)2(α) − Γ

h(α)
1(α)1(α)

)
= 0. We have

Γ
(h+2)(α)
2(α)2(α) − Γ

h(α)
1(α)1(α)

(4.68)
= −Γ

2(α)
2(α)2(α)

u(h+2)(α)

u2(α)

− 1

u2(α)

h−1∑
l=1

(
Γ

(l+2)(α)
2(α)2(α) − Γ

l(α)
1(α)1(α)

)
u(h−l+2)(α)
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where neither Γ
2(α)
2(α)2(α)

u(h+2)(α)

u2(α)
nor(

Γ
(l+2)(α)
2(α)2(α) − Γ

l(α)
1(α)1(α)

)
u(h−l+2)(α), 1 ≤ l ≤ h− 1,

(by means of (B.10) and of the requirement σ 6= α) depend on u1(σ).

Proof of Lemma 4.26

We will proceed by induction over s. For s = 1 we get

B
1(α)
βε = −

2∑
t=1

Γ
(3−t)(α)
1(ε)1(α) Γ

t(α)
1(β)1(α) + Γ

2(α)
1(β)1(α) Γ

1(β)
1(ε)1(β) + Γ

2(α)
1(ε)1(α) Γ

1(ε)
1(β)1(ε)

= −Γ
2(α)
1(ε)1(α) Γ

1(α)
1(β)1(α) − Γ

1(α)
1(ε)1(α) Γ

2(α)
1(β)1(α) + Γ

2(α)
1(β)1(α) Γ

1(β)
1(ε)1(β) + Γ

2(α)
1(ε)1(α) Γ

1(ε)
1(β)1(ε)

= Γ
2(α)
1(ε)1(α)

(
Γ

1(ε)
1(β)1(ε) − Γ

1(α)
1(β)1(α)

)
+ Γ

2(α)
1(β)1(α)

(
Γ

1(β)
1(ε)1(β) − Γ

1(α)
1(ε)1(α)

)
(4.63)
= Γ

2(α)
1(ε)1(α) mβεβ

(
1

u1(ε) − u1(β)
− 1

u1(α) − u1(β)

)
+ Γ

2(α)
1(β)1(α) mεεε

(
1

u1(β) − u1(ε)
− 1

u1(α) − u1(ε)

)
(4.63)
= −

Γ
1(α)
1(ε)1(α)

u1(α) − u1(ε)
u2(α) mβεβ

−(u1(α) − u1(ε))

(u1(β) − u1(ε))(u1(α) − u1(β))

−
Γ

1(α)
1(β)1(α)

u1(α) − u1(β)
u2(α) mεεε

u1(α) − u1(β)

(u1(β) − u1(ε))(u1(α) − u1(ε))
(4.63)
=

mεεε
u1(α) − u1(ε)

u2(α) mβεβ
(u1(β) − u1(ε))(u1(α) − u1(β))

− mβεβ
u1(α) − u1(β)

u2(α) mεεε
(u1(β) − u1(ε))(u1(α) − u1(ε))

= 0.

Given an integer h ≥ 2, h ≤ mα − 1, let us suppose that

B
s(α)
βε = 0, s ≤ h− 1, (B.11)

and show B
h(α)
βε = 0. We have

B
h(α)
βε = −

h+1∑
t=1

Γ
(h−t+2)(α)
1(ε)1(α) Γ

t(α)
1(β)1(α) + Γ

(h+1)(α)
1(β)1(α) Γ

1(β)
1(ε)1(β) + Γ

(h+1)(α)
1(ε)1(α) Γ

1(ε)
1(β)1(ε)

= Γ
(h+1)(α)
1(β)1(α)

(
Γ

1(β)
1(ε)1(β) − Γ

1(α)
1(ε)1(α)

)
+ Γ

(h+1)(α)
1(ε)1(α)

(
Γ

1(ε)
1(β)1(ε) − Γ

1(α)
1(β)1(α)

)
−

h∑
t=2

Γ
(h−t+2)(α)
1(ε)1(α) Γ

t(α)
1(β)1(α)

(4.63)
= − 1

u1(α) − u1(β)

h+1∑
s=2

Γ
(h−s+2)(α)
1(β)1(α) us(α)

(
Γ

1(β)
1(ε)1(β) − Γ

1(α)
1(ε)1(α)

)
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− 1

u1(α) − u1(ε)

h+1∑
s=2

Γ
(h−s+2)(α)
1(ε)1(α) us(α)

(
Γ

1(ε)
1(β)1(ε) − Γ

1(α)
1(β)1(α)

)
−

h∑
t=2

Γ
(h−t+2)(α)
1(ε)1(α) Γ

t(α)
1(β)1(α)

where in the first two summations only the terms corresponding to s ≤ h survive,
as the sum of their two (s = h+ 1)-th terms is

− 1

u1(α) − u1(β)
Γ

1(α)
1(β)1(α) u

(h+1)(α)
(
Γ

1(β)
1(ε)1(β) − Γ

1(α)
1(ε)1(α)

)
− 1

u1(α) − u1(ε)
Γ

1(α)
1(ε)1(α) u

(h+1)(α)
(
Γ

1(ε)
1(β)1(ε) − Γ

1(α)
1(β)1(α)

)
(4.63)
= − mβεβ u

(h+1)(α)

(u1(α) − u1(β))2

(
Γ

1(β)
1(ε)1(β) − Γ

1(α)
1(ε)1(α)

)
− mεεε u

(h+1)(α)

(u1(α) − u1(ε))2

(
Γ

1(ε)
1(β)1(ε) − Γ

1(α)
1(β)1(α)

)
(4.63)
= − mβεβ u

(h+1)(α)

(u1(α) − u1(β))2
mεεε

(
1

u1(β) − u1(ε)
− 1

u1(α) − u1(ε)

)
− mεεε u

(h+1)(α)

(u1(α) − u1(ε))2
mβεβ

(
1

u1(ε) − u1(β)
− 1

u1(α) − u1(β)

)
= − mβεβ u

(h+1)(α)

(u1(α) − u1(β))2
mεεε

u1(α) − u1(β)

(u1(β) − u1(ε))(u1(α) − u1(ε))

− mεεε u
(h+1)(α)

(u1(α) − u1(ε))2
mβεβ

−(u1(α) − u1(ε))

(u1(β) − u1(ε))(u1(α) − u1(β))
= 0.

It follows that

B
h(α)
βε = − 1

u1(α) − u1(β)

h∑
t=2

Γ
(h−t+2)(α)
1(β)1(α) ut(α)

(
Γ

1(β)
1(ε)1(β) − Γ

1(α)
1(ε)1(α)

)
− 1

u1(α) − u1(ε)

h∑
t=2

Γ
(h−t+2)(α)
1(ε)1(α) ut(α)

(
Γ

1(ε)
1(β)1(ε) − Γ

1(α)
1(β)1(α)

)
−

h∑
t=2

Γ
(h−t+2)(α)
1(ε)1(α) Γ

t(α)
1(β)1(α)

where

−
h∑
t=2

Γ
(h−t+2)(α)
1(ε)1(α) Γ

t(α)
1(β)1(α)

(4.63)
= −

h∑
t=2

(
− 1

u1(α) − u1(ε)

h−t+2∑
l=2

Γ
(h−t−l+3)(α)
1(ε)1(α) ul(α)

)
Γ
t(α)
1(β)1(α)

=
1

u1(α) − u1(ε)

h∑
t=2

h−t+2∑
l=2

Γ
(h−t−l+3)(α)
1(ε)1(α) ul(α) Γ

t(α)
1(β)1(α)
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s=h−l+1
=

1

u1(α) − u1(ε)

h∑
t=2

h−1∑
s=t−1

Γ
(s−t+2)(α)
1(ε)1(α) u(h−s+1)(α) Γ

t(α)
1(β)1(α)

=
1

u1(α) − u1(ε)

h−1∑
s=1

s+1∑
t=2

Γ
(s−t+2)(α)
1(ε)1(α) u(h−s+1)(α) Γ

t(α)
1(β)1(α)

=
1

u1(α) − u1(ε)

h−1∑
s=1

(
s+1∑
t=1

Γ
(s−t+2)(α)
1(ε)1(α) Γ

t(α)
1(β)1(α)

− Γ
(s+1)(α)
1(ε)1(α) Γ

1(α)
1(β)1(α)

)
u(h−s+1)(α)

(B.11)
=

1

u1(α) − u1(ε)

h−1∑
s=1

(
Γ

(s+1)(α)
1(β)1(α) Γ

1(β)
1(ε)1(β) + Γ

(s+1)(α)
1(ε)1(α) Γ

1(ε)
1(β)1(ε)

− Γ
(s+1)(α)
1(ε)1(α) Γ

1(α)
1(β)1(α)

)
u(h−s+1)(α)

t=h−s+1
=

1

u1(α) − u1(ε)

h∑
t=2

(
Γ

(h−t+2)(α)
1(β)1(α) Γ

1(β)
1(ε)1(β)

+ Γ
(h−t+2)(α)
1(ε)1(α) Γ

1(ε)
1(β)1(ε) − Γ

(h−t+2)(α)
1(ε)1(α) Γ

1(α)
1(β)1(α)

)
ut(α).

Thus

B
h(α)
βε =

h∑
t=2

(
− 1

u1(α) − u1(β)
Γ

(h−t+2)(α)
1(β)1(α)

(
Γ

1(β)
1(ε)1(β) − Γ

1(α)
1(ε)1(α)

)
− 1

u1(α) − u1(ε)
Γ

(h−t+2)(α)
1(ε)1(α)

(
Γ

1(ε)
1(β)1(ε) − Γ

1(α)
1(β)1(α)

)
+

1

u1(α) − u1(ε)
Γ

(h−t+2)(α)
1(β)1(α) Γ

1(β)
1(ε)1(β) +

1

u1(α) − u1(ε)
Γ

(h−t+2)(α)
1(ε)1(α) Γ

1(ε)
1(β)1(ε)

− 1

u1(α) − u1(ε)
Γ

(h−t+2)(α)
1(ε)1(α) Γ

1(α)
1(β)1(α)

)
ut(α)

=
h∑
t=2

Γ
(h−t+2)(α)
1(β)1(α)

(
− 1

u1(α) − u1(β)

(
Γ

1(β)
1(ε)1(β) − Γ

1(α)
1(ε)1(α)

)
+

1

u1(α) − u1(ε)
Γ

1(β)
1(ε)1(β)

)
ut(α)

(4.63)
=

h∑
t=2

Γ
(h−t+2)(α)
1(β)1(α)

(
− 1

u1(α) − u1(β)

mεεε (u1(α) − u1(β))

(u1(β) − u1(ε))(u1(α) − u1(ε))

+
1

u1(α) − u1(ε)

mεεε
u1(β) − u1(ε)

)
ut(α) = 0.
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Proof of Lemma 4.27

For s = 0 we get

C
0(α)
β = Γ

2(α)
2(α)2(α) Γ

2(α)
1(β)1(α) + Γ

1(α)
1(β)1(α) Γ

1(β)
1(α)1(β)

(4.63)
= −Γ

2(α)
2(α)2(α)

Γ
1(α)
1(β)1(α)

u1(α) − u1(β)
u2(α) + Γ

1(α)
1(β)1(α) Γ

1(β)
1(α)1(β)

= Γ
1(α)
1(β)1(α)

(
− Γ

2(α)
2(α)2(α)

1

u1(α) − u1(β)
u2(α) + Γ

1(β)
1(α)1(β)

)
(4.63)
=

(4.66)
Γ

1(α)
1(β)1(α)

(
mαεα

u1(α) − u1(β)
− mαεα
u1(α) − u1(β)

)
= 0.

For s = 1 we get

C
1(α)
β =

(
Γ

3(α)
2(α)2(α) − Γ

1(α)
1(α)1(α)

)
Γ

2(α)
1(β)1(α) + Γ

2(α)
2(α)2(α) Γ

3(α)
1(β)1(α) + Γ

2(α)
1(β)1(α) Γ

1(β)
1(α)1(β)

(4.63)
=

(4.68)
Γ

2(α)
2(α)2(α)

u3(α)

u2(α)

Γ
1(α)
1(β)1(α)

u1(α) − u1(β)
u2(α) − Γ

2(α)
2(α)2(α)

Γ
2(α)
1(β)1(α)

u1(α) − u1(β)
u2(α)

− Γ
2(α)
2(α)2(α)

Γ
1(α)
1(β)1(α)

u1(α) − u1(β)
u3(α) + Γ

2(α)
1(β)1(α) Γ

1(β)
1(α)1(β)

= Γ
2(α)
1(β)1(α)

(
− Γ

2(α)
2(α)2(α)

1

u1(α) − u1(β)
u2(α) + Γ

1(β)
1(α)1(β)

)
(4.63)
=

(4.66)
Γ

2(α)
1(β)1(α)

(
mαεα

u1(α) − u1(β)
− mαεα
u1(α) − u1(β)

)
= 0.

Let us now consider an integer s ∈ {1, . . . ,mα − 2}. Since

Γ
l(α)
1(β)1(α)

(4.63)
= − 1

u1(α) − u1(β)

l∑
t=2

Γ
(l−t+1)(α)
1(β)1(α) ut(α)

k=l−t+1
= − 1

u1(α) − u1(β)

l−1∑
k=1

Γ
k(α)
1(β)1(α) u

(l−k+1)(α)

for each l ∈ {2, . . . , s+ 1}, we have

C
s(α)
β = − 1

u1(α) − u1(β)

s+1∑
l=2

(
Γ

(s−l+4)(α)
2(α)2(α) − Γ

(s−l+2)(α)
1(α)1(α)

) l−1∑
k=1

Γ
k(α)
1(β)1(α) u

(l−k+1)(α)

+ Γ
2(α)
2(α)2(α) Γ

(s+2)(α)
1(β)1(α) + Γ

(s+1)(α)
1(β)1(α) Γ

1(β)
1(α)1(β)

= − 1

u1(α) − u1(β)

s∑
k=1

Γ
k(α)
1(β)1(α)

s+1∑
l=k+1

(
Γ

(s−l+4)(α)
2(α)2(α) − Γ

(s−l+2)(α)
1(α)1(α)

)
u(l−k+1)(α)
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+ Γ
2(α)
2(α)2(α) Γ

(s+2)(α)
1(β)1(α) + Γ

(s+1)(α)
1(β)1(α) Γ

1(β)
1(α)1(β)

where (by taking
∼
s := s− l + 2 and

∼
l := s− k + 2)

s+1∑
l=k+1

(
Γ

(s−l+4)(α)
2(α)2(α) − Γ

(s−l+2)(α)
1(α)1(α)

)
u(l−k+1)(α) =

∼
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(
Γ

(
∼
s+2)(α)

2(α)2(α) − Γ
∼
s(α)
1(α)1(α)

)
u(
∼
l−∼s+1)(α)

=

(
Γ

3(α)
2(α)2(α) − Γ

1(α)
1(α)1(α)

)
u
∼
l (α)

+

∼
l−1∑
∼
s=2

(
Γ

(
∼
s+2)(α)

2(α)2(α) − Γ
∼
s(α)
1(α)1(α)

)
u(
∼
l−∼s+1)(α)

(4.68)
= −Γ

2(α)
2(α)2(α)

u3(α)

u2(α)
u
∼
l (α)

+

∼
l−1∑
∼
s=2

(
Γ

(
∼
s+2)(α)

2(α)2(α) − Γ
∼
s(α)
1(α)1(α)

)
u(
∼
l−∼s+1)(α)

(4.75)
= −Γ

2(α)
2(α)2(α)

u3(α)

u2(α)
u
∼
l (α)

+ Γ
2(α)
2(α)2(α)

(
u3(α)

u2(α)
u
∼
l (α) − u(

∼
l+1)(α)

)
= −Γ

2(α)
2(α)2(α) u

(
∼
l+1)(α)

= −Γ
2(α)
2(α)2(α) u

(s−k+3)(α).

It follows that

C
s(α)
β =

Γ
2(α)
2(α)2(α)

u1(α) − u1(β)

s∑
k=1

Γ
k(α)
1(β)1(α) u

(s−k+3)(α)

+ Γ
2(α)
2(α)2(α) Γ

(s+2)(α)
1(β)1(α) + Γ

(s+1)(α)
1(β)1(α) Γ

1(β)
1(α)1(β)

where

Γ
(s+2)(α)
1(β)1(α)

(4.63)
= − 1

u1(α) − u1(β)

s+2∑
t=2

Γ
(s−t+3)(α)
1(β)1(α) ut(α)

k=s−t+3
= − 1

u1(α) − u1(β)

s+1∑
k=1

Γ
k(α)
1(β)1(α) u

(s−k+3)(α)

thus

C
s(α)
β =

Γ
2(α)
2(α)2(α)

u1(α) − u1(β)

s∑
k=1

Γ
k(α)
1(β)1(α) u

(s−k+3)(α)
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−
Γ

2(α)
2(α)2(α)

u1(α) − u1(β)

s+1∑
k=1

Γ
k(α)
1(β)1(α) u

(s−k+3)(α)

+ Γ
(s+1)(α)
1(β)1(α) Γ

1(β)
1(α)1(β)

= −
Γ

2(α)
2(α)2(α)

u1(α) − u1(β)
Γ

(s+1)(α)
1(β)1(α) u

2(α) + Γ
(s+1)(α)
1(β)1(α) Γ

1(β)
1(α)1(β)

= Γ
(s+1)(α)
1(β)1(α)

(
−

Γ
2(α)
2(α)2(α)

u1(α) − u1(β)
u2(α) + Γ

1(β)
1(α)1(β)

)
(4.63)
=

(4.66)
Γ

(s+1)(α)
1(β)1(α)

(
mαεα

u1(α) − u1(β)
− mαεα
u1(α) − u1(β)

)
= 0.
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